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1 BBEJAEHUE

BaxHyio dacTb TeOpeTHYecKOH U TNpo(ecCHOHANBHOM NPAKTUYECKOH IMOJTOTOBKH
00yYaroIIMXCsl COCTABIISIIOT IPAKTUYECKUE 3aHATUS.

CoctaB u coaepkaHue JaOOpAaTOPHBIX 3aHATHH HANpaBleHbl HAa  peaTH3alHIo
®denepanbHOT0 rocyAapcTBEHHOr0 00pa3oBaTeIbHOIO CTaHAApTa CPEIHEro NPophecCnOHaIbLHOIO
o0OpazoBaHusl.

Benymeld nupakTuyeckod Lesblo JIAOOPATOPHBIX 3aHATHH sIBIseTCS (OPMHUPOBAHUE
y4eOHBIX TPAKTUYECKUX YMEHUH, HEOOXOJMMBIX B TIOCIIEAYIOUICH yueOHOM NeATeIbHOCTH.

Benymelt nuaakTuueckol 1enbro Ja00paTOPHBIX 3aHATUN SIBISETCS HKCIEPUMEHTAIbHOE
NOATBEP)KJIEHUE M  IPOBEPKA  CYIIECTBEHHBIX TEOPETUUYECKUX IOJIOKEHUHM  (3aKOHOB,
3aBUCUMOCTEH ).

B cooTBercTBUUM ¢ pabodyeil mporpaMMoil yueOHOH MUCHMIUIMHBI «YUCIEHHBIE METOIbI»
IPESYCMOTPEHO Ja0OPAaTOPHBIX 3aHATHH.

B pesynbrare ux BBITOTHEHUS, 00YJAIOLIHICS JOIKEH:

ymembw:

— UCII0JIB30BaTh OCHOBHBIC YMCIICHHBIE METO/IbI PEIICHHS MAaTEMAaTUYECKUX 3a/1a4;

— BBIOMpATh ONTUMAJIbHBIA YHCIICHHBIH METOA JUIs PELICHUs IOCTaBICHHOM 3a/1a4H;

— JaBaTh MaTEMaTHUYECKHE XapPaKTEPUCTHKH TOYHOCTHM HCXOIHOW HWHPOpMAIUU U
OLICHUBATh TOYHOCTb ITOJIyYEHHOT'O YHUCIIEHHOTO PELICHMUS;

— paspabaThiBaTh aNTOPUTMBI W TPOTPAMMBI JUIS PEIICHHS BBIYMCIHUTENBHBIX 3371ad,
YUUTBIBAsE HEOOXOIUMYIO TOYHOCTb [10JIy4aeMOT'0 pe3yJIbTara;

Coneprkanre J1a0OpaTOPHBIX 3aHATHH OPUEHTUPOBAHO HA TOATOTOBKY OOyYaromuxcs K
OCBOCHHIO MPO(ECCHOHATBHOIO MOIYJISl IPOrPaMMBbI TIOATOTOBKH CIIELMAIMCTOB CPEAHETO 3BEHA I10
CHEUAITBHOCTHU U OBJIAJICHUIO HPOPECCUOHATBHBIMU KOMNEMEHUUAMU:

I1K 5.1 — CoOupaTh UCXOAHbIE JaHHbIE JUIsS pa3padOTKU MPOEKTHOM JOKYMEHTAlU1 Ha
UH(POPMALIMOHHYIO CHCTEMY.

1K 9.2 - Pa3pa6aTLIBaTI> B€6'HpI/IJ'IO)KeHI/Ie B COOTBCTCTBHUH C TCXHHUYCCKHUM 3aJaHUCM.

A Taxoxe GOpMHUPOBAHUIO 0OUUX KOMNEM eHY UL

OK 1 — BniOupars cnocoObl pemeHuss 3anad  MpopecCHOHATbHON JeATeNbHOCTH,
NPUMEHUTENIBHO K Pa3IMYHbIM KOHTEKCTaM.
OK 2 — MHcnonb30BaTh COBPEMEHHBIE CPEACTBA IIOMCKA, aHAIW3a W HUHTEPIPETALNN

uH(popMaluy, U MHPOPMAIIMOHHBIE TEXHOJOTMM Ui BBINOJIHEHUS 3ajad Hpo¢ecCUOHATbHOU
JESATEIIBHOCTH

OK 4 — 3¢ddexTrBHO B3auMOACHCTBOBATH U pa0OTaTh B KOJUIEKTUBE U KOMaH/IE

OK 5 — OcymecTBisTh YCTHYIO U IMCBMEHHYIO KOMMYHUKALIMIO HAa TOCYIapCTBEHHOM SI3bIKE
Poccuiickoit @denepanuu ¢ yueToM 0COOEHHOCTEH COLMAIBHOTO U KYJIbTYPHOI'O KOHTEKCTA.

OK 09 — Ilonmp3oBaTbcs Npo(hecCHOHAIBHOM JTOKyMEHTalMell Ha TOCYAapCTBEHHOM H
MHOCTPAHHOM $I3bIKAX.

Beinonnenune o6yuaronmxcst 1a00paTOpHbIX padoT 1o yueOHOU qucuuIuinie «UuciaeHHble
METO/IbI» HaMpaBJIEHO Ha:

- 000bwenue, cucmemamusayuio, yenyoneHue, 3aKpenieHue, passumue u Oemanu3ayuio
NONYUEHHbIX MeoPemUuieCcKUX 3HAHULL N0 KOHKPEMHbIM memam y4eOHOu OUCYUNTUHDL.

JlabGopaTtopHble 3aHATHS MPOBOJTCS MOCIIE COOTBETCTBYIOIIEH TeMbI, KOTOpasi 0OecrieurBaeT
HaJIM4YKe 3HaHUN, HEOOXOIUMBIX IS €€ BBIIOTHEHHUSI.



2 METOOAUYECKHUE YKA3ZAHUS
Tema 1. AKTyanu3auusi OCHOBHbIX OHSITHI BbICIICH MATEeMATHKH

JIABOPATOPHOE 3AHATHE Nel « PEHHIEHUE 3AJAY U3 OCHOBHBIX PA3JIEJIOB
BBICIIEA MATEMATHUKH!»

Heab: AkTyanu3upoBaTh 3HAHUS JUCHHUILUIMHBI « DJI€MEHTHI BHICIIIEH MAaTEMAaTHKH.
Boinosnus padory, Bel Oyaere:
ymembw:

— JaBaTb MATEMATHYCCKHE XapaKTCPUCTUKU TOYHOCTHU HCXOTHOM PIH(bOpMaI_II/II/I 1 OLCHUBATHh
TOYHOCTDH MMOJIYUCHHOI'O YUCJICHHOT'O PCIICHMA,

- pa3pa6aTBIBaTB AJITOPUTMBI U HOpPOrpaMMbl JIA PCHICHUA BBIYHUCIWTCIBHBIX 3a1a4,
YUYHUTBIBass HEOOXOAMMYIO TOYHOCTBITOIYIaeMOr0O Pe3yiIbTaTa;
MarepuajbHoe o0ecnedeHune: maker npukiaaasix mporpamm Microsoft Office.

3amanmue:
Memoow: pewerus CJIAYV
MeToz pelneHHs IIpaMmep
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1 Pemnte cucreMsbl anredpandecKuX ypaBHEeHUH COOTBETCTBEHHO BAPHAHTY

_e Cucmexia ypacnenui Ne Cucmenia )pw ‘
X +%+2x6+x, =1 (2, +5x, =2
3, -x,-x,-2x,=-4 2x, = x, +3x; +2x, =4
aj a i '
2, +3x, —-x, -x, =6 36 ~X, =X, +2x, =6
1 X+ 26,435, -x, =4 4 =5x - x, +8x; - x, =10
Sx+8y-z=-7 -2x+3y-3z2=11
b 1x+2y+3z=1 h) {x-y=0
|12x-3y+22=9 Ix+y—-4z--4
(X, + 25, +3x,-2x,=6 ’X, -dx,-x,=2
X=X =2x=3%, =8 3x, +x,4+2x,+3x, =1
u) $ 2 a) o 7
3x +2x, =X, +2x, =4 =2x, +3x, - X, —x;,==5
2 X 3% 1 2x0x,= 8 5 |—X, =5X, + X, —6x, =0
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2 Haiinnre npou3BoaHYI0 QyHKIUH

1) y=5x* -3{* + L+ 4; 2)y=2x5—%+%+3«/;;
X X
3)y=x2+-—1§-~2x+2x; 4) y =5-2" - 4tgx;
X
4
5) y=x’sinx; 6)y=x4+1;
X" -1
2x° —4x+5 1-cosx
7)y= : O
)y 5 ) ¥Y=—27
9)y=x-chx+l; 10)y=~/;+i—tg\/§:
x Jx

X

11) y =logs x +Inx - 12)y=(\/;+1)-arcsinx;

arctgx ’
13) y = X-ctgx

i e 14)y=|ogsx-3"+—13—sin3.
arccos X X

3 HaiiguTte HeonpeeJIeHHbIH HHTEIPaJI:

4 _ 5.3 -
I(x4—2x3—6x2+8x+7)dx. I3x 2% +§x 7X+8dx.
52
j(xl -2x+ L,)dx. [(a+bx)*dx.
X
3 x—2
I(a—bx) dx. I —dx.
X
[EHDE+6) I(l+£,+%)dx.
3x° x X X
1 3 3 7 x5
Z-Ss g I(?‘F)‘L‘
3 5 W . 2
I(l*'l) dx. ng +12x 613+7x 4x+2dx.
X 7
o 3 _ 2 2
.J'(_x 1)(i( l)dx. I(x +-\;+1) e
x° X
o Ea N (2
x+3 4x° -9

IMopsiiok BHINOJIHEHUS PAOdOTHI:

1. Peuruth npeasniokeHHBIE 3a/1aHUS.

2. OdopMHUTH B TPEICTABUTH PE3yIbTATHl PACUCTOB.
®opma npeacTaBieHus pe3yabTara:



Pe3ynbTarhl mpeAcTaBUTh B BUIE OTUETA B TETPAJIH.

Kpurepum ouenku:

3amanue BBIIOIHEHO O€3 OIIMOOK — OIEHKA «OTIHYHOY.

3aianue BBITOJIHEHO MPaBUIIBHO, HO JONYIICHBI 1-3 BBIYUCIUTEIBHBIX OIMIMOOK — OICHKA
«XOPOIIIOY.

3a/1aHue BBIOJIHEHO HEOPEIKHO, TOMYIICHBI OITUOKH — OIICHKA «yIOBJICTBOPUTEIILHOY.

3aganue BBIITOJTHEHO HENPABHUIIBHO, JIOTTYIIICHBI OIIMOKH - OIICHKA
«HEYIOBJICTBOPUTEIILHO.



Tema 2. OcHOBHbIE IOHATHS TEOPUHU NMOTPELIHOCTEH BHIYHCICHMIA.
JJABOPATOPHOE 3AHSITHE Ne2 .
«PEHIEHUE ITPOCTENIINX 3AJAY HA BBIYNCJIEHUE INTOI'PEHTHOCTENW»

Hesb: MOMyIUTh HABBIKK ONIPEICICHUS OCHOBHBIX HCTOYHUKOB MTOTPEITHOCTEH.
Boinosinus pa6ory, Bel Oynere:
ymemu:
— JaBaTb MATCMATHYCCKHC XaPAKTCPUCTHUKU TOYHOCTHU I/ICXOI[HOI7[ I/IH(i)OpMaIII/II/I U OILICHUBATh
TOYHOCTH IMMOJIYYEHHOI'O YUCJICHHOI'O PCHICHUS;
— paspabaThiBaTh QJITOPUTMBI W TPOTPaMMBbI IS PEIICHUS BBIYUCIMTEIBHBIX 3a7a4,
YYHUTBIBasE HEOOXOIUMYIO TOYHOCTHITOIY4aeMOTO Pe3yJIbTaTa;
—  pacmo3HaBaTh 3ajady W/WiH MpodJieMy B MPO(EeCCHOHATBHOM H/ITU COIUAIEHOM KOHTEKCTE
—  OHNpCACIATH HeO6XOI[I/IMI)Ie HUCTOYHUKHN I/IH(bOpMaIII/II/I;
- BSaHMOHCﬁCTBOBaTL C KoJuiIeraMu, pyKoOBOJACTBOM, KIIMCHT
—  TPUMEHSITH TEXHUKH H MIPUEMBI 3 (PEKTUBHOTO OOIECHNS B IPO(heCCHOHAITBHOM AeSTEIIBHOCTH;
—  KpaTKO 00OCHOBBIBATh M OOBSCHUTH CBOU JICHCTBHS (TEKYIUE U IFITAHUPYEMBIC)
MarepuajibHoe o0ecnedeHue: makeT npukiaaaaeix nporpamm Microsoft Office.
3ananue:
a) OTpeJIesIHTh, KaKoe PaBEeHCTBO TOYHEE;
6) OKPVTAHTE COMHUTCIBHBIC I.l]’I[t)phI YHCId, OCTABHMB BCDHBIC 3HA-
KH; O1peje/IMTh aﬁCO.'ll()'l'H}’tO OrpelHoOCTL pe3yibTaTd,
B) HalTH IpcaciabHLIC ElﬁCOJTH}THyH] H OTHOCHTCJILHYIO ITOTPCITHOC-
T™ III_}HGJIH}KEHHUI'U HHUCA, BCe LlLlprhl KROTOpOro Io yMoIHaHHKY Bep-
HEIE,
Bapuanmu 3adanuit:
1.a) 14/17=0,824,/53 = 7,28; 6) 23,3748, & = 0,27%; ) 0,645.
2.a) 7/3=2,33,V58 =7,62; 6) 13,5726 = 0,0072; B) 4,8556.
3.a) 27/31=0,871,/42 =6,48; 0) 0,088748, & = 0,56%,; B) 71,385.
4.a) 23/9=2,56,V87 =9,33; 0) 4,57633 + 0,00042; B) 6,8346.
5.a) 6/7=0,857, V4l =6,40; 6) 46,7843, 5 = 0,32%; 1) 7,38.
6.a) 12/7=1,71,47 =6,86; 6) 0,38725 + 0,00112; B) 0,00646.
7.2) 21/13=1,62,/63 =7,94; 6) 45,7832, 5 = 0,18%; B) 3,6765.
8.a) 16/7=2,29,4/11=3,32; 6) 0,75244 + 0,00013; B) 5,374.



9.a) 18/7=2,57,422 = 4,69; 6) 46,453, 5 = 0,15%; B) 6,125.
10.a) 17/9=1,89,+/17 = 4,12; 6) 0,66385 * 0,00042; B) 24,6.
11.a) 51/11=4,64,/35 =5,92; 6) 0,66385, 5 = 0,34%; B) 0,543.
12.2) 19/12=1,58,412 = 3,46; 6) 4,88445 + 0,00052; ) 4,633.
13.a) 13/7=1,857,4/7 = 2,65; 6) 2,8867, 8 = 0,43%; B) 63,749.
14.2) 49/13=3,77,\14 = 3,74; 6) 5,6483 = 0,0017; 5) 0,00858.
15.a) 5/3=1,667,/38 =6,16; 6) 3,7542, 6 = 0,32%; B) 0,389,
16.a) 17/11=1,545,/18 = 4,243; 6) 0,8647 + 0,0013; B) 0,864.
17.2) 7/22=0,318,413 =3,61; 6) 0,3944, 8 = 0,15%; 8) 21,7.
18.2) 13/17=0,765,+/31=5,57; 6) 3,6878 = 0,0013; 8) 8,74.
19.2) 50/19=2,63,4/27 = 5,20; 6) 0,85638, 5 = 0,22%; B) 231,57.
20.a) 21/29=0,724,+/44 = 6,63; 6) 13,6853 + 0,0023; B) 2,16.
21.2) 17/19=0,895,/52 = 7,21, 6) 7,521, 8 = 0,12%; B) 0,5748.
22.2) 6/11=0,545,4/83 =9,11; 6) 3,7832 + 0,0043; B) 2,678.
23.2) 16/19=0,842,/55 = 7,416; 6) 17,356, & = 0,11%; B) 0,5718.
24, a) 23/15=1,53,/98 = 9,899; 6) 8,7432 = 0,0023; B) 0,578.
25. ) 2/21=0,095,v/22 = 4,69; 6) 24,5641, 3 = 0,09%; B) 4,478.
26. ) 12/11=1,091,v/68 = 8,246; 6) 0,5532 + 0,0014; B) 3,4479.
27.2) 6/7=0,857,/48 =6,928; 6) 14,5841, 5 = 0,17%; ) 0,421.
28.a) 15/7=2,14,+/10 = 3,16; 6) 4,5012 + 0,0013; ) 1,4229.
29.2) 4/17=0,235,4105=10,25; 6) 1,1341, 8 = 0,12%; B) 2,401.
30.a) 7/15=0.467.+/30 = 5.48; 6) 6,7702 + 0,0015; B) 11,1239,
Kparkue TeopeTuueckue cBeJIeHH:

Brigenum crienyronire OCHOBHbIE HCTOUHUKH MOTPEIIHOCTEH:

a) TapameTpsl, BXOIIIME B ONKMCAHWE 3a/laud, 3a/laHbl HETOYHO;, COOTBETCTBYIOIIYIO
MOTPEIIHOCTh Ha3bIBAIOT HEYCTPAHUMOH (IIOTPEIIHOCTD JAaHHBIX);

0) mMaremaThyeckass MOJENb OMHCHIBAET M3y4aeMbli OOBEKT MPUOIMKEHHO C Y4ETOM
OCHOBHBIX, Han0oJiee CYIECTBEHHBIX (PAKTOPOB (MIOTPEIHOCTh MATEMATUYECKON MOJIETIH);

B) YHCJICHHBIA aJNTOPUTM, TPUMEHSEMBIH Ui peIIeHHs MaTeMaTHYecKoW 3ajaudu,
3a4acTyro JIaeT JHIIb MPUOIMKEHHOE pelleHue (IOrPeIHOCTh MeTOa);

) B MPOIECCE BBHIUYMCICHUH Ha KOMIBIOTEPE MPOMEKYTOUHBIE M KOHEYHBIE PE3yIbTaThI
OKpYIJISIIOTCA  (BBIUMCIUTENbHAsT MOTPEIIHOCTh WM TOTPEIIHOCTh OKpYIJIeHus). MeTo[sl,
NPUYHCIISIEMBIE K TOYHBIM, HE YYUTHIBAIOT HAJTMYUE BHIYMCIUTEIBHON MOTPEITHOCTH.

YacTto mnepBble [Ba BUAA MOTPEHIHOCTH, OOBEIUHSAS B OAMH, TaKKe HAa3bIBAIOT
HEYCTPaHUMON MOTPEHIHOCTHIO.

O0603HaunB yepe3 | aOCOMOTHYIO BETUUMHY MTOTPELIHOCTH pe3yibTara, a yepes I, , I, u l,
— abCOJIFOTHBIE BEJTMYMHBI HEYCTPAHMMOU TOTPEIIHOCTH, MOTPEITHOCTH METO/Ia U OKPYTJICHHS
COOTBETCTBEHHO — HETPYTHO MOJIYUYUTH CIIEAYIOIIEE COOTHOIICHHE:

HepasenctBo (1.1) maer omeHKy AJis MOTPENIHOCTH pe3yiabTata. M3 3TOro HepaBeHCTBa
MOYKHO CJIeJIaTh BaXKHBIN BBIBOJI: MOJIHYIO TOTPEIIHOCTh Pe3ysibTaTa HeJsb3sl C/elaTh MEHBbIIE,
4eM HauOOJIbIAsl U3 COCTABIISIONINX €€ TOTPEITHOCTEH.

Onpenenenue 1.1. Ilpubnudxcennviv sHaueHuem HEKOTOPOM BEIWYMHBI & HA3bIBAETCS
YUCIIO @p , KOTOPOE HE3HAYUTEIBHO OTINYAETCSI OT TOUHOTO 3HAYEHUS ITON BETUIHHBI.

ITycTs & — TOYHOE 3HAaUEHHE HEKOTOPOH BEIMUUHBL, a & p — €€ NPUOIINKEHHOE 3HaUEHHE.

Onpenenenne 1.2. AobOconrommuoii noepewnocmovio A  TPUOTMHKEHHOTO 3HAYCHHS
Ha3bIBAETCSI MOLYJIb PA3HOCTH MEXY TOYHBIM U MPUOIMKEHHBIM 3HAYCHUSMH 3TOW BEITMYUHBIL:

A= |a — ap| (1.2)

IIpumep 1.1. Ecmu a= 20,25 u a, =20, To abconmtoTHas norpemHocts = 0,25 .



Onpegenenne 1.3. OTHOCHTENBHOH HNOIPEHNIHOCTBIO NPHUOIMKEHHOH BEIUYUHBI
Ha3bIBAETCS] OTHOLIEHHWE aOCOJIIOTHONW MOTPEUIHOCTH NMPHOIMKEHHON BEMYMHBI K a0COIOTHON
BEJIMYMHE €€ TOYHOTO 3HAYCHUS:

_la—ap| A

0= lal  lal 13)
DT0 paBEHCTBO MOXKHO 3aIlKCaTh B APYyrou popme:
A= |a|é (1.4)

Hpumep 1.2. ITycts a = 20,25 n a , =20, TOorga OTHOCUTEIbHAS HOIPELIHOCTD

0= 0,25/20 = 0,0125.

Ha npaxTuke, Kak mpaBuio, TOYHOE 3HAUYEHUE BEIMYMHBI HEU3BECTHO. [loaTOMy BMecTO
TCOPETHYECKUX TIOHATHH aOCOMIOTHOM W OTHOCHTENBHOW TOTPEUIHOCTEH  HCHONB3YIOT
NPaKTUYECKHUE TIOHATHS MPEAETbHON a0COIIOTHON MOTPEIIHOCTH U MPEASIbHOW OTHOCUTEIHHOM
HOTPEIIHOCTH.

Onpenenenue 1.4. Ilon mpenensHONW aOCOMIOTHOW MOTPEHIHOCTBIO MPHUOIMKEHHOTO
YHCIIa TOHUMAETCsl BCIKOE YHCI0 Az He MEHbIIee a0CONMIOTHON MOTPEITHOCTH 3TOTO YUCTIA:

A= |a — ap| <A, (1.5)
Hepasenctso (1.5) no3Bosisier 411 TOUHOTO 3HAUEHUS BETMUHHBI IOIYYUTh OLICHKY
a, — A< a<a,+tA4, (1.6)
Yacro HepaBeHcTBa (1.6) 3anChIBaIOT B Apyroii hopme
a=a,* A= a,(1%38,) (1.7)

Ha npaktuke B KadecTBe IMpeNeIbHOM aOCOJIIOTHOM MOTPEIIHOCTH BBIOMPAIOT
HalMEHblIee U3 4ucen A, , yIOBIETBOPSIONIMX HepaBeHCTBY (1.5), ogHako 3TO He Bcerna
BO3MOYKHO.

IIpumep 1.3. OueHuTh mpeAeabHYIO aOCONIOTHYIO MOIPEUIHOCTh MPUOIMKEHHOIO
3HaueHMs a p = 2,72 yKcia €, eclid U3BECTHO, 4To €= 2,718281828459045.

Pemenue.

OueBHUIHO, YTO |ap - e| < 0,01 . CunenmoBarenbHo, Ay = 0,01. Takxe crpaBemIUBO

HEPABEHCTBO |ap —e| =12,720 —2,71828...| < 0,002. Tlomyyaem Jpyroe 3HayYeHHE
abcomtoTHOM morpemHocTH Ay = 0,002. SlcHo, uyTO cieayeT BbIOpaTh HauWMEHBIIEE U3
HaMJICHHBIX 3HAYCHUN TIPEACTbHON OTPEIIHOCTH, TaK KaK 3TO IMO3BOJIUT CY3HUTh Auarna3oH (1.5),
B KOTOPOM HaXOJMTCS TOYHOE 3HAYCHUE U3y4aeMOil BETHUNHBI.

Omnpenesienne 1.5. [IlpenenvHoii OTHOCHUTEIBHON MOTPEUTHOCTBIO 0a
JAHHOTO TPUOJIMKEHHOTO YHUCJIa HAa3bIBACTCSA JIO0OE YHUCIIO, HE MEHBIIEe OTHOCHUTEIHHON
MOTPEIIHOCTH TOTO YUCIIA!

6 <68, (1.8)
Tak Kak crpaBeUIMBO HEPABEHCTBO
=L la
lal = lal

TO MOXHO CYUTaTh, YTO MpEACNIbHbIC aOCOMIOTHAS UM OTHOCHUTENIbHAS MOTPEITHOCTH CBS3aHbBI
bopmynoit

T % i A, = |ald,.

Ipumep 1.4. [lycte amuHa Opycka M3MepeHa CAaHTHUMETPOBOM JMHEHKOM M IMOy4yeHO
NpUOIMKEHHOE 3HaYeHne ap=251 cMm. Halitn npenenbHyo OTHOCHTEIBHYIO IOTPEHIHOCTD O,

Pemenue.

Tak Kak CaHTHMETpOBas JIMHEMKA HE COAEPKUT JCIICHUH MEHbIIE CaHTUMETpPa, TO
npenenbHas abCONIOTHAS MOTPEITHOCTE A; = 1 cM, a TOYHOEe 3HayeHHWe, a UITMHBI Opycka
HaxoauTcsa B quamaszone 250 cM < a < 252 cM. X0oTd TOUHOE 3Ha4YeHIE a HEU3BECTHO, MOYKHO IS

OTHOCUTEJIbHOM MOrpCIIHOCTH 3allUCaTb HEPABCHCTBO

5 _Ba_ 1 = 0,004
@ al 250

T. €. CYUTATh, 4TO 05=0,004 .



Ecnu abGconmoTHas MOrpeHocTh Ay 3HAYUTEIBHO MEHBIIE TOYHOTO 3HadeHHs |al, To
OTHOCHUTEJIbHYIO TOTPEIIHOCTh TMOAPA3IACISIIOT MPUOJMKEHHO KaK OTHOIICHHE aOCOJIOTHON

MOTPEIIHOCTH K IPUOIMKEHHOMY 3HAUYCHHIO:
Aq

O, ~ W,Aaz |ap|6a. (1.10)

Yacro B gopmyne (1.10) BMecTO 3HaKA «=» UCHOJB3YIOT 3HaK TOUHOI'O PABEHCTBA «=).
OTHOCHTENBHYIO IOTPEIIHOCTh MHOT' /1A 33Jal0T B IPOLICHTAX.

Ipumep 1.5. Onpeaenutp NpeneaIbHyI0 OTHOCHTEIBbHYIO U aO0CONMIOTHYIO TOTPEIIHOCTH
3HaueHus X=125+5% .

Pemenue.

3neck 02 =5% =0,05 u A, =0,05 125=6,25 . B 3TOM mnpumepe MbI BOCIOIH30BAIHUCH
dbopmymoii (1.10).

3navamue nudpol

Onpenenenne 1.6. 3navamumu 1udpaMd B 3a0UCH  NPUOIIDKEHHOTO  YHMCIA
HA3bIBAIOTCS:

BCE HEHYJIEBBIE U (PHI;

HYJIHU, COIepKAIllMecss MEX 1y HEHYJIEBbIMU U PaMu;

HYJIHM, SIBISIONIMECS MPEICTABUTEISIMH COXPAaHEHHBIX JECSATUYHBIX Pa3psgoB IpH
OKPYTJICHUH.

B caenyromux npumepax 3Hadamiye HuQpel Moa4epKHYTHI.

IIpumep 1.6. 2,305; 0,0357; 0,001123; 0,035299879~0,035300.

IIpu oxkpyrnenun umciaa 0,035299879 no mectu 3HAKOB IOCE 3aMATOW IOJIy4aeTCs
yrcno 0,035300, B KOTOpOM TMOCIEAHHUE IBa HYJs SBISIOTCSA 3HavamuMu. Eciu oTrOpocuTh 311
HyJau, TO nosiyueHHoe uucio 0,0353 ne sBisiercst paBHO3HauHbIM ¢ yuciom 0,035300 kax
npubmkeHHbIM  3HadeHneM uucia  0,035299879, Tak Kak MOTPEIIHOCTH  YKa3aHHBIX
IpUOIMIKEHHBIX YMCEN OTINYatoTces !

Onpenenenne 1.7. IlepBeie N 3Havamux udp B 3amUCH NPUOIMKEHHOTO 4YHUCIA
Ha3bIBAIOTCS BEPHBIMU B Y3KOM CMBICIIE, €CJIM a0COIIOTHAS OTPEIHOCTD YHCIIa HE TPEBOCXOIUT
MOJIOBUHBI €IMHUIIBI pa3psla, COOTBETCTBYIOLIEro N -i 3Hayameidl mudpe, cuumras cieBa
HaIpaso.

Hapsiny ¢ naHHBIM onpezieleHMeM MHOT1a UCTIONIb3YeTCsl APYToe.

Onpenenenune 1.8. IlepBbie N 3Havammx 1udp B 3amuUcCHd NPUOTMHKEHHOTO YHCTA
Ha3bIBAIOTCA BEPHBIMU B IIMPOKOM CMBICIIE, €CIM a0CONIOTHas MOTPEUIHOCTh 4YHciIa He
IIPEBOCXOUT €IMHULIBI pa3psiia, COOTBETCTBYIOLIETo N -i 3Havamei nudpe.

Ipumep 1.7. Onpenenuts BepHble LUPPHI IPUOIMKEHHOTO 3HaUeHUs ap =2,721 4ucna e
, €CJIM U3BECTHO, 4TO € = 2,71828...

Pemenue.

OueBHIHO, YTO |ap - e| = 2,721 — 2,71828 ...| < 0,003 < 0,005. CuemoBareibHO,
BEPHBIMU SIBJISIFOTCSI TOJIBKO TPU NepBble HUGPHI (B Y3KOM U IIMPOKOM CMBICIIE), MOCIETHIO0
nu(py MOXKHO OTOPOCUTS, & p = 2,72.

Ipumep 1.8. Ilycte X =1,10253+0,00009. BepHbIMU SBISAIOTCA NEPBBIE YETHIPE
3Havame U@pel, a TUGpPsl 5 U 3 HE YJOBIETBOPSIOT OIpeNesieHUI0. B mmpokoM cmbicie
BEPHBIMH SIBJISIFOTCS TIEPBEIE MATH THP.

Hpumep 1.9. Ilpu 3anucu crneayromux (U3NYECKUX KOHCTAHT yKa3aHbl TPH BEPHBIC
3HayaIme mudpsr:

a) TpaBUTALIMOHHAS TIOCTOSTHHAS Y=6,67 1011H, MZ/KFZ;

6) ckopocTh cBera B Bakyyme ¢=3,00-10° , m/c;

B) nocrostHHas [lnanka h :6,63-1034 , Jx c.

3ameuanue. TepmMuH «BepHble 3Hayamue UUQPBD HENb3sS IMOHUMATh OYKBAJIBHO.
Hampumep, cOBpeMEHHOE OIBITHOE 3HAUYE€HHE CKOPOCTHM CBETAa B BAaKyyMe€ COCTaBJISIET C=
2,997925-10° | m/c. OueBHIHO, YTO HHU OJHA 3HAYALIAS nudpa B mpumepe 1.9, He coBmagaer ¢



COOTBETCTBYIOIIEH TOUHOM M(poi, HO aOCOMIOTHAS IOTPEIIHOCTh MEHBIIIE MTOJIOBUHBI pa3psia,
COOTBETCTBYIOIIETO TOC/IeIHEH 3Havamen nudpe B 3anucu 3,00 108 :
3,00-10° - 2,997925-10° |< 0,003-10° < 0,01-10% / 2 = 0,005-10° .

IIpaBwuiio OKpyrJieHUs Yncesa

UToOBl OKPYIIIMTH YKCIIO 1O N 3HAYammx nudp, orOpachBalOT Bce MHUQPHI, CTOSIIIHE
cmpasa OT N -i 3Havamed HUQPbI, WIH, €CIU 3TO HYXKHO JJI COXPAHEHUS Pa3psiioB, 3aMEHSIOT
ux HyiaaMmu. [Ipu stom:

eciu mepBas oTOpoleHHas Hudpa MeHbIIe 5, TO OCTaBLIMECS ACCATUYHBIC 3HAKU
COXPAHSIOT 0€3 U3MCHCHHUS,

€ci TepBasi oTOpomieHHas Iudpa OoJbIIe S5, TO K MOCIEIHeNH OcCTaBIIeiCcs udpe
NpUOABISAIOT €IUHUILY;

€CJIM TepBasi OTOpOIIeHHAs LU(pa paBHA 5 U Cpeal OCTAIbHBIX OTOPOILIEHHBIX UD
€CThb HEHYJIEBbIC, TO K MOCIEeIHEH ocTaBIIelcs udpe NpuOABISIOT eIUHHILY;

€CJIM TepBasi U3 OTOPOIICHHBIX (P paBHA 5 U Bce OTOPOILIEHHBIE [IU(PHI SABISIOTCS
HYJISIMHM, TO TOCJHETHSS OCTaBmIasicss nudpa OCTaBIseTCS HEM3MEHHOH, €Clii OHa YeTHas, U
YBEJIMYUBACTCS HA €UHUILY, €CIIM HEeT (IIPaBUIIO YETHOM LU]PHI).

OTO MpaBWIO TapaHTHPYET, YTO COXPAaHEHHBbIC 3HAYANIMe LUQPHI YUCIA SBISIOTCS
BEPHBIMH B Y3KOM CMBICIIE, T. €. IOTPEIIHOCTh OKPYTJIEHUS HE MPEBOCXOAUT MOJIOBUHBI pa3psa,
COOTBETCTBYIOILIETO IOCIEAHENH oOcTaBiIeHHOW 3Hauvamedl uudpe. [lpaBuno ueTHOW HUPPHI
JOJKHO 00eCreYuTh KOMITEHCAIIMIO 3HAKOB OIINOOK.

Mpumep 1.10. IIpuBeneM npuMepsl OKPYTIICHUS 0 YETHIPEX 3HAYAIUX IUQDp;

a) 3,1415926 ~ 3,142;

Aq =|3,142 - 3,1415926|< 0,00041 < 0,0005 ;

6) 1256410 ~=1 256 000;

a =|1 256 000 -1 256 410 |< 500 ;

B) 2,997925-10° ~ 2,998-10° ;

a=|2,998-10° - 2,997925-10° |< 0,000075-10° < 0,0005-10°

CJ'IGI[YI-OHIaSI TEOpEMa BBIABIISACT CBA3b OTHOCHUTEIBLHOH IOrp€IIHOCTU YUCjia C YUCIIOM
BEPHBIX JECATUYHBIX 3HAKOB.

Teopema 1.1. Ecniu mosioKuTEIHHOE MPUOIMIKEHHOE YHCIIO UMEET N BEPHBIX 3HAYAIIUX
u@p, TO €ro OTHOCUTENbHAsI MOTPEIIHOCTh O HE MPEBOCXOAUT BETUYUHBI 10", nenennoii Ha

MEPBYIO 3HAYAITYIO ITUDPY oy
1-n
§ <107/ (1.11)

®opmyna (1.11) mo3BossieT BEIUUCIUTD NPEAETIbHYIO0 OTHOCUTEIBHYIO TOTPEIIHOCTh
1-n
6a=10"/a, (112)

IIpumep 1.11 Haiftu OTHOCUTENBHYIO M aAOCONIOTHYIO MOTPEIIHOCTH NPUOIMKEHHBIX
ancer: a) 3,142, 6) 2,997925-10° .

Pemenue.

a) 3mece N = 4, o, =3. Ucnonszyem ¢dopmyny (1.12) ans OLEHKH OTHOCHTEIHHOM
MOTPEIIHOCTH:

a=10""/y =0,001/3%0,00033.

Jlst onipeneniennst abCOMIOTHOM MOTPEIHOCTH TpuMeHuM dopmyry (1.10):

a ~ |a,|8, = 3,142 0,00033<0,001.

0) AHaJIOTHYHO BBIUUCIUM: N =7, 0, =2 , 34 =10*"/ o,, = 0,000001/ 2 =0,0000005;
a ~ |a,|8, =2,997925-10°%0,0000005 =150

IHorpemnocru apugpmMeruyecKux onepanui



[IpuBenem  mpaBWiia  BBIYMCICHHUS  MOTPEIIHOCTH  pe3yiabTaTa  Pa3iIMYHBIX
apu(METHUECKUX ONepanuii Ha | MPUOIKEHHBIMHI YHCIIAMH.

OTHOCHTENBHO areOpandeckoil CyMMBI U = X £ Y MOXKHO yTBEPIKIaTh CICIYOIIEe.

Teopema 1.2. IIpenenpHas abCoNIOTHAS MOTPEHIHOCTh CYMMbI MPHOIMIKEHHBIX YUCEI
paBHA CyMMe TPeeIIbHBIX a0COMIOTHBIX TOTPEUTHOCTEH CllaraeMbIX

Ay=AxtAy (1.13)

N3 popmynsr (1.13) cnemyer, uTo npedervras adOCOMOMHASI NOSPEUIHOCT CYMMbL He
Modcem Oblmb MeHbule NpPedelbHOU aOCONIOMHOU NOSPEWHOCMU HAUMeHee MOYHO20 U3
clazaemvlx, T.e. €CIM B COCTaB CYMMbI BXOJSAT MNPHOJMKEHHBIE CllaraeéMble C pa3HbIMU
a0COJIIOTHBIMU TIOTPEIIHOCTSMH, TO COXPAHATh JHMIITHUE 3HavYamue mudpsl B 00ee TOYHBIX HE
UMEET CMBICIIA.

Hpumep 1.12. Haiitu cymmy npuOIMIKEHHBIX YHCEN, BCe HUQPHI KOTOPBIX SBISIOTCS
BEPHBIMU B LIIMPOKOM CMBICIIE, U €€ MPEJIENIbHYI0 a0COIIOTHYIO U OTHOCUTENIBHYIO ITOTPELIHOCTH
u=0,259 + 45,12 + 1,0012.

Pemienne. IlpenenbHble aOCONMIOTHBIE MOTPEUIHOCTH  CJIAraéMbIX 3/1eCh  pPaBHbBI
cootBercTtBeHHo 0,001; 0,01; 0,0001.

CyMMupOBaHHE HPOM3BOJUM, PYKOBOJICTBYSCh CIEAYIOUIMM HPAaBUIOM: BBIJEIUM
HaVMEHEee TOYHBIE cjaraeMmble (B HAlleM MPHUMEPE 3TO BTOPOE ClIaraeéMoe) M OCTaBUM HX 0e3
U3MEHEHHUS;

OCTAJIbHBIC YHCJIa OKPYIJIMM IO O0pasily BBIICICHHBIX, OCTaBISIsI OIWUH WIH JBa
3allaCHbIX 3HAKA;

CJIOKMM JJaHHBIE YMCJIA, YIUTHIBAS BCE COXPAHEHHBIE 3HAKY;

MIOJTyYEHHBIH pe3yIbTaT OKPYIJIUM 10 TOUHOCTH HaUMEHee TOYHbIX ciaraeMblx. MiMeem

A, =0,001 + 0,01 +0,0001 = 0,0111,
=0,259+45,12+1,0012 = 0,26 + 45,12 + +1,00 = 46,38 + 0,01.

OcHOBHOU BKJIaJ B aOCONIOTHYIO TOTPEITHOCTh Pe3yjbTaTa 3/1eCh BHOCST IMPEACITbHBIC
MOTPEIIHOCTH UCXOHBIX IaHHBIX, MPUBEICHHBIC BHIIIIE.

Teopema 1.3. Ecnu Bce craraembie B CyMMe UMEIOT OJIUH U TOT K€ 3HAK, TO MpeAesibHas
OTHOCHUTENIbHAs TOTPEIIHOCTh CYMMBI HE TMPEBBIIIACT HAWOOMBINEH U3 MpeaeabHBIX
OTHOCHUTEIIBHBIX MTOTPEITHOCTEH CITaraeMbIX:

6y < max (Oy, Oy, -, Ox) (1.14)

[Ipy BBIYKMCIIEHUU PA3HOCTH JBYX NPUOIKEHHBIX dYHMcel U =X -y ee abcoioTHas
MOTPEIIHOCTh, COTJacHO Teopeme 1.2, paBHAa CyMMe aOCOJIOTHBIX MOTPENIHOCTEH
YMEHBIIIAEMOTO M BBIYUTAEMOTO, T.€. Ay=Ax+Ay,a IpefiesbHasi OTHOCUTENbHAS IOTPEITHOCTb.

= Sty (1.15)
lx=y|

N3 dopmynsr (1.15) cnemyer, 4to ecnu NpUONMKEHHBIE 3HAYEHHS] X U ) OJIM3KH, TO
npeesibHasi OTHOCUTENbHAS TIOTPEITHOCTD Oy/IeT OYeHB OOJIBIION.

u

IIpumep 1.13. Haiitu pa3sHOCTh U =X-y ¢ TpeMs BEPHBIMH 3HaKaMmH, eciid x =12,1254 +
0,0001, y =12,128 £ 0,001.
Pemenue.
Hmeem 12,1254 — 12,128 = - 0,0026.
u =0,0001 + 0,001 = 0,0011;
0,0011

- —0,42;
¥ =120,0026]

_ 20001 0,000008;
*TT21254 " ’



0,001
Y =T12,128]
CornacHo 3TUM pe3yabTaTaM Pa3HOCTh X-Y uMeeT He Ooyiee OJHON BepHOU HUBPBI U
OTHOCHUTEJIbHASI  MOTPEUIHOCTh OYEHb BEJIMKA 110 CPaBHEHUIO C  OTHOCHUTEIHLHBIMHU
MOTPEITHOCTSIMH OTIEPAHIOB.
B HekoTophIX ciydasix yaaercss n30eXaTh BBIYMCICHUS PAa3HOCTH ONM3IMX YHUCEN C
MOMOIIBI0 MpeoOpa3oBaHUs BBIPAKEHUS TaK, YTOOBI Pa3HOCTh ObLIa HCKIIOYEHA. PaccMoTpuMm
OJIMH M3 TAaKUX MPUMEPOB.

~ (0,00008;

Hpumep 1.14. Haiitu pasaocts /4,05 — v/4 ¢ TpeMst BepHBIMH 3HAKAML.
Pemenne. YMHOXHUM U pa3zieiuM Ha conpsibkeHHoe. [lomyunm

\/m_ﬁ:(‘/m_ﬂ)'(‘/m+ﬁ)_ 405—4 0,05

J4,05 + V4 V4,05 +v4 4012461

~ 0,0125

Ecnu mpepcraBiseTcss CIOXKHBIM 3aMEHUTH BBIYMTAHUE OJU3KUX MPUOIMKCHHBIX YHCET
CIIOKEHHEM, TO CJIEIyeT MOCTYIaTh TaK: €CIIM U3BECTHO, YTO MPH BHIUUTAHUH JOKHO IPONACTh
M TepBBIX 3HAYAMX IUQP, a B pe3yabTare TPeOyeTcsl COXpaHUTh N BepHBIX IUp, TOTIA B
YMEHbBIIIAEMOM U BHIYMTAEMOM CIIEAYET COXPAHATh 7 +1 BEPHBIX 3HAYAIUX HUdp:
J4,05 — V4= 2,012461 — 2 = 0,0125

Teopema 1.4. IlpenenpHas OTHOCHTENbHAs MOTPEIIHOCTh MPOU3BEACHUS U=X'Y
NPHUOIMKEHHBIX YHCEN, OTJIWYHBIX OT HYJsS, paBHA CyMME MPEACIbHBIX OTHOCHUTEIBHBIX
MOTPEIIHOCTEN COMHOKHUTENEH, T. €.

~ (0,01246

Oy =0y +oy . (1.16)

B uactHOCTH, eciu U =K-X , riae K — Tounoe uucio, umeem Ay=|k| - A,, &y =0x.

Ipumep 1.15. Onpenennuts npou3BeaAeHNEe MPUOMIKEHHBIX yrncen X=12,45 u y=2,13 u
YHCJIO BEPHBIX 3HAUAIIMX [U(p B HEM, €CJIM BCE HAMCAHHbIE HU(PBI COMHOXKUTENEH — BEpHBIE
B Y3KOM CMBEICIIE.

Pemenne. [1o ycnoBuio npeaenbHble aOCONIOTHBIE MOIPEIIHOCTH COMHOXKUTENIEH paBHbBI
Ay =Ay = 0,005 ; o, = 0,005 /12,45 (1 =0,0004 ; &, =0,005/2,13 = 0,0023. Torga o Teopeme 1.4
umeeM 9, =0x+0y = 0,0004 + 0,0023 = 0,0027 = 0,003. Beruncaum npoussenenue 12,45 -2,13 =
26,5185. u= 26,5185-0,003~0,079~0,08. Takum o00Opa3zoMm, pe3ynbTaT HMEET TPU BEPHBIX
3HaYalX HUQPHI B IIMPOKOM CMBICIIE U MOXET OBITh 3alIMUCaH B BUJIE

=26,5-(1+0,003) .

Teopema 1.5. IlpenenbHas OTHOCHUTENbHAs TOIPEIIHOCTh YAaCTHOIO paBHA CyMMe
NpeJebHBIX OTHOCUTEIBHBIX TIOTPEITHOCTEH IETMMOTO U JACTHTEIIS.

IIpumep 1.16. Boruncante yactHoe npuOMMKeHHbIX uncen X=12,45 u y=2,13 u yucno
BEPHBIX 3HAaYammMX OU(Qp B HEM, €CIM BCE HANMUCAHHBIE NU(PHI COMHOXHUTENEH — BEpHBIC B
Y3KOM CMBICIIE.

Pemenue. [IpesensHast OTHOCUTEBHAS MOTPEITHOCTh YACTHOTO 110 Teopeme 1.5 paBHa
~0,003. Beruucaum gactHoe 12,45 /2,13 =5,84507 .

u= 5,84507-0,003=<0,0175=0,02 . Pe3ynbTaT MMeeT ABE BEpPHBIX 3HAYAIIUX MUPPHI B
Y3KOM CMBICJIE U MOXET OBITh 3alMCaH B BHUJIE

=5,8-(1+0,003) .

IHorpemHocTs NPOU3BOJLHOM (PYHKIHH

[Tycts 3amana npousBosbHas GyHKIus U=F (X1, X2, ..., Xn), T X1, X2, «ovy Xn—
NpUOIMKEHHBIE BETUYMHBL, @ Ayq , Ayy, ..., Ay — UX U3BECTHBIE TPEIEIbHBIE A0COMIOTHBIE
norperrHocTH. Toraa npenenbHas abCoMOTHAS TOTPENTHOCTD pe3yibTaTa — QYHKIUA U — JUIS
MaJbIX Ayj BRIYHCISETCS IO (hopMmyIie

0
Ay=71, |£| Ay; B TOYKE (X1, X2 , +vry Xn) (1.17)

Kak BumHO U3 popmyasl (1.17), ans ee npumeHenus Tpedyercs, 4roosl pyHKwms f (X1, X 2
, -y Xn ) ObUTa AU depeHInpyeMoil 0 BCEM MepEMEHHBIM.



Mpumep 1.17. Beraucnute ¢pyHkimo U= 2sin(3x+ 4y) , ecim
x=--+0002uy =—10,005

Haiitn mnpenenpHble a0CONIOTHYIO M OTHOCHUTEIBHYIO IOTPEUIHOCTH pe3yibTaTa Hu
OIPE/ICITUTD YUCIIO BEPHBIX 3HAYALIHX LU D.
Pemenue. [Ipumensist popmyny (1.17), umeem

du Jdu
Ay=|==|Ax + |z=|A,= |6 cos(3x + 4y)|- 0,002 + |8 cos(3x + 4y)| - 0,005 =

0x dy
=12 cos(3x + 4y)| - (3- 0,002 + 4 - 0,005) = |2 cos| - (30,002 + 4-0,005) =

=v2 - 0,026 ~ 0,037. -

Tl yrkiuy u HaxomuM U =v2 ~1,414214. YuurbiBas mpeeldbHYIO0 aOCONIOTHYIO
norpemHocTh Ay =0,04 , mony4yaeMm pe3ynbTaT, KOTOPhI HMEET JIB€ BEPHBIX 3HAYAIUX ITUMPHI B
y3KkoM cMbiciie. OTBET MOXKHO 3amucaTh B BUIE

=1,4+0,04.

Iopsiaok BbINOIHEHUS PA0OTHI:

3. O3HaKOMUTHCS C TEOPETUUECKHUMH CBEJICHUSMHU.

4. BbINOJTHUTH HEOOXOIUMBIE PACUETHI.

5. OdopMuTh U NPEACTaBUTH PE3YIbTATHl PACUETOB.

dopma npeacTaBjieHus pe3yjabTara:

Pe3ynbraThl peCTaBUTh B BUJIE OTYeTa B hopmate .AOCX.

Kputepun ounenku:

3aaHue BBIMOIHEHO 0e3 OMMOOK — OI[EHKA «OTIUYHOY.

3ajanue BBIOIHEHO MPABUIBHO, HO JOMYIIEHBI 1-3 BBIYMCIMTEIBHBIX OIMIMOOK — OIIEHKA

«XOPOLLIOY.
3a/laHue BBIIOJIHEHO HEOPEIKHO, TOMYIIEHBI OLIMOKHU — OIIEHKA «yIOBJIETBOPUTEIBLHO.
3ananue BBIIIOJIHEHO HEIPaBUJILHO, JOIYIIEHBI OLIMOKH - OLICHKA

«HCYOOBJICTBOPHUTCILHO.



Tema 3. Uncnennoe pemenne CJIAY
JJABOPATOPHOE 3AHATHE Ne3 «PEIIEHUE CUCTEM JIMHEWHBIX
YPABHEHU»

Ienb: 0OCBOUTH METOBI PELICHUS CUCTEM JIMHEMHBIX YPaBHEHUI
Boinosnus padory, Bel Oyaere:
ymembw:
Hcrions30BaTh OCHOBHBIE YHUCIICHHBIC METO/IBI PEIICHUS] MATEMAaTHUECKUX 33/1a4;
Br16upaTh onTuManbHbBIN YUCICHHBIIMETO T AJIsl pelIeHHs] IOCTaBICHHOM 3a1a4u
JlaBaTh MAaTEMaTHYECKHE XapaKTePHUCTHUKH TOYHOCTH HMCXOMHON HH(MOpPMAlMy M OICHUBATH
TOYHOCTb NOJTYYEHHOTO YUCIEHHOTO PEIICHNUS;
pa3palaTheiBaTh aJrOPUTMbl M MPOTPAMMBI JJI PEIICHUS BBIYUCIUTENbHBIX 3ajad,
YUUTBIBAsE HEOOXOIMMYIO TOYHOCTBIIONYYaeMOT 0 pe3ybTarTa;
pacmo3HaBath 3a7aqy W/WiH MpodiieMy B MPo(eCcCHOHATHHOM H/IUTH COITUATEHOM KOHTEKCTE
OIpeeNsTh He0OXOJUMbIE HCTOUHUKU HH(OpManny;
B3aMMO/ICHCTBOBATH C KOJUIETAMH, PYKOBOJCTBOM, KJIMEHT
MIPUMEHSATh TEXHUKU U PUEMBI 3(PPEeKTUBHOTO 0OIICHNS B PO ECCHOHAITBHON NesITENFHOCTH;
KpaTKO 0OOCHOBEIBATh U OOBSICHUTH CBOM JIEHCTBHSA (TEKYIIME U TUTAHUPYEMBIC)
MarepuaiabHoe obecnedeHne: akeT NpUKIaIHbIX mporpamm Microsoft Office.
3amanmue:
Haiiti pemreHnsi cucteM JHMHEHHBIX —aireOpamdeckux ypaBHeHHid AX =D ¢ TouHOCTBIO

£=107": a) ucnonw3ys Meton I'aycca; 6) Ucronb3ys MeTOA uTeparuii. CpaBHUTL UX ¢ TOYHBIMH
pemieHusIMU & .

5 0 1 11 2
1A= 1 3 -1| b=|4| &=[1]
-3 2 10 6 1
2 0 -1 -3 -1
2 A=|-1 3 1| b=|2] é&=|0
1 -1 4 3 1
2 0 -1 1 1
3 A=|1 -3 1| b=l2| ¢&=|0
1 1 3 4 1
5 1 -1 -5 -1
4 A=|-1 3 1], b—(S, =] 1
1 -2 4 1 1

3 1 -1 -1 -1
5. A=|-2 4 1| b=|l5| &=|1
1 1 3 -3
3 1 - 6 2
6. A=|2 4 1| b=|9| &=|1
-1 3 4 1
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3 1 1 6 2
20 A=|0 -2 1| b=|-3| &=|1
2 -1 4 -1 -1
2 -1 0 -5 -2
21. A={2 5 1| b= 2| ¢&=|1
2 1 -4 -7 1
5 0 1 11 2
22. A=|1 -3 1} b_{B , &=]0].
3 -1 5 11 1
5 -1 3 0 1
23. A=|1 -3 1} b—{ﬁ, 5—[2
0 1 2 0 -1
5 -11 -6 -1
24. A= -2 5 1|, b=|13] 5:{2 :
3 -15 0 1
5 1 -1 8 1
25.A=|-1 3 1| b=| 0| &=|1
-1 0 2 -5 -2

Kparkue Teopernyeckue cBeJeHUs:

2.1. Memoo npocmoii umepayuu

Bce Mertonpl pemieHHs CHCTEM ypaBHEHHMH MOXXHO pPa3OUTh Ha YCIOBHO TOYHBIE H
npubsnmxennsle. K TounbM anroputmam oTtHocutcss — Meron Kpamepa, I'aycca, JKopnana-
I'aycca u T.1. Cpenu npuUOIMIKEHHBIX CJEIyeT OTMETUTh, IpPEXKAE BCEro, UTEPALMOHHbIE
Metoabl. PaccMoTpuM moapoOHO METO/ MPOCTON UTEpaluy, KOTOPBIA 00JalaeT cleayroluMu
IIPEUMYILECTBAMM:

1. Ecau mporecc utepanuu CXoIuTcs OBICTPO, T.€. KOJIMYECTBO MPHOIMKEHUH MEHbIIE,
YeM IMOPSAOK CHUCTEMBI, TO IOJIY4YaeTCs BBIMTPBIII BO BPEMEHM PELICHHS IO CPAaBHEHUIO C
TOYHBIMUA METOAAMHU.

2. Meton uTepauuil SBISIETCS CaMOKOPPEKTUPYIOIIMMCS, T.€. OT/AEIbHbIE OIIMOKH He
OTPaXKAIOTC HA KOHEYHOM PE3YJIbTATE PELICHUS.

3. IIpouecc urepanuii serko nporpaMmmupyercs Ha 9BM.

[TycTh naHa cucTema JTMHEHHBIX adredpanyecKux ypaBHEHUN

Ax=Db

rie A — HEBBIPOXK/IEHHAs: MaTPULIA.

Pacmmpennas matpuna A 3Toi CHCTEMBI UMEET BUIL:

(3, 3, .. a

o

[IpuBOAs C TOMOILIBIO JIMHENHBIX npeo6pa30BaHI/I_ﬁ 9Ty CUCTEMY K DKBUBAJICHTHOMY BUIY .
X=cE+d
OyneM pemaTh MOCIEAHIOID METOJOM IOCIIEOBATEIbHBIX MpHOMKeHUd. B3sB 3a HyneBoe
o —i =il
npuOIKeHne KaKo-ITn00 BEeKTOp X 0 , BRIYMCITUM NpuOmmkenue £ mo ¢popmyre
=il —i0 r
XV =0x +d



AHaJIOTHUYHO

¥ =cx"+d n1.n

.1|}
[MTocnenoBaTenbLHOCTh BEKTOPOB & J k=12 CXOZUTCA K TOUHOMY PELIEHUIO X' , T.€.

lim%" =X
€CJIM HOpMa MaTpUlEbI C
llelf =1

Hopwma |[c|| ompenensieTcst mo oqHOMY U3 CISAYIOIIMX CIIOCOOO0B:
SIERS N

"’C" = max / a

ij

= |IE ﬂi.':
V5 )
[Ipu caemaHHBIX TPEANONIOKEHUIX 0 HOPME MATPHIIBI C IIOTPEIIHOCTh K-0ro mpuOImKeHUs
MO>KHO OIEHUTH CJIEAYIOIIUM 00pa3oMm:
|| [
L

= -
npH, b
=l g =
1=

HepBaﬁ U3 3THX (I)OpMy.]'I IIO3BOJIAICT OLCHHUTH KOJIHMYCCTBO HTepaHHﬁ, TCOPCTUYCCKH
H€06XOI[I/IMI)IX JJI JOCTUKCHU A SaIIaHHOfI TOYHOCTH.

—lkl

iy

Iopsiiok BbIMOJIHEHUSI PpA0OTHI:

1. O3HaKOMHTHCS C TEOPETUUCCKUMHU CBEICHUSIMHU.

2. BbInonHUTE HEOOXOTUMBIE PACUETHI.

3. OdopMuUTh 1 IPECTaBUTH PE3YIBTATHI PACUETOB.

dopma npeacTaBieHus pe3yJbTara:

Pe3ynbraThl peicTaBUTh B BUE oTueTa B hopmarte .dOCX.

Kpurepun onenkn:

3agaHue BBIIOIHEHO 03 OIIMOOK — OLIEHKA «OTIIMYHO).

3amanue BBITOJIHEHO MPaBUIBHO, HO JAOMYIIEHBI 1-3 BBIYUCIUTEIBHBIX OMIMOOK — OIICHKA
«XOPOIIOY.

3aiaHue BBIMOJHEHO HEOPEIKHO, TOMYIIEHBI OTHOKU — OIIEHKA «yIOBIETBOPUTEIHLHO.

3amanue BBIIOJIHEHO HETPaBUIIBHO, JIOTTYIIEHBI OIIOKU - OIICHKA
«HEYJIOBJIETBOPUTEIBLHOY.



Tema 4. AIropuT™MBbI M METO/ABI IOUCKA KOPHeil ypABHEHHUS U pellleHus!
HEJIMHEHHBIX CHCTEM
JIABOPATOPHOE 3AHATHUE Ned «PEHHEHUE AJITEBPAUMYECKUX U
TPAHCUEHJIEHTHBIX YPABHEHUIN»

Iesb: OCBOMTH METOJBl PELICHHUSA aNreOpaudyecKux M TPAHCUEHICHTHBIX YpaBHEHHI
Boinosnus padory, Bel Oyaere:
ymembw:
— Hcnoap30BaTh OCHOBHBIC YHCIICHHBIC METOJbI pEHICHUA MaTEMAaTUICCKUX 3a/1a4;

- BBI6I/IpaTB OITHUMAaJIbHBIN I‘II/ICJ'ICHHBII‘/'IMeTO,I[ JJIs1 pCIICHUA IMOCTaBJICHHOU 3aJa4u

— JaBaTb MATEMATHYCCKHE XapaKTCPUCTUKU TOYHOCTHU HCXOTHOM I/IH(I)OpMaI_II/II/I 1 OLCHUBATH
TOYHOCTDH MMOJIYUCHHOI'O YUCJICHHOTI'O PCIICHUA,

— paspabaThiBaTh QJITOPUTMBl W TIPOTPaMMBbl IS PEIICHUS BBIYUCIMTEIBHBIX 3a7a4,
YUUTHIBAs HEOOXOAMMYIO TOYHOCTHITOIYIaeMOTO Pe3yibTara;

— pacmo3HaBaTh 3a7ady W/WIH Mpo0iieMy B Po(hecCHOHATHHOM H/IITH COITUATEHOM KOHTEKCTE

—  OIpeneNsiTh He0OXOIUMbIE NCTOYHUKN HH(OpMAIINY;

—  B3aUMOJICHCTBOBATh C KOJUIETaMH, PYKOBOJCTBOM, KIIMEHT

— TMPUMEHSATH TEXHUKH U TIPUEMBI 3PPEKTUBHOTO OOIIeHNUS B TPO(ECCHOHAIBHON e TEILHOCTH;
— KpaTKoO 0OOCHOBBIBAThH M OOBSCHUTH CBOU IEHCTBHS (TEKYIIUE U IDIAHUPYEMBbIE)

MarepuajbHoe o0ecnedeHne: maker npukiaaaasix mporpamm Microsoft Office.
3aganue:

Haiitu perenus cneayronmx ypaBHeHUH C TOYHOCTBIO & =107:

a) METOJIOM ITOJIOBUHHOTO JCJICHHS; 0) METOJIOM IPOCTHIX UTEPAIIHiA; B) METOJAOM XOPJ U
KacaTeJIbHbIX.

x* —3x-20=0 (x>0). 2. x*-2x-5=0 (x>0).
x> +3x+5=0 . 4. X" +5x-7=0 (x>0).
x*—12x-5=0 (x>0). 6. x+e*=0.

x* —2x* —4x+5=0 (x<0). 8 x> —x-2=0.

x> —10x+5=0 (x<0). 120.2—-Inx—x=0.

11. X} +2x-7=0 . 12. X} +x* =11=0 (x>0).
13. Xx* =2x-4=0 (x>0). 14.2e* +x-1=0.

15. X* =2x—-4=0 (x<0). 16.2x*+x*-4=0 (x>0).

© N g w Pk

17.* —=x-2=0 . 18.%ex—x—1:0 (x>0).
19. x> —cosx=0 (x>0). 20.x*+Inx=0.
21. Inx+0.5x-1=0 . 22. Inx—-05x+1=0 (x>1).
1 e”
23. —Inx=0 . 24, -——=0 (x>0) .
1+ x? 1+x% 2 (x>0)
25. —Inx=0
2+ X

Kparkue TeopeTnueckue cBeIeHH:

Pewenue ancebpauueckux u mpancyeHOEeHmMHuIX YPaGHeHUl

3.1. Kopnu ypasuenus. Omoenenue Koprel

®Oyuknus f(x)Ha3piBacTCs anreOpandecKoi, eciu s MOJYICHUS e¢ YMCIOBOrO 3HAUCHHUS
[0 JJAHHOMY 3HAYEHHUIO apryMeHTa X TpeOyeTcs BBINOJHUTH apu(pMETHYECKHe ONepalnuud U
BO3BE/ICHUE B CTEIIEHb C PAallMOHAJILHBIM ITOKa3aTeJIeM.



Ecnu B 3ammch ypaBHEHHS BXOIAT TOJIBKO anreOpanyeckue (QyHKLIUH, TO ypaBHEHHE
Ha3bIBACTCS A12e0paAUYECKUM.

AnreOpanueckoe ypaBHEHHE BCET/Ia MOXKET OBITh IPUBEICHO K BUIY

M i L - —
a,x" +a,_ X  4a,_x" -+ +axta;=0. (3.1)

e n=123. a,=0.

Bee Heanrebpamueckie (yHKIMH: MOKasaTeqbHas @ , jorapupmudeckas loga X
TPUTOHOMETPHYECKHE sin X, COS X, tg X, CtgX um oOpaTHbIE TPUTOHOMETPHUYECKHE arcsin X,
arccos X, arctg x, arcctg X — Ha3pIBarOTCsl TPAHCLEHICHTHBIMHU.

Ecnu B 3ammuch ypaBHEHUS BXOAST TPAHCICHICHTHBIC (DYHKIMH, TO YpaBHEHHE HAa3bIBACTCS
TPaHCICHICHTHBIM, Harmpumep tg X = ax .

Pemenne ypaBuenus f (x) =0 ¢ 0lHUM HEU3BECTHBIM X 3aKJIFOUACTCS B OTHICKAHUH KOPHEH,
TO €CTh T€X 3HaYCHUH X , KOTOpBIE 00OpAIIalOT ypaBHEHUE B TOXKIECTBO.

B o6mem cinydae mis ypaBHenus f (x) =0 OTCYTCTBYIOT aHanmuTH4ecKue (GOPMYIIbI,
OTIpENIeNIAIONINE €T0 KOPHHU.

3ajaua OTHICKAHHUS KOPHEH CBOJUTCS K HAXOXKICHHIO BCEX TOYEK Xj IIepeceucHus rpaduxa
dynkuu f(x) ¢ ocbio x (puc. 3.1).

54

1 vt

47

' ] 3 5/ N x
g D.U 1 1.5 2 24 \ 3
-7

B

1

Puc. 3.1. 'eomerpuueckas uHTEpripeTaius KopHei ypasaenus f(X) = 0

W3 pucyHka BHIHO, YTO YUCIIO TOYEK NepecedeHus rpaduka QyHKIUU C OCBIO X MOXKET
ObITh HecKoJbKO. [To3TOMy B KadecTBe MEpBOro Ilara NpU PEHIEHWH JH000ro ypaBHEHUS
IPOBOJST omoeienue ero KopHeil. ITo 03Ha4yaeT, YTO OCh X pa30MBaIOT HA TaKUE€ OTPE3KH, YTO B
KaKJOM M3 HUX COJIEPIKUTCS TOJIBKO OAWH KOPEHb ypaBHeHus. Ilocie aToro cienyer yrTo4HUTH
MOJIO’KEHNE KaXX0T0 KOPHS B Ipejienax JOMYyCTUMON NOTPEIIHOCTH.

JIist oTAeneHus KOpHEil moje3Ha Cieyromias TeopemMa: eciii HernpepbiBHas (yHkiws f(X)
NpUHUMACT 3HAYCHHUS Pa3HBIX 3HAKOB Ha KOHIIAX oTpe3ka [a, b], T.e. f (a)f (b) <0, To BHYyTpH
ITOr0 OTpPe3Ka COICPIKUTCS, 10 MEHbIIEH Mepe, oauH KopeHb ypaBHeHus f(X) = 0. Ha ocHoBe
TOH K€ TEOpEMBbl pEATU3YIOTCS CaMble TMPOCThIE U HAAEKHBIE METOJbl YHCIEHHOTO
OIpeZeNICHUs] KOPHEN yPaBHEHUI: METO/] IIOJIOBUHHOTO JEJIEHUS U METO XOPI.

[Mporiecc oTaeneHNss KOPHEH HAYMHACTCS ¢ YCTAHOBIICHUs 3HAKOB f(X) B rpaHMYHBIX TOYKAX
MHTEPECYIOIIEro Hac OTpe3Ka OIpeeieHns] IepeMeHHOM X: X = a u X = b. 3arem onpenenstorcs
3HaKu f(X) B psjie TPOMEKYTOUYHBIX TOYEK X = 01, 0 ..., BRIOOP KOTOPBIX JIOJDKEH YUUTHIBATH
ocobenHoctu ¢pynkuuu f(x). Ecnu okaxercs, uto f(a;)f(ai+1l) < 0, To B uaTepBane (o, aitl) ectb
Kopenb ypaBHenus f(x) = 0. Heobxoaumo yOeauThes, IBISETCS JIH 3TOT KOPEHb €HHCTBEHHBIM
Ha JIaHHOM MHTepBasie. {1 OTAeleHns KOpPHEW MPAKTHYECKH JOCTATOYHO MPOBECTU IPOLECC
MIOJIOBUHHOTO JICJICHHS, MOCICIOBATEIbHO eI MCXOAHBIN oTpe3ok [a, b] ma 2, 4, 8 u 1. 1.
paBHBIX YacTed W ompenenss 3Haku f(X) B Toukax aenenus. HanmomHuM, 4to anreOpamyeckoe
ypaBHEHHE CTENEHM h HMeeT He Oojiee n JAelcTBUTENbHBIX KopHed. Ilosromy ecnam mmns
anreOpanyeckoro ypaBHeHHsT Mbl monyudwid n+l mepemeny 3Haka f(X), To Bce ero KopHu
OTJICJICHBI.

3.2. YucnenHoe peuterue ypasHenus MemoooM HOI0BUHHO20 OelleHuUsi (Memoo OUXOmomuu)



[Tpenmnosnoxum, 4TO MPOIECC OT/ACICHUS KOPHEH MPOBEACH U Ha OTpe3ke [a, D] HaxoauTcs
poBHO oauH KopeHb & ypaBHenus f(x)=0. HeobxomuMo omnpenenuTh €ro IMOJ0KEHHE C
MOTPEUIHOCTHIO €.

MeTo OJIOBHHHOTO JICTICHHS 3aKIIF0YaeTCs B CICIYIOIIEM, CM. pHC. 3.2,

Puc. 3.2. I'paduyeckas uHTEpIpeTaLlUs METOIA IOJIOBUHHOTO JIETICHUS

CHavana ompejesnseM cepenuHy ¢ otpeska [a, b] ¢ = (a+b)/2 u BblUUCHsieM 3HAYEHHUE
¢ynkuu f(C). danee nmenaem BBIOOp, KaKyr M3 JBYX 4YacTedl B3ATh Uil YTOYHECHUS KOPHS.
O4eBHIHO, YTO KOPEHb Oy/eT HAaXOJIUTHhCS B TOW MOJOBHHE HMCXOJHOTO OTpe3Ka, Ha KOHIAX
KOTOPOH (yHKIIMSI UMeET pa3Hble 3Haku. Ha pucynke 2 TakuM OyAeT MpaBblil OTPE30K — OTPE30K
[a, c].

JInst odepeaHOro miara yTOYHEHHs MOJIO0XKEHHsI KOpHs OTpe3ok [C, b] u3 paccmorpenwus
UCKJIIOYaeM, a ¢ OTPE3KOM [a, C] MmpoJoipKaeM MIpOIEecC AEJCHHs, KaKk U C MepPBOHAYAIbHBIM
orpe3koM [a, b], dopmanbHO mepenpricBauBas HOBOMY 3HaueHHiO0 D 3Hauenue C . Ecim ke
peanu3yercsi CuTyalus, Korjaa GyHKIUS UMEeT pa3Hbie 3HAKM Ha KOHIAX oTpeska [C, b], To u3
paccMOTpeHHsI CIeNyeT HCKIIYHTh OTpPe30K [a, C|, (opmManbHO MepenprcBanBas HOBOMY
3HAYEeHHUIO a 3HaueHHe C .

B pesynbraTe MBI OXYYHM TOCIIEI0BATENILHOCT BIOKEHHBIX APYT B APYyra OTPE3KOB BCE
yMeHblnaromecss mmuel: : [a;, bi], [a2, b2 1,... [an , bn ]. DToT nOBTOpSIFOUIHIiCS
(MTepalMOHHBIN) Mpoliece OyJaeM MpoaoIDKaTh A0 TeX MOp, MOKa JJIHWHA OoTpe3ka [an, b, ] He
CTaHET MEHBIIIE 33JJaHHOM MOTPELIHOCTH € BBIYMCICHUH.

Torna UCKOMBII KOPEHb

a

Eaansby=(an+ byl (3.2)

Cnenyer yuuThiBaTh, 4TO (yHKIMsA f(X) BBUHCISETCS € HEKOTOPOl abCOIOTHOM
HOTPEITHOCTHIO . BOnm3n xopHst 3HaueHust GyHKuuu f(X) Maibl Mo abCOMOTHOM BETMYMHE H
MOTYT OKa3aTbCs CPAaBHUMBIMH C TIOTPEIIHOCTBIO €€ BhIUUCIeHHs. [Ipyrumu cioBamu, Tpu
NOJX0/l€ K KOPHIO Mbl MOXKEM IomacTb B “mosiocy mymMoB” 2g; (puc. 3.2.) U JAanbHelIee
YTOYHEHHE KOPHS CTAHOBUTCS OeccMbICIeHHBbIM. [loaTOMy Hamo 3amaTh HIMPUHY “NOJIOCHI
IIYMOB” M HPEKpaTUTh WTEPALMOHHBINA MpOIlecC NpU MOMaJaHuu B Hee. Takxke HEOOXOIMMO
UMETh B BH]Y, YTO MIPU YMEHBIICHUH JUTMHBI HHTEepBasa [a,, by ] yBenmuunBaercss morpemHocTh
BBIYHCIICHUS €r0 UIMHBI 8, — Dy 32 cueT BEIYUTAaHUS IBYX ONU3KUX YHCEIL.

Metoa MOIOBUHHOTO JeeHHS 001aaeT JOBOJIBHO OOJIBIIION CKOPOCTHIO CXOAMMOCTH. Tak
KaK 3a KaXIyI0 UTEpaluio MHTEpBaJl, IJIe PacHoj0kKeH KOpeHb, YMEHbIAeTCs B JiBa pas3a, TO
yepe3 n uTepanuil anuHa uHTepBana Oyner paBHa (b—a)/2n. 3a 10 wurepauuit uUHTEpBal
ymenbiuTes B 210 ~1024 =103 pas, a 3a 20 urepaunii — B 220=106 pas.

3.3. Memoo xopo

B nmpennonoxenusx mpeapinymiero mnaparpada ykaxem 0Oojee ObICTpBIM  croco0
HaxoxeHus KopHs & ypaBHenus f(x) = 0. B aTom mMerone ouepeaHoe mpuOIMKEeHHE K KOPHIO
Oepercss He B cepeauHe oTpe3ka [a, b], a B Touke x1, rme xopaa rpaduka ¢yskiuu f(X),
coeaunstomas Touku f(a) u f(b), mepecekaer ock abderuce (puc. 3.3).



[ f(x)
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Puc. 3.3. I'padudeckas mHTEpIpETALIAS METOIA XOPI

B kadecTBe HOBOrO MHTEpBaa ISl NPOJODKESHHS UTEPAIMOHHOTO TIpoLiecca BEIOMpaeM Ty
u3 IByX yacreit ( [a, X1] wim [X1, b] ) oTpeska [a, b], Ha KoHIIax KoToporo GyHkuus f(x) MeHseT
3HaK.

[Iporiecc yTOYHEHHsI KOpHS 3aKaHYMBAETCS, KOTJA PACCTOSHUE MEXKIY OYepeIHBIMU
NPUOTIKEHUSIMH CTaHET MEHBIIIEe TPeOyeMOH MTOTPELIHOCTH € BHIYMCIICHHN:

[ — x| <

WK Koraa 3Ha4CHUA Q)YHKHI/II/I nomnagyrt B 00J1aCThb mryma, T.C.

|f|:11 < E1.
YpaBHEHHE XOp/Ibl B HAILIEM CJIy4ae UMEET BUJL:

B)— fla) . .

y(x) =M-ta— x)+ fla).
b—a

OTKYJa IS X1 [OJy4aeM:
n=a —b_—af[ﬂl
flb)- fla) (3.3)

Cxema BBIUMCIIEHUH NpU pPELIEHUH TPAHCLEHJICHTHOTO YpPaBHEHUS METOJOM XOpJI B
OCHOBHOM COBII3/Ia€T CO CXEMOW BBIUMCIEHUH IO METOAY IMXOTOMUHU. Meron xopn TpedyeT
B/IBO€—BTPOE MEHBIIETO YUCIIa UTEpallUil, YeM MEeTO]| MOJOBUHHOIO AEJCHHUs, Ul OThICKaHUS
KOpHS € TOH ke morpenrHoctbio. OaHako, ecau GpyHkius f(X) B obmactu mepecedeHus: ¢ 0Chio
abciuce JOCTaTOYHO MOJIoras, TO OUepeiHast Xop/ia MOXKET NMPaKTHUECKH Jieub Ha OCh adcIumcc,
TO €CTh IIOJIHOCTBIO TIONMACTh B IIOJIOCY IIYMOB. B 3TOH cHTyauuu HOpOU30MAET CHIIBHOE
yBeJIMYEeHUE OUIMOKY BBIYUCIEHHH, Tak Kak B B popmyiie (3.3) pa3HOCTh ABYX OJIM3KUX BEITUYHH
f(a)—f(b) crout B 3HameHatene. B 3TOM CMBICIIE METO/ MOJIOBUHHOIO JACACHHUS 3HAYUTEIHHO
yCTONYMBEE.

3.4. Memoo xacamenvuvix (Memoo Hviomona)

[Myctp x* ectp kopeHb ypaBHeHus f(x) = 0, eauHCTBEeHHBI Ha oTpe3ke [a, Db].
[Ipenmnonoxum, 4TO KaKMM-THOO CIIOCOOOM, HampuMmep, rpapuuecku OINpeaeseHO HayalbHOe
NpuOMIKeHne Xo K KOpHIO. B 3Toii Touke BhuMCIMM 3HaueHue QyHkimu f(Xo) u ee
npousBoaHoi f'(X = Xo ) . 3HaueHHMe 3TON MPOM3BOIHON paBHO tga (puc. 3.4) — TaHTEHCY yria
HaKJIOHA COOTBETCTBYIOIIEH KacaTelbHOH K OCH abcuucc.
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Puc. 3.4. WnmocTtpanus Metoza kacatenbHbix (HproToHA)

Touka x;1 mepecedeHns 3TOM KacaTeJIbHOM C OChIO a0CIUCC €CTh CIEeAYIOLIee NPUOIMKEHUE
K KOpHIO (mo3TOMy MeToa HbIOTOHa M Ha3bIBalOT METOAOM KacaTeldbHBIX). OJTa TOYKA X1
MPUHUMAETCS 32 HOBOE HavaJlbHOE MPHUOJIMKEHUE U Mpolecc moBTopsieTcs. V3 pucyHka BHUIIHO,
YTO MPOLECC CXOAUTCS K MCKOMOMY KOpHIO X*. [Ipolecc yrouHeHus: KOpHs 3aKOHYMUTCS, KOrja
BBITIOJITHUTCA YCJIIOBHUC

|.1'||l.+1 — Xj|<E,
ra€ € — JOInyCTuMad TIOrpC€iHOCTb OMNPCACIICHHA KOPHA. 4 K3 TCOMCTPHUYCCKUX
COOOpaXKeHUI MOXKHO TOIYYUTh pacueTHyto Gopmyiny s mertoaa HeloToHa B Buze:
Sl )
Xpel = Xp — 5
£'(xx) (3.4)
Meton HproroHa oOsamaetT BBICOKO CKOPOCTHIO cxoauMmocTH. OOBIYHO abCONMOTHAs
TOrPENIHOCTh HAXOXKAeHHs KopHsa € = 107 ... 107° gocturaercs 3a 5 — 6 nreparmit. OgHaKO

CYIIECTBEHHBIM  HEJIOCTATKOM JTOTO METOJa SBJISETCS HEOOXOJAWMOCTh  BBIYHCIICHUS
MPOU3BOJHON (DYHKIIMM HAa KaXXJIOM IIIare MTEPAIMOHHOTO TMpolecca. DTO MOXKET SBUTHCS
CEpbE3HBIM TPEMSATCTBUEM, KOTJAa (DYHKIUS BBIUMCIACTCS 1O OYECHb CIOXKHOMY HIIU
TPYAOCMKOMY aJITOPUTMY. Heckomnpko YMCHBIIUB CKOPOCTH CXOAUMOCTHU, MOKXHO OIrpaHUYUTHLCA
BBIYUCIICHUEM IPOU3BOJHON TOJILKO Ha TEPBOM HMTEpallMd, a 3aTeM BECTH BBIUMCIICHUS TI0
dopmyie (3.4), monaras

F1O) = £1(x0)
) e f{l"k ]
Xgel = X fr{"-ﬂ}

CrpykTypa nmporpaMMsl pelieHus ypaBHEHUH MeTonoM HbrOTOHa moxoska Ha CTPYKTypy
IporpaMM Jjsi METOAOB JAMXOTOMUHM MU XOpA. [J1aBHOE OTiIMYME 3aKiIo4aercs B TOM, 4YTO B
metone HploTOHA HE HYXKHO JAenaTh BbIOOp MEXAY JIEBOM MpaBoil yacTAMHU OTpe3Ka, a TAKKE B
TOM, YTO HET HEOOXOAMMOCTH 33/1aBaTh IMOJIOCY IIyMa (YHKIMH, TaK KaK IO Pa3HOCTU ABYX
MOCIIEA0BATENbHBIX TPUOMMKEHUN *#+1 ~ ¥  MO)KHO cpa3y OLIEHUBATh U BEJIMYMHY OTHOLICHUS

F&If r':x}. Jlnig mpenoTBpallieHusl BO3MOJKHOIO ‘‘3allMKJIIMBAHMS MPOrPaMMbl B CIy4yae
HEYJIayHOTO BBIOOpPAa HAYAIBHOTO MPUOJIMKEHUS WM HENpaBUIIBHO 3a/JaHHBIX MapamMeTpoB,
PEKOMEHYETCs PEYCMOTPETh CUETYHMK YUCIIA UTEPALU.

3ameuanue. OTMETHM TpU 0coOeHHOCTH MeToa HproToHa:

1. Meton HproToHa MMeeT KBaJpaTHUYHYK CXOOUMOCTb, T.€. B OTIMYME OT METOJAA
MOJIOBUHHOTO JIeJIeHHs (M MeTo/la XOpJ) €ro IMOTPelIHOCTh Ha CIEAYIoUled HuTepanuu
MPONOPIMOHAIIBHA KBAaJApaTy MOTPEHNIHOCTH Ha MPEABIAyIIEed uTepanuu. Y Meroja JUXOTOMUU
TaKasi 3aBUCUMOCTb JINHEWHA.



2. beicTpas cxoauMocTh MeToa Hpl0TOHA rapaHTUPYETCs JIHIb TpU OIM3KUX K TOUHOMY
PELICHUIO HAaYalIbHBIX MPHOIMKEHHUsIX, Eciii HavanpHOE MPUOJIMKEHNE BBIOPAHO HEYJIauyHO, TO
METOJ MOKET CXOJUThCS MEIJICHHO, JTM00 He coiieTcst BooOIe.

3. Eciu BOnu3u kopHs ¢yukuus f(x) momoras, To ecTh Ha ouepeaHoi urepanuu tg(o) — 0,
BO3MOXKHO PE3KO€ YBEIIMUCHUE ONMTMOKU BBIYUCIICHUH.

3.5. Memoo npocmuvix umepayuii (Memoo nociedo8amenbHblx NPUOIUNCEHUI)

OT UCXOAHOTO TpaHCUEeHACHTHOTrO ypaBHeHus f(X) =0 TOXIeCTBEHHBIMU areOpanyecKUMU
npeoOpa30BaHUSIMH MEepPErIeM K SKBUBaJICHTHOW 3aIMCH B BUJIC

x=0(x). (3.5)

Bribepem kakoe-To HawalbHOE NMPHUOIIKEHUE Xo K KOpHIO X*. [lo/mcTaBuB ero B mpaByro

qacts (3.5), monyunm nepsoe mpubmmkerne 1 =P (X0)  savem prpoe *2 =0() g
nanee:
X =@ (xp_y). (3.6)
Bo3HUKaeT BOIPOC O TOM, HPHM KAKUX YCIOBUAX NAHHBIA HTEPAllMOHHBIN mpoluecc Oyuer
CXOJNThCA K KOPHIO TPAHCIEHJEHTHOTO ypaBHEHHs X*. JIis OTBeTa Ha HEro NPOBEEM
rpaduueckuii aHaIu3, CM. pUCYHOK 3.5.

}
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Puc. 3.5. MeToz npocThIX UTEpaIHii:
a - OIHOCTOPOHHHUI CXOJIAIIUNCS MPOIIECC;
0 - OTHOCTOPOHHUI paCXOISIIUNCS MTPOIECC;
B - IBYXCTOPOHHUH CXOJSIINICS MPOLECC;
T - IBYXCTOPOHHUH pacxXoAsIIMiics mpolecce

~ ! -
U3 rpaduKoB BHAHO, YTO MpH MOOOM 3Hake mpomsBomHoit @ (X¥) BosMoXkHBI Kak
CXOJSIIMECS, TaK U PACXOJALIMECS UTEpAlMOHHbIE Ipouecchl. CKOPOCTh CXOAUMOCTH 3aBUCUT

' -
OT a0COJIFOTHOM BEJIMYMHBI MPOU3BOAHON. UeM meHbIe |‘“P I(J‘}| BOJM3M KOpHS, TeM OBICTpee
cxoauTcs mpoiiecc. bonee neranbHBI MaTeMaTHUECKUN aHATN3 MTOKA3BIBAET, YTO HEOOXOAMMBIM
AJI CXOAUMOCTH METOAa IMPOCTBIX I/ITepaHI/Iﬁ SABJISICTCA YCIIOBUE



o' ()| <1. (3.7)

Bremonnenue ycnoBust (3.7) MOXXHO 00OECHEUHTH ITyTEM pallMOHAILHOTO BhIOOpa BHIA
dbynxmun @ () PaccmoTpuM oiiH 13 00IIHMX aarOPUTMOB TaKOTO BRIOOpA.

VYMHOKUM JICBYIO U MPaBYyIO 4acTH ypaBHeHus f(x)=0 Ha MpOM3BOJIBHYIO OCTOSHHYIO D 1
no0aBMM K OOEMM 4YacTsM HEW3BeCTHOE X. [IpM 3TOM KOpPHHM HMCXOJHOTO ypaBHCHHUS HE
U3MEHSTCA:

x+bfix)=x+ 05
BBenem o0o3HaueHue
O =x+b F(x). (38)

[Tpou3BONBHBIA BBHIOOP KOHCTAHTBI D IMOMOMET OO0ECICUYUTh BBIOJHCHUE YCIOBUS

cxomumocTu. XKenateapHo BbIOpaTh b Tak, 4TOOBI
—leg'(x)<0,
TOT/Ia CXOAUMOCTh UTEPALIMOHHOTO Tpoliecca OyAeT ABYXCTOPOHHEH (PHCYHOK 5, B).

Eciu dynxupst ? (X) BpiGpana B Buze (3.5), TO e IPOU3BOIHAS BEIPAXkKAeTCs (hOPMyIIOi

@' (x)=1+b-f'(x).
Hau6oibIas ckopocts cxoaumocty noydaercs npu @ (x)=0. rorna

S S

u utepaunonHas Qopmyna (3.6) MeToga MPOCTHIX HUTEpAlMi MepexoauT B (Gopmyriy
HerotoHa (4).

Ilpumep. YpaBHeHue

flx)=x"—-x-1=0 (3.9)
uMeeT KopeHb B uHTepBaie 1 <x* <2, rtak kak f(1) =-1 <0 uf(2)=5>0.
TO ypaBHEHNE MOYXKHO HPEACTABATH B BHAC X = X - — 1. _
Bgecy @ () =x -1 ©() =3 .. osromy @@ Z3ppy 1=x<2y
CIIeIoBaTeNbHO, YCeIIoBHUE (3.7) CXOAMMOCTH MPOIlecca UTEPaIliii He BBITOJHEHO.
Ho ecnu 3anucath ypaBaenue (9) B Buje

2

r+1,

A

X=A (3.10)
TO OyJIeM UMETh
o) =3x+L W=
[ (x+1)°
Orcroganpu 1 <x<2
0=0x)=025.

3HA4YMT Ipoliecc urepauuit 1 ypasaenus (3.10) ObicTpo coitnercs.

IMopsinok BbINOJIHEHHUS PadOThI:

1. O3HaKOMHTHCS C TEOPETUICCKUMHU CBEICHUSIMHU.

2. BbImonHUTE HEOOXOIUMBIE PACUETHI.

3. OdopMUTH U MIPEACTABUTH PE3YIbTATHl PACUETOB.

dopma npeacTaBeHus pe3yJbTara:

Pe3ynbTaThl IpecTaBUTh B BUE oTyeTa B hopmare .dOCX.

Kpurepun onenkn:

3agaHue BBIIOIHEHO 03 OIMOOK — OLIEHKA «OTIIMYHO).

3aanue BBIOJIHEHO MPaBUIBHO, HO JAOMYIIEHBI 1-3 BBIYUCIUTEIHHBIX OMIMOOK — OIICHKA
«XOPOIIOY.

3a/aHue BBIMOJHEHO HEOPEIKHO, TOMYIICHBI OMTHOKU — OIIEHKA «yIOBICTBOPUTEIHLHO.

3aganue BBITTOJTHEHO HETPABHIIBEHO, JIOTTYIIICHBI OIIINOKHU - OIlEHKA
«HEYIOBIETBOPUTEIILHOY.



Tema 5. MeToabl aHAJIMTHYECKOI0 NPeICTaBJICHUs TA0JIUYHO 3aJaHHOI PyHKIMH
JIABOPATOPHOE 3AHATHE NeS «MHTEPIIOJIMPOBAHUE ®YHKIIUN»

Leab: ocBOUTH METO/IbI HHTEPIOIUPOBAHUS (HYHKIUIT

Boinosainus pa6orty, Bel Oynere:

ymembw:

— Hcnoap30BaTh OCHOBHBIC YHCIICHHBIC METOAbI pCHICHUA MATEMATUICCKUX 3aJa4,

— BriOupaTh onTUMaNbHBIA YUCICHHBIAMETO/ T IJ1s1 PEIICHHS TOCTABICHHON 3a71auu

— JaBaTb MATCMATHYCCKHC XapPAKTCPHUCTHUKU TOYHOCTHU I/ICXOI[HOI\/'I I/IH(l)OpMaL[I/II/I Hn OLCHHMBATb
TOYHOCTH IMMOJIYYEHHOI'O YUCJICHHOI'O PCUICHUS;

— pa3pabaTblBaTh QJITOPUTMBI W NIPOrpaMMBbl ISl PELICHUS BBIYMCIUTENbHBIX 3a7ad,
YUUTBIBAsE HEOOXOIUMYIO TOUHOCTHIIONYYaeMOI'0 pe3yJIbTara;

— pacCrio3HaBaThb 3aJavdy Y/WIH np06neMy B HpO(beCCI/IOHa.]'H)HOM /v COMaJIbHOM KOHTCKCTC

—  OIpeAeNsaTh HeOOXOAMMBIE HICTOUYHHUKH HH(POpMAITHH;

—  B3aUMOJICHCTBOBATh C KOJUIETAMH, PYKOBOJICTBOM, KIIHECHT
—  NPHUMEHATh TEXHUKU U IPUEeMBbI 3)(PEKTUBHOTO OOIIEHHUS B PO(eCCHOHABHOI A TeIbHOCTH;
—  KpaTKO 00OCHOBBIBATh M OOBSCHUTH CBOU JICHCTBHS (TEKYILUE U IFIAHUPYEMBIC)

MarepuajbHoe o0ecnedeHne: maker npukiaagaasix mporpamm Microsoft Office.

3aganue:

Oyukmmst ompenenena Ha otpeske [1,00; 1,20] (cm. Tabn. 4.1). Haiitm 3HaueHUs
MHoOrouteHa Jlarpamka, uaTepnoaupyromero Gyukuuio f(X) Ha 3TOM 0Tpes3ke Mo cucTeme Tpex

PaBHOMEPHO pacroyiokeHHbIX y370B (¢ marom 0,1), B Toukax 1,05; 1,09 ; 1,13;

1,15; 1,17.

HOJ’Iy‘{eHHHe pe3yibTaTbl CPaBHUTHL C TaOJMYHBIMHA 3HAYEHHUSAMHU H AaTb OHLCHKY TOYHOCTU

I/IHTepHOHHHI/IH.

X e e sh x chx | sinx | cosx | Inx
1.00 |2.7183 | 0.3679 | 1.1752 | 1.5431 | 0.8415 | 0.5403 | 0.0000
1,01 | 2,7456 | 0,3642 | 1,1907 | 1,5549 | 0,8468 | 0,5319 | 0,0100
1,02 | 2,7732 | 0,3606 | 1,2063 | 1,5669 | 0,8521 | 0,5234 | 0,0198
1,03 | 2,8011 | 0,3570 | 1,2220 | 1,5790 | 0,8573 | 0,5148 | 0,0296
1,04 | 2,8292 | 0,3535 | 1,2379 | 1,5913 | 0,8624 | 0,5062 | 0,0392
1,05 | 2,8577|0,3499 | 1,2539 | 1,6038 | 0,8674 | 0,4976 | 0,0488
1,06 |2,8864 | 0,3465 | 1,2700 | 1,6164 | 0,8724 | 0,4889 | 0,0583
1,07 |2,9154 | 0,3430 | 1,2862 | 1,6292 | 0,8772 | 0,4801 | 0,0677
1,08 |2,9447 | 0,3396 | 1,3025 | 1,6421 | 0,8820 | 0,4713 | 0,0770
1,09 | 2,9743 | 0,3362 | 1,3190 | 1,6552 | 0,8866 | 0,4625 | 0,0862
1,10 | 3,0042 | 0,3329 | 1,3356 | 1,6685 | 0,8912 | 0,4536 | 0,0953
1,11 | 3,0344 | 0,3296 | 1,3524 | 1,6820 | 0,8957 | 0,4447 | 0,1044
1,12 | 3,0649 | 0,3263 | 1,3693 | 1,6956 | 0,9001 | 0,4357 |0,1133
1,13 | 3,0957 | 0,3230 | 1,3863 | 1,7093 | 0,9044 | 0,4267 | 0,1222
1,14 | 3,1268 | 0,3198 | 1,4035 | 1,7233 | 0,9086 | 0,4176 | 0,1310
1,15 | 3,1582 | 0,3166 | 1,4208 | 1,7374 | 0,9128 | 0,4085 | 0,1398
1,16 | 3,1899 | 0,3135 | 1,4382 | 1,7517 | 0,9168 | 0,3993 | 0,1484
1,17 | 3,2220 | 0,3104 | 1,4558 | 1,7662 | 0,9208 | 0,3902 | 0,1570
1,18 | 3,2544 | 0,3073 | 1,4735 | 1,7808 | 0,9246 | 0,3809 | 0,1655
0,19 | 3,2871 | 0,3042 | 1,4914 | 1,7957 | 0,9284 | 0,3717 | 0,1740
1,20 | 3,3201 | 0,3012 | 1,5095 | 1,8107 | 0,9320 | 0,3624 | 0,1823

KpaTkue TeopeTrnyeckue cBeIeHHA:
B MNPUKIAAHBIX 3adad4aX YacTO BO3HHUKACT HeO6XO)II/IMOCTI) 110 3aJaHHBIM 3HAYCHUAM

HEKOTOPOM (QYHKIHUM Yy, Yy, - Yy B PAOE TOYEK Xy, X|, - , X

Tabmuua 4.1

MNpeaACKa3aTb €€ 3HAUCHUA B

MPOMECIKYTOUYHBIX TOUKAX. HMenHO 9Ty 3aa1y IO3BOJIACT pCIIaTh UHTCPIIOJIA A (I)YHKI_[I/II/I



[Tycts ¢pynkuus Yy = f(X) onpenenena tabnueit

Xi Xo X1 . . . . . . Xn
Yi Yo V1 . . . . . . Yn
3nauenus aprymentos X (i=0, 1, ...,n) OyaeM Ha3bIBaTh V31aMU UHMEDPNOLAYUU.

3adaueti unmepnossyuy ABIAETCS HAXOXKICHAE 3HAYeHHs ByHKImn T B Touke X €[Xo, Xnl,
X # Xi.
OpauH U3 BO3MOXHBIX MMYTEH peIlIeHUs MOCTaBIEHHON 3a/1a4M 3aKIF04aeTCs B CIIEAYIOIIEM:
1) cTpouTCS MHOTOYICH CTEIIEHHU He BbIiIe N, e (n+1) - KOJINYECTBO 3aJaHHBIX TOUYCK

Ln(x)zao.xn+a1~xn_l+...+an_1-x+an, (4.1)

NPUHUMAIOIIUI B TOYKAX Xj 3HAYCHUS Y , T.€ 3HAUCHHS KOIPPHUIMCHTOB MHOTOUJICHA &;
HaXOJISIT U3 YCIOBUS, YTO
Ln(Xi) =Y, (iZO, 1, ...,n).
DTOT MHOTOYJICH Ha3bIBAIOT UHTEPIOISAIMOHHBIM. OH BCera CyIecTBYeT M €AMHCTBEHEH.
®ynkuus f(X) npeacraBnseTcs B BUIC:

f(x)= La(x)*+Rn(X), (4.2)
rae Rp(X) — ocratounelii wieH wuHTepnoysiuoHHON Qopmynbl. Ecium f(X) umeer
HENPEPBIBHYIO TPOU3BOIHYIO mopsiika (N+1) Ha [Xg, Xp], TO
000= 1O (), St (43)
=—"(X- —Xq ) (X = , Ee , . .
n (n+1)! 0 1 n 07

*
2) Boruucnsiercs 3naueHue Ln(X ). Ecnu 3HaueHus Vi 3aJaHHBI TPUOIMIKCHHO WM JKE I10
KakMM-JIMOO TpHYMHAM BBIYMCICHHUS HE MOIYT ObIThb BBIIIOJHEHBI a0COIIOTHO TOYHO, TO

— *
(paKTHYIECKH BBIYUCISCTCS JIHIIb NPHOIKEHHOE 3HA4YeHHe Lp(X ) JUIS TOYHOTO 3HAYCHHS
La(x).
— *
3) TlpubmmwkenHo npuHuMaetcs, 9to f(X)~ Ly (x ).
4) OreHuBaeTCsl MOTPEITHOCTh METoJa IO OCTATOYHOMY UIEHY HWHTEPHOJISIIHOHHON

bopMyIIBI:
* M * * *
An0) <A = =516 ) ) 0 x| (4.4)
(n+1)!
rne My = max [t ). (4.5)
XO, Xn

5) OueHurBaeTCs NOrPEITHOCTD BEIYUCICHUH MO TOTPEITHOCTSM MPHOINKEHHBIX JaHHBIX:
* _ *
‘Ln(x )—Lp(x )| <A, (4.6)
6) BerunciseTcs noaHas MOTPENIHOCTh MPHOIMKEHHOTO 3HAYCHUS:

‘ f(x) - L, (x*)‘ <A +Ay <A (4.7)

[Ipu pemieHuu MpakTUYECKHX 3a/ad HMHTEPHOJSALMOHHBIM MHOrowieH (1), Moxer OBITh
IIPEJICTaBJICH B pa3IMuHOMN popme.

4.1. Humepnonsayuonnwlii MHo2ouneH 6 popme Jlazpandica Oisl nPOU3BOTILHBIX Y3106

Oyukumio L(X) uiieM B BUJE CYMMbI N YaCTHBIX PEHICHHH.

HCpBOC YaCTHOC PCIICHHUC |0 CTaBHUT B COOTBCTCTBUC 3HAUYCHUAM aGCI_II/ICCZ Xgr X1 - 1 Xn

Ha0Op 3HAYEHUU OpJUHAT Yo» 0, - 0. M3 CBOWCTB MHOTOYJIEHOB CIEIYET, YTO MHOTOYJIEH,

oOpamaromuics B HyJlb B N Pa3HbIX TOYKAX, T.€. UMEIOIIMA N PAa3IUYHBIX KOPHEH, ITOKEH
JIETIUTCS Ha KaXKIYI0 U3 N pa3HOCTEN:




X=X X=Xo} .. X—Xp,
a, CJIe0BATENIbHO, U HA MPOU3BEICHUE ITUX PA3HOCTEH, T.€. JOJKEH UMETh BU
Ig = const: (X = X7 )(X=X5) . s (X=Xp)
3HavYeHNE KOHCTAHTHI OMPEIeIsieM U3 YCIOBUS
Io(xo) =Yq = const- (xo - Xl)(XO - x2)-...-(xo -Xp)
1
0 - - -
(xO xl)(x0 x2) we (X

const=y
0 _Xn)

Torja ly MpUMET BUJL

(x—xl)(x—xz)-...(x—xn)

ln=y .
0770« _ X ) (X —
(x0 Xl)(XO x2) (x0 xn)

OcTtanbHble YacTHbIE pEIIEHUS HUIYTCS AHAJIOTMYHO, M3 YCJOBHSI, YTO 1-0€ YacTHOE
pemenue I (i=1,...,n) JOIKHO CTaBUT B COOTBETCTBUE 3HAYCHMAM aOCLHCC: X5, X{, - , Xp
HaOop 3HaveHui opauHar o, .. ,yj, ..,0, T.e.

oy (x—xO)(x—x1)~...~(x—xi_1)-(x—xi+1)-...~(x—xn)
[
06 =%Q)0G =Xy ) e O =X ) O =X g) e O =X0)
n o X—X.
1507051 lj = Y- I1 J
i_n X —X
J=07% "%

J
j=i
O6mee peUICHUC Haﬁ,[[eM KaK CYMMY YaCTHBIX pCI_HeHI/Iﬁ .
n X—X.

n n
L) =X li=3%y- I L, (4.8)
i=0 i=0 i_pX —X.
=0% 7%

] #1
OTO M eCTh MHTEPHONALMOHHBIM MHOrowieH B ¢opme Jlarpanxka aas HTpOM3BOJBHBIX
y3JI0B. 3aMETHM, YTO CTETIeHb MHOTOWIeHa JlarpaHka He MpeBbIIIaeT yucia N.
OcratouHas IOTpemrHoCTh 3HaueHus Lo(X), BemcienHoro mo  dopmyrne (4.8),
onieHuBaercs Gopmynoit (4.4), a BBIYMCINUTENbHAS TOIPEIIHOCTh

|(x*xo)(x*xl)---(x*xil)(X*Xi+1)"'(x*xn)Ly. (4.9)
i’ '

n
Ay =12
2 IzO‘ (X —xO)(xi = %) (G = % )(Xj = Xi4q)-- (K —Xn)

TI€ Ayj - IIOTPEIIHOCTh MCXOAHBIX JAHHbIX (3HAYE€HUH QyHKIUM B y3/ax).

4.2. Unmepnonayuonnvli MHO2041eH 6 (hopme Hvlomona 015 pagnoomcmosyux y3io8

Paccmorpum METOJl TOCTPOEHHUS HUHTEpIoNupyromeld (yHKIUK, OCHOBAaHHBIM Ha
BBIYKCIICHUY KOHEYHBIX Pa3HOCTEH.

Koneunvimu _pasnocmsimu l’lOD}ZaKa k Ha3BIBAIOT BEIUYUHEI Ak .. Ix paccuuTheiBaloT Mo
J

dopmymnam:
2 k k-1 k-1
AYj=Yju—Yj, AYj=AYju-AYyj ., Ay =ATTY AT
B pesynbrare BBIUMCICHUN OJDKHA OBITH TOJIy4eHa Clenyiomas TaOauia KOHEYHBIX

pa3HOCTEN:
Yo y 2 Y\/.- Yn1 Yn

AYo Ay, Ay, Ays ... AYna



Ay, Ay, A

Yo o Ao

AyoY Ay VAY.,

Ao ... Alyng

MuorowieH P(X) s paBHOOTCTOSANIMX y370B ( T.e Xi+1 - Xi = h = const, rae i=0,.., n-1,
yrciio h — Ha3pIBarOT 11arom) OyieM MUCKaTh B BUJIC :

P(x) =ag + a1 (X —Xp) +ap (X = Xg)(X = X1) +... + @n (X = Xp)(X = X1) - ... - (X = Xy _1) TAC XQs X{s wn Xp ~ KOPHH
nosmmHOMa P(X)

3HavyeHuss KO3(QQULMEHTOB a; ONPENENAEM U3 YCIOBUS P(x;) =y :

Ionarast X=Xo, HallIeM P(xq)=yg =25, = ag =Yq-

Ay
[Tomarast X=X, HaWgEeM P(x)=yy =ag +a(x —Xg), = & = -0
h
i
_ AYo
B oOmem ciyuae mpu X=X,  aj =—.
ith
[ToacTaBuB mosydeHHbIC 3HAYCHUS &, B BRIpAXEHUE 111 MHOroueHa P(X), moimyynm
A A2 Y,
P(X)=yg+ T(x —Xg) + 2 (X =Xg)(X = Xq) + ... +
: (4.10)
AN y0
+ (X=X )X = X1) + s (X=X _1)
nth"
[TonyuenHoe BbIpayK€HUE HA3BIBACTCS UHMEPHONAUUOHHOU hopmynot Heromona.
[Tyctp x* - Touka, B KOTOPOM HEOOXOIMMO HAWTH 3HAYEHHE HWHTEPHOJISIUOHHOTO

MHOTOUJICHA.
JIist citydasi paBHOOTCTOSIIUX Y3JI0B, €CIH Xo — Onmkaiimmii k X y3en cieBa ¢dopmyna (4.2)
PUMET BH]T

2 3
A A A
Pl =y, Pl N Sl ( R P
u 2! 3! (411)
n
+ TO t(t —1)(t—2)... —n+1),
n!
y X — X,
rne tomnpenensercs popmynoit  t= T

(V) I *.
O1eHKH MorpenrHocTei NpuoImKeHHo 3HaueHus P (t) MoryT ObITh IpeCTaBICHBI B BUIE:

An+l ‘

A —Mh””-‘t*(t*—l) (t*—n)‘~w‘t*(t*—l) (t*—n)‘
L (n+ T (n+)!

-1 — n)‘

* * * * n‘
Ay =A ~1+2-‘t ‘+2‘t (t —1)‘+...+2
n! ‘

I71€ A* - IOTPEIIHOCTh UCXOAHBIX JAaHHBIX.
Ecnmu X, — Omkaliimmit Kk X y3ed chpaBa, TO MCIOJB3YeTCs BTOPOW MHTEPIONISALMOHHBINA

noauaoM HeroToHA:



2
Ayn_1t+ A"y

_ Ay
Pl ty=yp+ N2 4441y +— B g1yt +2) +...
) 2 8 (4.12)
y
+ IOt(t+1)...(t+n—l),
n!
X —X
rne t=—-—"
h
OLeHKH TorpemHocTeil npuOmmkenno 3uadenns P'(t) MoxsO 3ammcats B Buze:
M *  x * ma[;(‘An+1y|‘ *  * *
Ay =Ry +n)‘~L‘t & )¢ +n)‘
(n+1)! (n+1)!

‘t*(t* Dt + n)‘

* * * * n
Ay =A ~1+2-‘t ‘+2‘t (t +1)‘+...+2 o ‘

Iopsiiok BbIMOJIHEHUs PA0OTHI:

1. O3HaKOMHTHCS C TEOPETUUCCKUMHU CBEICHUSIMHU.

2. BBINOIHATH HEOOXOIUMBIC PACUETHI.

3. OdopMuTh 1 IPEACTaBUTH PE3YIBTATHI PACUETOB.

dopma npeacTaBieHus pe3yJbTarTa:

PesynbraThl pecTaBUTh B BUje oTueTa B hopmarte .dOCX.

Kpurepum ouenku:

3aJjaHue BBRIIOIHEHO 0€3 OIMOOK — OICHKA «OTIUYHO.

3aanue BBIOJIHEHO MPaBUIBHO, HO AOMYIIEHBI 1-3 BBIYUCIUTEIBHBIX OMIMOOK — OIICHKA
«XOPOILIOY.

3aiaHue BBINOJIHEHO HEOPEIKHO, TOMYIIEHBI OLTHOKU — OIIEHKA «yIOBIETBOPUTEIHLHO.

3amanue BBIIOJIHCHO HEIPaBUIIBHO, JIOTTYIIEHBI OIIOKU - OIICHKA
«HEYJIOBJIETBOPUTEIBLHOY.



Tema 6. AJropuTMbI M  METOAbI  YHCJIEHHOT0 HMHTErPUPOBAHUA U
nuddepeHuupoBanus
JIABOPATOPHOE 3AHATHUE Ne6 «<YNCJIEHHOE HHTETPUPOBAHUE N
JANOOEPEHIIUPOBAHUE.

Leab: OCBOUTH METO/IbI YUCIIEHHOTO HHTETPUPOBAHUS U JU(depeHIIUPOBAHUS
Boinosinus pa6ory, Bel Oynere:
ymembv:
— MHcnone30BaTh OCHOBHBIEC YHCIICHHBIC METO/IbI PEIICHUS MAaTEMAaTHYECKHX 33/1a4;
— BriOupath onTUMaNbHBIA YHCICHHBIAMETO/ ] IJ1s1 PEILICHHS TOCTABICHHON 3a7jauu
— JaBaTh MaTeMaTHYECKHE XapaKTEPUCTHKH TOYHOCTH HCXOAHOH MH(OpMAnmu M OILCHHBAThH
TOYHOCTB MOJTYYSHHOTO YUCICHHOTO PEIICHHUS;
— pa3pabaTblBaTh QJITOPUTMBI W NIPOrpaMMBbl ISl PELICHUS BBIYMCIUTENbHBIX 3a7ad,
YUUTHIBasi HEOOXOAMMYIO TOUHOCTHIIOJIY4aeMOT0 Pe3yibTara;
—  pacro3HaBaTh 33/1a4y W/UIH IPoOIeMy B IPOPECCHOHATEHOM H/MIIN COLMAILHOM KOHTEKCTE
—  OIpeneNsiTh HeOOXOJUMbIC HCTOUYHHKU HH(OpMAIINH;
—  B3aMMOJEHCTBOBATH C KOJUIETAMH, PYKOBOJCTBOM, KIIHEHT
— TPUMEHATH TEXHUKHU U ITpreMbl 3phekTHBHOrO 001IeHus B MPOGECCHOHATIBHOM AESTEILHOCTH;
—  KpaTKO 00OCHOBBIBATh M OOBSCHUTH CBOU JICHCTBUS (TEKYIIUE U IIAHUPYEMBIC)

MarepuajabHoe o0ecnedeHune: maker npukiaaaasix mporpamm Microsoft Office.

3amanmue:

BbruuciuTe 3amaHHbIe  MHTETpaibl MO (OPMYJIaM MPSIMOYTOJBHHUKOB, TpaNenuil
CuMIicOoHa, €ClM OTPE30K HMHTETPUPOBAaHMSA pa3OoMT Ha n=2 W n=4 paBHbIe 4yacTu. OICHUTH
HOFpeHIHOCTB pe3YJII)TaTa nu CpaBHI/ITL HpI/I6JII/I)KGHHI>I€ 3HAYCHUA I/IHTGFpaJIa C TOYHBIMH.

1
1 T
1.!1”2 dx (1=, ~0785).

1
2, jidx (1 =In2~0.693).
o1+ X

7%
3. jsin4xdx (1=05).

0

%dx (1 =In(1++/2 ~0.881) .

1+ X

Inxdx (1=1).

In(x+1)dx (I =2In2—-1~0386).

(6]
Ol P P e D O Sy

o=

7. | xcos xdx (I=%z0.571).
7 1

8, j—_dx (1=1).
o L+sinx

X

1
e T
9. ;[1+e2x dx (I :arctge—zz0.433).

10. [cos®xdx (1 =0).
0



T q

11. dx (I =In(1++2)~0.881).

12. |arctg x dx (I_—(7r 2In2) ~0.438) .

fon
A

13. j'—dx (1 ~0.38).

f/

14. _[arcsm xdx (I—£(7z+4) 1~0.26).
% 1
15. jtg xdx (1 ==In2~0.346).
2
’7
13. {ctg xdx (I——In2 0.346) .
’7

17. Ixexdx (1=1).

18. j\/1+ xdx (1= —(2J— ~1)~1.22).

0

7 1
19. j dx (I =1).
o L+Cosx
1
1
20, dx (I =2(v2-1)~0.828).
{ 0 (=262 )
21._[In2xdx (1l =e—2=).
1
7 4—
22 [tg2xdx (1 =2=" ~0.215).
0 4
/2 4
23, Ictgzxdx (1="""+0215).
/4 4
/2 7/2 _
24, jexcosxdx (1= € 1z1.905).
/2 7/2
25. [esinxdx (1= +1z2.905).

2. Oynkmus  f(x) (em. Tabmumy 2.1) ompeneneHa Ha otpeske [1; 1.2]. BwiOpaB mrar
h=0,5HaiiTi puUOTMKEHHBIE 3HAYSHUS MTPOU3BOIHBIX F'() u ') g roukax 1 u 1,1. Ouenurts
MOTPEUTHOCTh BbIYMCIeHU. CpaBHUTH pe3yJdbTaTbl ¢ TOYHBIMH 3HAYEHUSIMU MPOU3BOJHBIX B
JTHX TOYKAaX.

KpaTkue TeopeTuyeckue cBeIeHUsI:
Yucnennoe unmezpuposamnue. KeaOpamypHvle Gopmynvl HpsSMOY20IbHUKOS, Mpaneyull,
Cumncona



b
HeobOxomuMo mpuOIMKeHHO BBIYUCIHUTH HHTeraHJf(X)dX. Jlyist 3TOrO pazodbeM OTPe3OK
a

UHTErpUPOBaHU [a,0] Ha N paBHBIX YacTel TOUKaMu Xp=a, X1= Xo+h, Xi+1= Xi+h, ..., Xo,= Db, 20e

h—P~2- mar pas6uenus. y;— sHadenus pynxiuu f(X) B Toukax pasbueHus X;.
n

3arem HenpepbiBHAS MOJbIHTErpalibHas QyHkuus Y=f(X) 3ameHsieTcst criaiiHoM (KycOYHO-
NOJHHOMHAIBHON (yHKIMEH) S(X), mHTeprmomupymoomeid naHayio (yHkiu. HaTerpupys
dynkmo S(X) Ha oTpeske [a,b], mpumeM K HEKOTOpO#l opMylie YUCICHHOTO UHTEIPHPOBAHHS
(xBazpaTypHO#l hopmyIie).

5.1. @opmyna npamoy2o1bHUK08

Ecmu Ha kaxkaom orpeske [Xi1, Xi|, I=1,2,....,n , dyukumio f(X) 3amensem ¢yHkumei,
NPUHUMAIOIIEH MMOCTOSHHOE 3HAYEHKEe, paBHOE HarpuMep 3HaueHuto QyHkimu f(X) B cepeanne
oTpes3ka [Xij1, Xi], 0003HAUEHHOrO  =XatX . Torma S(X) Oynmer UMeTh CTYNCHYATHIA BHI

(puc.1).
f(xl D Xo SXEX;
2

f(x 1), X S<X<X,;
S0)=S,00=y ,=f(x ,)=1 2

f(x 1), Xy SXZX,.
.
2

B atom ciyuae 3HaueHue umHTerpana (miomanb mon rpaduxom f(X), Ha orpeske [a,b]),
CYMTaeM NPUONM3UTENbHO PAaBHOH CyMMe IUIOIMAACH NMPSAMOYIONBHAKOB BBICOTOH f(y ) M
i—=
2
mupuHOH ho.

b n n
I fOgdx~> h-y ; =>h-f(x )= ho(y s +Y o+t y L) ¢dopmyna npsimoyronsaukoB  (5.1)
T 2 2 2 "2

a

5.2. @opmyna mpaneyuti

Oyuknuio f(X) Ha kaxgom otpeske [Xiq Xi], (i=1,2,...,n ) 3ameHseM e€ IMHEHHOM
MHTEpIoNSIIUEN o ToukaM (Xi-1, Yi-1) 4 (Xi, Yi), T.€. OTPE3KOM IPSIMOM COEIUHSIONIEH STH TOUKH.

S(X) npuHUMaeT BHUI:

S(0 =500 = F(4) ™=+ ()

2de xe[x. ., %], i=12,..,n,

a e€ rpaMKOM SIBJISIETCS JIOMaHasl.
Torna 3HaYeHHe MHTETpala HAXOAUM KaK CyMMY IUTONIazeil Tpanenuii ¢ ocHoBanusmu f(X;.

1), f(Xi) u Bbicoroii h. C yuerom dopmysibl miomanu tpanenud g - M*+" e m, N ocHoBaHMs
mp. 2 !

Xia _ i +
h Yia Yi

Tparnceuuu nNoJIyuanuM:

h o )+ ) vy Yt
{f(x)dxzéh' 2 :;h' 2 | - dopmyna tpanermii (5.2)

+
:h'(%+y1+yz+---+ynfl)

5.3. @opmyna Cumncona (¢popmyna napabon)

Oynkiuio f(X) Ha Kaxkmom otpeske [Xig Xi], (i=1,2,...,n) 3amensem cmiaitHom S(X),
TIPEJICTABIISIFOIIEM COOOM HEMPEPHIBHYIO (DYHKIIHIO, COCTABJICHHYIO M3 TTPHUMBIKAIOIINX TTapadoll.
[TorpeOyeM, uT0OBI Ha OTpE3Ke [Xi.1, Xi] mapabosa npoxoauia yepe3 TOYKH (Xi.1, Yi-1), (Xi-1/2, Yi-1/2)
u (Xi, Yi). Hcnonb3ys mnocTpoeHHWE HHTEPHOSAIMOHHOTO MHorouwieHa Jlarpanxka BTOpOTo
MOPsIIKA HA OTPe3Ke [Xi-1, Xi|, MOTYyYUM CILUIAlH:



Z(X B XH/Z)(X B Xi—l)
i hz 1

S(9=S.(0=y.. 2(x—X, )rf:_ Xiy2) Voo A% — xr)1(2x— Xa) |

2de xe[x,x] i=12,...,n

Jliisa nanpHEeWmuX npeodpazoBaHuii BBeneM nepemenHyto te[0,1] ¢ momomipio paBeHCTBa
X=X, +ht. 3uauenusm t paBubim 0, %5, 1, COOTBETCTBYIOT 3HAYECHHUS X, PABHBIC Xi.1, Xi-1/2, Xi -
Beipasum crnaita S(X) uepes HOBYIO IEpeMEHHYIO t:

S(¥)=S,(x)=S,(t)= Yia(1-1)A-20) +4y, ), A-Dt+y, (2t -t =
=Y (@-3t+2t%) + 4y, (t—t*)+y, (27 -t),  (i=12..,n).

1 1 1
VuuTeIBas, 4TO _[(1—3t+2t2)dt :_[(t—tz)dt :I(th —t)dt:% , IMEEM
0

jS(x)dx > J5,000 =3 0] S 0t =31 (7 -4y, )

'1>< i=1 i=1

U B pesynbTaTe NpuxoauM K KBagpaTypHoil popmyre nmapabon:

b
h
J. f(x)dx ~ 5 : [yo Yo FA40V02 + Yoo + oot Yoan) 20V, + Yo+t yn—l)] . (53)

5.4. Oyenka noecpewnocmu
[TorpenrHOCTh KaXI0M KBaJpaTypHOH (HOPMYJIBI OLEHHBAETCS BEIMYMHOW OCTATOYHOTO
unera R(h), 3aBucsiero or mara pazouenus h (uau ot yrciaa pa3oueHuii n):

jl f (x)dx —TS(x)dx .

a

R(h) =

[IpuBenemM OIEHKM TOrpemHocTedl KBaJpaTypHbIX (opMyn B TOM ciydae, Koria
MOJIBIHTETpalibHAs (YHKIUS UMEET HENPEPHIBHYIO TPOU3BOIHYIO BTOPOIO MOPSJIKA:
111 GOpMYJIBI IPSIMOYTOJIBHUKOB

3
R(h)<—max\f”(x)\ h? = (b-aj max\f"(x)\ h?
a<x<b 24n a<x<b
TUTst GOPMYITBI TpameIui
b-a ” b-a "
Rt =2 2 ma £ 0)- 1 =22 201

Ecnu noapiHTerpasibHas (yHKIUS HMEET HENPEPHIBHYIO MPOU3BOIHYIO YETBEPTOTO
MOpsIIKa, TO CIIpaBeUIMBA TaKas oueHKa norpemHocTy ¢popmyssl CUMIICOHA:

b—a)
R(h < ax| f @ (x)|-h* = (
M 880 max f ) 2880n" e

3aMeTuM, YTO TPHU UHTETPUPOBAHUM CTENEHHOW (PYHKIIMU, CTENEHb KOTOPON HE BBIIIE
TpeX, kBaaparypHas ¢popmyna CUMIICOHA Jae€T TOYHBIN pe3yabTar.

[IpakTrueckn Ba)XHO BECTH BBIUMCIEHHUS JO JIOCTHKCHHS 3aJaHHONW TOYHOCTH € MO TOH
Wik WHOW opmyne. DTOH 1enu yIOBIETBOPSET Memood 080UH020 nepecyemd. JInsi 3TOro 1o
KBaJpaTypHOH (hopMyJie MPOBOIAT BBIYKCICHHE MHTErpayia ¢ maroM h u moiydaror 3HauCHHE
I(h). 3aTeM yMEHBIIAIOT IIar BJIBOC W TMOJYYalOT HOBOE MPHOIMKCHHOE 3HAYCHUE MHTErpalia
1(h/2).

YroObl ompenenuth, Kak cuibHO ykioHsercs 3HadeHue |(h/2) ot TouHoro 3HaueHus
uHTerpana |, ucrmonsiyercs npasuno Pynee:

1= 1(h/2)|~

ax|f @ (x)|-h*.

1
1 -1h/2),



rae k=2 s popMya npsiMOYTroJIbHUKOB | Tpaneuuit u k=4 s popmyinsl Cumiicona.
IIpu 3amaHHONM TOYHOCTH € BBIYMCICHHMS C YMEHBIIAIOIIUMCS IIaroM IPOBOAAT [0
OKOHYaHUs MPUOIMKEHUH MTPH BBITIOJIHEHUH YCIOBHSA

~1(h/2)<e

IIpu 3TOM nonararot | ~ 1(h/2) ¢ TOYHOCTBIO €.

Yucnennoe ouggepenyuposanue
5.4. Bviuucnenue npouzgo0Hol No e€ onpeodeneuo
[Tycte ¢ynxums y=f(X) ompenencHa B HEKOTOPOW OKPECTHOCTH TOYKH Xo M HMEET
NPOM3BOJIHYIO B 3TOW TOYKE, T.€. CYIIECTBYET Mpeie OTHOIICHHS IpUpaieHus GYyHKIUU A Y K
NPUPAIICHUIO apryMeHTa A X TP CTPEMIJICHUH A X K HYIIIO:

' _ T AY_ i f(Xo+AX)_f(X0) 4.1

V06) = 1106) = lim = lim = 1)

3HaueHue MPOU3BOJHON B TOUKE Xo MOKHO MOJYYUTh, MEepexos K mnpeaeny B (4.1) mo

IOCJICIOBATEILHOCTU LEJbIX YHUCET N | Imojiaras, Ax=(Ax), _(AX)O 31ech (AX), - HEKOTOPOE
a"

HavyaJbHOE MPHpALICHHE apryMeHTa, & — HEKOTOpoe 4ucio Oounbine eqununbl, N={0, 1, 2,...}.
Torna 3HaueHNe MPOU3BOIHOM (1)yHKIII/II/I f(X) B TouKe Xo 3aMUIIETCS TaK:

V(%) = F(%) = Eyi Ay, = £ (% + (A%),) — f (%) -

Orcroa noixyyaem HpI/I6JII/I)KeHHOC PaBEHCTBO

(&) f(x" (AaX)Oj_ Ho) 4.2)
y’(Xo) ~ (Ax): = (AX)O :
an

Jns pysakuum y=f(X) , uMmeromei HenpepblBHYIO MPOU3BOIHYIO J0 BTOPOTO MOPSIKA
BKJIFOUUTEIBHO B OKPECTHOCTH TOYKH X , TOYHOCTH IPUOIMIKEHHUS IPOU3BOJHOI COOTHOIICHUEM
(4.2), MOXHO YCTaHOBUTB, BOCIIOJIb30BaBIINUCH (hopmyioit Teiinopa:

f(x)=f(x,)+ f’(x0)~Ax+%f”(§)-Ax2, & € (X, X).
Tornma
max | f"($)
f,(Xo)— f(X)—f(XO)‘ Xo<EX ‘ . AX
AX \ 2
M OKOHYATEJIHbHO UMEEM
oy | TN
y (AX). 2 a"

Jlnist HOCTHOKEHHMSI 3aTaHHOM TOYHOCTHU € MPUOJIVKEHHSI IPOU3BOIHOM MPH OTPEICTICHHOM
YKCJIC BRIYMCIIEHUH MOYKHO MCITOJIb30BaTh HEPABEHCTBO:
Ay),  (Ay),,
(&%), (AX)oy
5.5.  HUcnonvszoeanue  mmHocounenos  Jlacpanyica — Ona opmyn  HUCIEHHO2O
ougpepenyuposarus

(4.3)

[Tycte pynkims y=f(X) onpenenena Ha orpeske [a; b] u B Toukax {Xi}, rae i=0, 1, ..., n
ATOTO OTpe3Ka nmpuHuMaet 3HadeHus Yi=f(X;), mpuuem a= Xo, b= Xp.
Pa3HOCTh MEKIy COCEIHMMH 3HAUYEHHUSMH apryMeHTa Xj IMOCTOSHHA W OIPEIC/IAeTCs
b-a . .
mraromM h =—= pa30ueHus oTpe3Ka Ha N yacTei, Torma Xi= Xo +i-h  (Xj+1= Xj +h).
n



Haiinem anmpokcuMaiiuu MpPOM3BOJHBIX IEPBOIO W BTOPOrO MOPSAKA C IOMOIIBIO
3HAYeHUH (QYHKIUHI Yj B y3JIOBBIX TOYKaX Xj C MOTPEHIHOCTBHIO OJHOTO HTOTO K€ TOpsaKa B
3aBHCUMOCTH OT 1ara h.

Jliist Toro 4yTOOBI BBIPA3UTh 3HAUYCHUS IPOM3BOIHBIX Yepe3 3HAYCHHS (PYHKIIUH Yj B y3J1ax
UHTEPIIOJSAIMU Xj, MOCTPOMM HWHTEPHOJSIIUOHHBIN MHOrowieH Jlarpamka Lm(X) cremenm m,
YIOBJICTBOPSIOIINI YCIOBUIM

Ln(x)=fx)=Yx (k=i i+1,..., i+m=<h ).

Mmuorouner Ly(X), uarepnomupyer pyukiuio f(X) Ha orpeske [Xi, Xi+m]. Juddepenimpys
MHOTOWIEH Lm(X), momyuaem 3HaueHHs: MPOU3BOAHBIX B TOUKax { Xx } (k=i, 1+7,..., i+m).

Ecmu m=1, 1o L1(X) - nuHeiiHas GyHKIus, rpaduK KOTOPOM, IPOXOAUT Yepe3 TOUKH (X; ,
Vi), (Xi+1, Yi+1). Tormga

X~ Xy X=X X—Xin X=X
L1( ) y| X — y|+l X . — X yl _ h y|+1 h

i i+1 i+l i

’ ! ! yi yi+1 yi+1 yi
=y, ~ L =t =,
yl y|+1 (X) h h h

Eciu m=2, To L»(X) - kBagpatuuHasi GyHKIHS, rpadrK KOTOpOoW mapadoiia, mpoXoisiias
uepe3 TOYKH (Xi, Vi), (Xi+1 , Yir1), (Xi+2 , Vi+2). BbIUHCIUM TEpBYIO M BTOPYIO NPOU3BOHBIC
MHorouwieHa Ly(X) Ha oTpeske [Xi, Xi+2]-

(X_Xi+l)(X_Xi+2) + (X_Xi)(x_xi+2) (X—Xi)(X—Xi+1)

LX) =y, i+ + Vi =
(X = X)) (% = Xi,5) (Xi = %) (X = Xisz) (X = %) (Xi2 = Xi11)
Ly R | oK) | (R K)
(=h)-(-2h) h-(-h) 2h-h
= #[yi (X=X, )X = Xi12) = 2Yi (X=X ) (X = Xi ) + Vi (X=X ) (X = Xi+1)]
LX) = #[yi (2X =Xy = Xi12) = 2Yi0 (2X =X = Xi5) + Vip (2X =X = Xi+1)]

" 1 1
Ly (%) :W[ZYi -4y +2y”2]:F[Yi -2y, + Yi+z]

ITepBast U BTOpas Mpou3BOAHbIE MHOrowieHa Jlarpamka Ly(X) B Toukax Xi, Xi+1, Xi+2
SIBJISTIOTCSI TPUOJIMYKESHUSIMUA COOTBETCTBYIOIIMX TPOU3BOAHBIX PyHKIMHK f(X) B 3THX TOUKaX:

r ’ ’ 1
Yi = f (Xi) ~L, (Xi) = W[yi (in — Xy~ Xi+2) - 2yi+1(2Xi -X - Xi+2) + Yi+2(2Xi -X - Xi+1)] =
1 1 .
= W[yi (=3n) -2y, (=2h) +y,., (_h)] = %[‘3% +4y,, - Yi+z] (4 4)
r r r l
Yia = F(x0) = LX) :%[_ Vit yi+2]
’ ’ r 1
Yia = Fx0) = (%) :%[Yi -4yi4 +3Yi+z]
" n ” n 1
Yi=Yiu=Yu= Lz (X) = F[yi _ZYM + yi+2] (45)

Ecnu dynxims f(X) Ha oTpeske [Xi, Xi+2] MMeeT HENPEPHIBHYIO MPOU3BOIHYIO JI0 TPETHETO
HOPSIIKA BKJIIOYHTENFHO, TO CIPaBEUIMBO NMPEACTABICHHE (PYHKIIH B BHJIE CYyMMBI:
f (x)=L2(x)+Ra(x), (4.6)
rie Ry(X) —ocTaTO4HBIN YiIeH HHTEPHOIAIUOHHON (GOpMYITbL.

R,(x) = f ,;Eg) (X =%)(X = X)) (X =X;,,), & e (X %,0)-

B »TOM cnydae MOXXHO JaTh OIGHKY IOTPEITHOCTH TNPHOMIMKEHUH TPOW3BOTHBIX
cootHoweHusMH (4.4) u (4.5). Auddepenuupys (4.6), noayunum

FO)=L2()+R (), (4.7)

f7(x)=L2" (x)+R2"1x). (4.8)




3mech
Ry (X) =

f /;’('5) [(X =X ) (X = X5) + (X=X ) (X = X,5) + (X=X ) (X = X,.1)] (4.9)

f”’
R =[x %)+ (k=) + (X %,)] (4.10)

[TorpemHOCTH NPH BBIYUCIEHUH IIPOU3BOJHBIX B TOYKAX Xi, Xi+1, Xj+2 OINPEICISIOTCS W3
dopmyin (4.9-4.10):

Ry (X,) = —2R} (X;.1) = Ri (X,.,) = %hz £7©), (4.11)
Ri(x)=-h- (&), RI(x.)=0, Ri(X.,)=h-f"(&). (4.12)

Takum oOpazom, paBeHcTBa (4.11) moKa3bpIBalOT, YTO MOTPEHIHOCTH AaNIMPOKCUMAIUU
nepBoil Ipon3BoHoi f(X) ¢ moMoLb GopMyIbl (4.4) UMEIOT oxuH 1 TOT e nopsinok O(h?), u
€CTECTBEHHA CIIYIOIIasi PEKOMEHIAIMH 10 UX MPUMEHEHUIO Ha oTpe3ke [a; b] B Toukax {X},
i=0, 1,2, ..., n>2.

, 1
Yo z%[—3yo +4y, -, ]
! (4.13)
y{z%[_Yi-1+Yi+1]' i=12..n-1

C1
Yo ® %[Ynfz _4Ynfl +3yn]

W3 pasenctB (4.13) crneayer, 4To MPHUOIMIKCHHE BTOPOW MPOU3BOJHONH C IMOMOIIBIO
dbopmyibl (4.5) ©MeeT pa3IUYHbIA MOPSIOK B 3aBUCHMOCTH OT N B pa3HbIX TOYKAax: B TOYKaX X,
Xi+2 ~HMEETCS TOTPEIIHOCTh Topsiaka h , a B TOYKE Xj+1 MOPSIOK IIOTPEIIHOCTH BBIIIE
(R2"(Xi+1)=0).

B cnyuae wunTepnomsumu ¢yakiuu f(X), umMmeronneii Ha oTpe3ske Ha oTpeske [a; D]
HEMPEPBIBHYIO TPOU3BOJHYIO JIO YETBEPTOrO IMOPSIKA BKJIIOYMTEILHO, MOKHO IOJIYYHThH
[OrPEIIHOCTh MHTEPIOJSLMHA BTOPOi POU3BOIHON, HMEroIel mopsiaok h? U OMHAKOBYIO BO
BCEX TOYKaX, C MMOMOIIbI0 MHOTousieHa Jlarpamka Tperbeit crenenn L3(X) mo deTeipeM y3iam
uarepnonsuud {X}, (k=i, i+1, i+2, i+3).

Ormryckast BBIKJIAIKH, IPUBEIEM PE3YIIBTATHI IS alllPOKCHMAIMH BTOPOM MPOM3BOIHOM:

1
Yo zh7[2yo —5y, +4y, - Y,

) (4.14)
Vrsla-2y vl i=12.00-1

, 1
Yo ® F[_ Yi-s +4yn—2 _5yn—1 + 2yn]

ITpumep. 3HaueHuss GyHKUUU Y =Sin X ONpe/eneHbl TaOIuIeH:

X 0 n/6 | /3
sin x 0 0,5 | 0,866

Tpebyercs ¢ nomomibio popmyn (4.13, 4.14) npubnuxenno Haiiti Y'(0) u Y''(0) 1 oueHUTH
MOTPEUIHOCTh PE3YyJIbTAaTOB BBIYUCICHUN.
Pemenue.

y'(0) zzih[—syo +4y, —y2]=E[—3-0+4-0,5—0,866]z1,05
T

R;(O)%[%] 1@, 0<é<

mx. f'(x)=cosx, f"(x)=-sinx, f"(x)=-cosx

2
f700(<1 mo [RLO)<[Z) =009,

Urak, y'(0)~1,05+£ 0,09 (tounoe 3nauyenue Yy'(0)=cos 0 = 1).
Teneps Bocmonbzyemcst popmyioit (4.11).
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y(O)zFF{yO—2y1+yz]:;;{—1+0866]z—0489

RJ(0) = —%- (&),

Jlisg mydmiel OLleHKH MPOU3BOJHOW BTOPOrO MOpPsiAKa HEOOXOJUMO YBEIHYUTH YHUCIO
Y3JI0BBIX TOYEK U BEIOPATh MCHBIIIUN TIIar.

%%@<%zaﬂ-

IHopsinok BbINOJIHEHHUSI PA0OTHI:

1. O3HaKOMHTHCS C TEOPETUUECKUMHU CBEICHUSIMHU.

2. BBHINIOJHATH HEOOXOIUMBIC PACUETHI.

3. OdopMuTh 1 IPEACTaBUTH PE3YIbTATHI PACUETOB.

dopma npeacTaBjieHus pe3yjabTara:

PesynbraThl peicTaBUTh B BUjC oTueTa B hopmate .dOCX.

Kpurepum ouenku:

3agaHure BBINOJHEHO 0€3 OIMOOK — OLIEHKA «OTIMYHO.

3ajaHue BBITOJHEHO MPABUIIBLHO, HO JOMYIICHBI 1-3 BBIYMCIMTEIBHBIX OIMIMOOK — OIEHKA

«XOpOILIOH.
3aaHue BBIIOJHEHO HEOPEKHO, TOMYILEHbl OIIMOKH — OLIEHKA «YAO0BJIETBOPUTEIBLHOY.
3anaHue BBITIOJIHEHO HEIPAaBUJIBHO, JIOTTYIIIEHbI OLINOKHU — OLIEHKa

«HCYOOBJICTBOPHUTCIIBLHOY.



Tema 7. UncjieHHble MeTOAbI pelleHHs OOBIKHOBEHHBIX AM(p¢epeHnHaATBLHBIX
YPaBHeHUil
JIABOPATOPHOE 3AHATHUE Ne7 «<YUCJIEHHOE PEHHIEHHUE
JIN®PEPEHIIAAJIBHBIX YPABHEHUI»

Lleab: 0OCBOUTH METOJIbI YUCICHHOTO perieHus TuddepeHInalbHbIX YpaBHEHUN

Boinosnus padory, Bel Oyjaere:
ymembw:
— Hcnoap30BaTh OCHOBHBIC YHCIICHHBIC METOJbI pEHICHUA MaTEMAaTUICCKUX 3a/1a4;
— BpiOupaTh onTUMaNbHbIN YUCICHHBIMMETO/ T AJIsl pEIeHHs] IOCTABICHHOM 3a1auu

— JlaBaTh MaTeMaTHYECKUE XapaKTEPUCTUKH TOYHOCTH HCXOAHOW WH(OpMAMHM W OLECHHWBAThH
TOYHOCTH MOTYYEHHOTO YHCIEHHOTO PEIICHHUS;

— pa3pabaTblBaTh QJITOPUTMBI W MIPOrpaMMBbl ISl pPEUICHHs] BBIYUCIUTENbHBIX 3334,
YUUTHIBAs HEOOXOAMMYIO TOYHOCTHITOIYIaeMOTO Pe3yibTara;

— pacmo3HaBaTh 3a7ady W/WIH Mpo0iieMy B Po(hecCHOHATHHOM H/IITH COITUATEHOM KOHTEKCTE

—  ONIpeIeNATh HEOOXOAUMBIC UCTOYHUKH MH(DOPMALIUY;

—  B3aUMOJICHCTBOBATh C KOJUIETaMH, PYKOBOJCTBOM, KIIMEHT

— TMPUMEHSATH TEXHUKH U TpHUeMBbI 3PPEKTUBHOTO OOIIeHHS B TPO(ECCHOHATBHON NI TENIbHOCTH;

— KpaTKoO 0OOCHOBBIBAThH M OOBSCHUTH CBOU IEHCTBHS (TEKYIIUE U IDIAHUPYEMBbIE)

MarepuaiabHoe ofecnedeHne: akeT NpUKIaAHbIX mporpamm Microsoft Office.

3aganue:

|. Haiitu pemenue 3agaun Komu mia nuddepeHnanisHOro ypaBHeHHsI IEPBOTO MOPSAKa
Ha PaBHOMEPHOM ceTke orpe3ka [a;b] omun pa3 ¢ marom h=0,2, apyroit ¢ marom h=0,1
Merogamu Oilniepa, Oiniepa-Komm u  knmaccudeckuM merogoMm Pynre-Kyrra. Ounenuts
MOTPEIIHOCTh YHCICHHOTO pelieHusI 1o npuHIuny PyHre. CpaBHUTH UYHCICHHOE pPEIICHUE C
TOYHBIM @(X) . Pe3ynbTaTel IpeIcTaBUTh B BUJIE TAOHIIEL.

2

, 1+ 1 1
1.y :_Xy' y|x:l:O’ 1<x<2, ¢(X):§[X—;j.

X

2. y’=y—%, yl,,=1 0<x<1 P(X) =/2x+1.
y

3. y'=x+3?y, y,, =0 1<x<2, o(x)=x*(x-1).

4.y'=xy, Yy, ,=1 0<x<l, o(x) =e*"?,

5. y,:yzx;zxy’ yl, =1 1<x<2, o(x)=x/1-Inx).

3. ’:w, |X=1:0, 1<x<2, @(X)=Inx.

7. y’:XLXy, yl,, =0, 1<x<2, o(x)=xInx.

8. y'+2xy=xe™, yl,, =0, 0<x<1, go(x):%xzexz.

9. y'+ yCOSX:iSith, y‘x:o :O, OSXSl, ¢(X):Sinx_i_e—sinx 1.

10. y'+ytgx =sin2x, y| =-1, 0<x<l ¢(x)=(1-2c0SX)COSX .
11 xy'=y’Inx+y=0, y| =1 1<x<2, @(x)=1/+Inx).

x=1

12. xy'=x+y+xe%, y| =0, 1<x<L19, (p(x)len%.
—X



13. x°y'—y=x%*, y| =1 1<x<2, ¢(x)=e * .

In(x++/x*+1)
VX2 +1

Y|X:e=0, e<x<e+l, ¢@(X)=xIninx.

x-1 x2-1
X

14, (x? +1)y'+xy-1=0, Y, =0 0<x<1 o(x)=

!

15. xy —y=m,

<x< sinx—1

13. xy'—y=xsinx, y\X:g= , +1, @o(x)= —COS X+
2

r r
2 2
17 y'+e” =™ +2x, y| =0, 0<x<l o(X)=x".
18. y'+e Y =e @,y =0, 0<x<L g(x)=x’.

19 Xy,:yln y, y|)(:1:ei 1SXS2! ¢(X):ex

20. xy'—yIn(xy)-1=0, y| . =e, 1<x<2, ¢(x)=¢€"/x.

X+ Y, y|x_1=%, 1<x<2, ¢@(x)=2xarctg X.
x ,
22. X2y'=(x-Dy, Y|, =e 1<x<2, ¢(x)=xe" .

2
23. (C+D)y+xy=x(x"+1), y =1 ~2<x<42+1, go(x):xT*l.

21. xy'=xsin

2 2

24. y'—ilenx, yl,. & e<x<etl (p(X)zX—InX-
xIn x =2 2
25.y'—y ctgx =sin X, y\xzﬁ =0, %s X< %+1, o(x) = (x—%)sinx .

2

Il. 3amauy Komm pans nmanHoro auddepeHIuanbHOr0 ypaBHEHHsS BTOPOIO TOPSIKA
npeoOpa3oBaTh K 3aja4e KOIIH i CHCTeMbI AuddepeHInanbHbIX YpaBHEHUH TEPBOTO MOPSIIKA.
Haiitn pemenre mocneaned 3amaum  MeTogoMm Pynre—Kyrra Ha cerke otpeska [a;b].
Borunciienust mpoBecTd ABaxkapl ¢ maramu h, h/2, momaras h =0,2. Haiitu uuciaeHHoe
petieHre TUQPGEPEHIMATHFHOTO YPAaBHEHUS U OIIGHUTh €r0 MOTPEITHOCTh C MOMOIIBIO TIPaBUIIa
Pynre. CpaBHHUTH pelICHHWE C HM3BECTHHIM aHATUTHYECKUM pemieHueM ¢(X). Pe3ynbrats

HpeI[CTaBI/ITL B BUJC Ta6JII/II_[BI.
Loy —(x+1y -2(x-1)y=0, y| _ =€’ vy

1!

=2e%, 1<x<2, @(x)=e*.

=1 1<x<2, (p(x)=%(2x2 —x+%) .

x=1

1!

2. X2y +xy'—y=3x% y| =1 vy

3. x%y'-6y=0, ¥, =1 | =3 1<x<2, g(x=x",

KpaTkue TeopeTuyeckue cBeIeHUsI:
Yucnennoe peuenue oughghepeHyuanvbHulx ypasneHut nepeoco nopsaoxa
B mnpuknagHeIx 3amadax 4acTo BCTpPEYAIOTCS OOBIKHOBEHHBIE MU depeHIranIbHbIe
YPaBHEHHUS, TOYHOE PEHICHHE KOTOPHIX HAWTH HE YJaeTcs WM OHO HE BBIpaXKaeTcs uepe3
sIIeMeHTapHbIe PYHKIMH. Bo3HHKaeT HeOOX0IMMOCTh HAalTH pelleHre MPUOIMKEHHO.
3.1. Ilonssmue o wucaennom memooe pewenus 3aoaqu Kowu
Paccmotpum 3amauy Komu:

y’=f(xy), (3.1)

y(Xo) =Yo. (3:2)

TpeOyercst HalWTH YUCICHHOE pEIIeHWE y=@(X) B BUAE TaONHIBI €ro MPUOIKEHHBIX

3HAYEeHUH JUIS 3aJaHHBIX 3HAYCHHWH apryMeHTa X Ha HEKOTOpOoM oTpeske [a, b] ¢ ykaszanHoM

TOYHOCTEIO.

Permrenue 3amaun Komm (3.1) 6yaem rckats Ha otpeske [@, b]. Orpesok [a, b] pasoorem Ha

Ha N paBHBIX yacreil. Benmmumna h=(b-a)/n Ha3pBaeTcss maroM WHTErpUpPOBaHUS. TOYKH
pazOueHus (y3J0BbI€ TOYKH) PACTIONIATAIOTCS PABHOMEPHO U CBS3aHBI COOTHOIIICHUSIMH:



Xo=a, X=Xtih, (i=1,2, ..., n).

ITycts y= ¢ (x) — uckoMoe TouHoe perrenue 3agaun Komm. Pasmoxkum ero mo ¢opmysie
Teiinopa Ha MPOMEXKYTKE [Xi, Xi+1]

1 1
PU1) = 90) + 0109) N+ — ") h? + o) hd+om*) (3.3)

[Tpou3BoaHBIE CTOSAIINE B PABOW 4acTH paBeHCTBA (3.3), MOXKHO HalTH n3 ypaBHeHus (1):

e X)=f(xiyi), @ (X)=f"(Xyi) nT. 1.

3HaueHue @ (Xo)=Yo naHO B HayanbHOM ycioBuH (3.2). ITo ¢popmyie (3.3) MOKHO HAWTH
3Hadenue ¢(X1), 3atem, 3Has @(X1), Haiith @(X2) u T. 1. OAHAKO MPAKTHYECKOE HCIIOJIb30BaHHE
dbopmyis (3.3) 3aTpyAHUTENBHO, TAK KaK MpaBasi 4acTh paBeHCTBA (3.3) cOACPKUT OECKOHEYHO
MHOT0 4jieHOB. [103TOMy Ha MpaKkTHKe OrpaHUYMBAOTCS JIUILIL HECKOJIBKUMH MEPBBIMU WICHAMU
paznoxenus Teinopa.

8.2. Memoo Oiinepa

[Ipocreiimmii  Meron pemenus auddepeHnuanpbupix ypaBHeHWil. Ha  mpaxTuke
UCIOJIb3YETCSI IOBOJBHO PEAKO HU3-3a2 OTHOCUTEIBHO HEBBICOKON TOYHOCTH.

[TpubnmxeHHble 3HaUeHUs YHcIeHHOoro pemienus 3anaun Ko (3.1) B y37I0BBIX TOUKAX X;
0003Ha4YMM Y :

yi & @ (X).
B merome Diinepa mns moxacyera Yi+1 B paBeHCTBE (3.3) OEpyT TOJNBKO IEpBBIC IBA
CJIaraeMbIX M MOJIaraioT
Yi+1= Yi+f(Xi,yih, (3.4)
opu  Xj+1 = Xj+h .

'eomerpuueckasi WHTEpHpeTalst MeTojga JaHa Ha puc. 3.1, rHe Hu300paKeHbI
UHTEerpasibHble KpuBble. Mcnonb3oBanue (opmynsl (3.4) o3HA4YaeT, 4TO OBUIKEHHE OT TOUYKHU
Pi(Xi, i) k Touke Pj+1(Xi+1, Yi+1) TPOMCXOIUT HE MO CaMOW WHTETPATbHON KPUBOM MPOXOISIIEH
yepe3 Touky P; (oHa HaM Heu3BecTHa), a O OTPE3KYy KacaTeIbHON K HEeW MPOBEICHHOH B 3TOM
Touke. Ha kaxgoM crienyromieMm Iiare Mbl 3aHOBO HaxOJUM KacaTEeJIbHYI0 K HHTErpanbHOMN
KpHUBOH (yKe JIpyroil HHTErpaJbHON KPUBOM ceMelcTBa MHTETpalbHBIX KPUBBIX). B pesynbrare
M0JIy4aeM JINHUIO, KOTOPYIO Ha3bIBAIOT JIOMAaHOH Diiepa.

\

N

b 4

Puc.3.1.
3.3. Merons! Pynre - KyTta
JI1s1 yMEHBIIEHHSI TOTPEMIHOCTH METO/1a UCIIOIB3YIOLIErO Pa3I0KEHUE HCKOMOTO PEIIEHHUS
B psan Teinopa (3.3), HEoOXOAMMO YYMTHIBaTH OoOJbIlIee KOJWYECTBO UJICHOB psna. B
3aBHCHUMOCTH OT CTapilied CTeNeHH, C KOTOpOM YUYUTHIBAIOTCS YJIEHBI psfa, MOCTPOEHBI
BbuncaUTENbHbIE PyHre-Kyrra pasHbix nopsikoB TouHocTH. Tak MeTton Oiliepa MOXKHO
Ha3BaTh MeTo10M PyHre-Kyrra nepsoro nopsaxka.



Meton Pynre-KyTra BTOpOoro nopsiaka Ha3piBaroT MeTooM Jiniepa-Kommu. B atom ciiydae
B (dopmyne (3.3) orOpachIBalOTCS WICHBI HAUYMHAS C YETBEPTOro. BeryuciurenbHbie GOpMYIThI
Meroaa Ditnepa-Komu:

h -
yi+1=yi+E(f(xi,yi)+f(xi+h, Yi)), (3.5)

i = Vi + f(X. ¥4)

I'eoMeTpruyeckuii CMBICT ATOrO BBIUMCICHHS TOKa3zaH Ha puc. 3.2. Kaxmoe ouepemHoe

3BeHO Pj Pjy+1 moMaHoOl cTouTcs Tak:

1. B rouke Pji(Xj, Yi) onpenesisieM HarpaBlieHHE @) KacaTeIbHOW K HHTETPaIbHON KPUBOM
npoXosIieH yepe3 3Ty Touky u 3HadeHue Ki = tg(a). IlpoBoaum oTpe3ok PiP! 1o
HAIPAaBIICHUIO ).

2. B cepemmne Ni(xi+h/2, yi+kih/2) orpeska P,P? ompee/iieM HaIlpaBlICHHE
KAacaTeJIbHOM K HMHTErpajbHOM KPUBOM IPOXOAAIIEH 4Yepe3 3Ty TOYKY M 3HAYCHUE

k2 = tg(). [IpoBoaum otpe3ok PP 41 1Mo HampaBaCHHIO ).
y

ol

vV

Puc. 3.2
Taxum 00pa3zom, Mbl TPOU3BOJIUM MEPECUET, YTOUHEHHUE YIIIOBOTO KO3 (UIIMEHTa 3BEHbEB
JIOMaHOH. Y3Ke U3 T€OMETPUYECKOTO CMBICIA SCHO, YTO JaHHBIM METOJl TOYHEE MeToha Duiepa,
TaK KaK 3/IeCh YYUTHIBACTCS TIOBOPOT KacaTeIbHOM Ha MHTEPBAJEC [Xi,Xj+1].
Meton Pynre-Kyrra uerBeproro mopsaka Has3blBalOT KIACCHUECKMM MeETOAOM PyHre-
Kytra. 3neck nomyuuntcs eiie 60s1ee TOUHbIN pe3ynbTar. ANropuT™ penieHus 3agaun Komm:

h
Yie1 = Vi +g(k1+2k2 +2k3+k4),
h h (3 6)
klzf(Xi,yi), k2:f(xi+;,yi+;k1), .

h h
k3=f(Xi+E,yi+Ek2), k4=f(Xi+h, yi+hk3)

opu  Xj+1 = Xj+h .
['eomMeTpHUeCKHiT CMBICI STOTO BBIYMCICHHS MTOKa3aH Ha puc.3.3. Kaxmoe ouepennoe
3BeHo Pj Pi+1 nmomaHoli crouTces Tak:

1. B touke Pi(Xi, i) onpenenseM HampaBieHHE ¢ KacaTeJIbHOW K MHTETPAIbHON KPUBOH,
MPOXOJAIIEH Yepe3 5Ty TOuKy W 3Hauenme Ky = tg(cn). IIpoBomum otpesok PiP* mo
HAIpPAaBJICHUIO 1.

2. B cepemmne Ni(xi+h/2, yi+kih/2) orpeska PiP1 ompejieNiieM HampaBlIeHUE
KacaTeJIbHON K MHTErpalibHOM KPUBOM, IPOXOSIICH Yepe3 3Ty TOUKY U 3HaueHue K2 =
tg( ). [IpoBoaMM OTpE30K PiP% o HaIPaBJICHUIO 7.

3. B cepeamne Na(xi+h/2, yi+k,-h/2) orpeska PiP2 OTIpe/ieIsieM HAINpaBICHUE O3
KacaTeJIbHON K MHTErpaibHOM KPUBOM, POXOSIICH Yepe3 3Ty TOUKY U 3HaueHue K3 =
tg(as). [IpoBoaMM OTpE30K PiP® o HaIIPaBJICHUIO 3.



4. B Touke P3(Xi+h, yi+ksh) onpenensem HampaBieHue oy KacaTeabHON K MHTETPATbHOMN
KPHUBOH, MMPOXOJIAIIEH uepes 3Ty TOUKY U 3HaueHue k4 = tg(ay).
5. TlonmyuyeHnble yeThIpe TAaHTEHCAa YCpeAHSIOTCA Becamu 1/6, 2/6, 2/6, 1/6 no dopmyne:

1
g(kl + 2k2 + 2k3 + k4) . Ilo 9TOMY OKOHYATCJIbHOMY HAIIPABJICHHUIO MbI IIPOBOAUM

orpe3ok u3 ToukH Pi(Xj, Vi) B TOUKY Pis1 (Xi+1, Yic1)-

V

Puc. 3.3

M3 reoMeTprUYECKOro CMbICA CHO, YTO JaHHBIA METOJ HAMHOI'O TOUHEE MEeToAa Diliiepa
u Dinepa-Komu.
3.4. Iloepewnocms Memooos
IIpu npoBeIeHNH BBIYUCIIEHUM BO3HUKAIOT JABE NOTPEIIHOCTH:
1. JnokajgbHasi MOrPelIHOCTD, T.€. OTPELUIHOCTh Ha OJJHOM IIare, BO3HUKAIOIIAs 3a CUeT
MIEPEMEIICHUS HE TI0 HHTETPAIBHON KPUBOM, a IO KacaTeJIbHOU K HEl;
2. 1Jj00ajbHasi NOIPEeIIHOCTh, T.€. MAKCUMaJIbHAasl OTPELIHOCTh PEILICHMSL:
| Yo (%) |-
['oBoOpsT, YTO YHMCIIEHHBIM METOA HMMEeT P-H MOPSAAOK TOYHOCTH M0 mary h, eciau
BBIIIOJIHSETCS YCIOBUE:
max |y, — (p(x_)
1<i<nl! !

rae C — HeKoTopas MOJIOKUTENIbHAs TOCTOSIHHASL, 3aBUCALIasl OT MpaBoi YyacTu ypaBHeHusd (1) u
OT paccMaTpuBaeMoro meroja. P-il MOpsiiOK TOYHOCTH O3HAYaeT YTO, HAaNpUMeEp, IpHU
yMeHbleHuH mrara B 10 pas, morpenHocTh YMEHbIIUTCS puMepHo B 10P pas.

—chP

Hns meroma Disepa JOKaibHAas MOTPEIIHOCTh MUMEET MOPSAOK TOYHOCTH h? (BTOpO¥H
MOPSZIOK TOYHOCTH). DTa BEJIMYWHA COOTBETCTBYET N B TOM cremeHu, B KoTopoir h crout B
nepBoM oTOporieHHOM uieHe B gopmyne Teinopa (3). ['mobanpHash MOTPEmIHOCTE U METOT
Diiniepa UMEIOT MOPSIOK TOUHOCTH h (TIepBBIN MOPSIOK TOYHOCTH ).

CooTBEeTCTBEHHO MJIsI MeToAa Juiiepa-Komm JokanbHas MOrpelIiHOCTh UMEET MOPSIAOK
tounoctu h®, rno6anbHas MOTPEITHOCTh UMEET MOPSAOK TOUHOCTH h?.

Hnst metona Pynre-Kyrra geTBepTOro nmopsjka JIOKaJbHAasi TOTPEITHOCTh UMEET MOPSIOK
Tounoctu h’, rnobanbHas MOTPEITHOCTh UMEET MOPSIOK TOUHOCTH ht.

Ha npakTuke OICHKY MOTPENIHOCTH PEIleHHs], HalIeHHOro ¢ marom h/2, B Touke X; €
[a,b] mpou3BOAAT ¢ MOMOIIbIO MpaBuJia PyHnre:

i () = vy (h/2)
|¢’(><i)—yi(h/2)|z—|yI zpyfll/ | (3.7)



rae P — HOpSAIOK TOYHOCTH YHUCIEHHOTO Merona (st Meroma Odilnepa p = 1, anga meroaa
Ditnepa-Komm p = 2, ayis metona Pynre-Kyrra yerBepToro nopsinka p = 4). [lonydenue oneHku
pe3ynbrata o ¢opmyiie (3.7) BRIHYKIACT IPOBOJAUTH BBIUYUCICHUS ABKIBL: OJUH Pa3 C IMIaroM
h, npyroii — ¢ marom h/2.

Ecin no ycnoBuio 3agaun TpeOyeTcss HalWTHU UYHUCIEHHOE PELIEHHE C TOYHOCTHIO €
(mpenenpHasi abCOMIOTHAS MOTPELIHOCTH), TO B 3TOM Cllydae HayaJlbHBIM IIar BhIYUCIEHUN h
YCTAaHABJIMBAIOT C IOMOIIbIO HEPABEHCTBA

HP<eg, (3.8)

npu p=2, 3, 4 COOTBETCTBEHHO JJIs METOJ0B Diliiepa, Ditniepa—Komu, Pynre-Kyrra yerBeproro
nopsiika. YCJIOBUEM JIOCTHXKCHHS 3aJIaHHOW TOYHOCTH BBIYHMCIICHUM, SIBJSIETCS BBINOJHEHUE
HEPaBEHCTBA

|vi (h) =y (h/2)
P <&
27 -1

npu Bcex | urae p=2, 3, 4 COOTBETCTBEHHO JJIsl MEeTOI0B Ditnepa, Ditnepa—Komu, Pynre-Kyrra
YETBEPTOro MOPSAKa.
3.5. Yucnennoe pewernue cucmem ouppepenyuanvhvix ypasHeHuil nepeoco nopsaoKd

Paccmorpum 3amauy Komm mis cuctemsl u3 N nuddepeHIanbHbIX YpaBHEHUH IEPOBOTO
nopsiiKa

(3.9)

yi = fl(x, Y1 Yo Yn)
Y = B (Y. Yps¥n), (3.10)

yé = fl(x| qu y27"'7yn)!
IIpHU HAYaJIbHBIX YCIIOBUAX

¥1(X9) = Y10+ Y2(Xg) = Y20 -+ ¥n(Xg) = Yo - (3.11)

Ecnu BBECTH BCKTOPHBIC 0003HAYCHHS:

y1 (%) y1 (%)

Y(X) — yZ(X) , Y'(X) _ yIZ(X) ,
Yn(x) yn (%)

fl(x,Y) Y10

Fooyy=| 257 v, =| 20

fn(X’Y) Yno

to 3agada Komru (3.10)-(3.11) B BekTOpHO# hopMe 3amuIIeTCs TakK:

Y =F(xY) Y(xg) =Yy (3.12)

Yucnennoe pemenne 3aaaun Komwu (8.12) cocrout B ToM, 4To Ha oTpeske [a,b] Tpebyetcs
MOJYYUTh MPUOJIMKCHHBIC 3HAYCHUsI KOOpauHAT BekTopa Y(X) B y3soBbIX Toukax Xi (i=1, 2,...,
m) ¢ marom h=(b-a)/m.

0O0603HauMM BEKTOD, TOCTABISIONINI TPUOIIKEHHOE PEIICHUE, Yepe3 Yi =Y(%) (i=12,..m)

, @ €ro KoopauHaThl — uepes Yii (k=1, 2,..., n); i =1, 2,..., m) Tak, uto Y,; = Y, (X).



PaccmoTpuMm umcienHoe pemenue 3agaud  Komm ans cucrteMbl  AudQepeHInanbHbIX
ypaBHEeHUW ¢ moMolibio MeToga Pynre-Kyrra uerBeproro mopsinka. Bekropnas dopma
anroputMa Metoaa Juist 3aaa4u (3.12) coorBerctByeT hopmynam (3.6) u uMeeT BUL

xi+1:xi+h (i=12,...,m)

h
Yiig =V +8(K1+2K2 4—2K3 + K4),
(3.13)
h
Kl:F(Xi’Yi)’ K2=F(Xi+E,Yi+EKl),

h h
Kg = FOq+ 20 Yit 0 K) Ky =+ Y +hKg),
A€ BEKTOPLI Kj — , (J =123, 4)'

OneHka TOrpPemIHOCTh METOJA Ha IMPAKTUKE OCYIICCTBISETCS 1O mnpaBuiay Pynre
ananornyso (3.7). I[lycts

yy; () yy; ()
.(h -(h
Yni () Yni (h)

- 3HAYCHHS YHMCJICHHOTO PEIICHHS B TOYKE Xj , MOJy4YeHHbIe s 1maroB h u h/2
COOTBETCTBEHHO; TOT/Ia MOrPEMIHOCTH di B TOUYKE Xj IS BRIYUCICHHM ¢ marom h/2 Beipaxkaercs
npUOJIMKEHHBIM PABEHCTBOM

g -y 2|
2P 4

15k
d; (h/2) ~ =<0 , (3.14)
rJie p — MOPSAA0K TOYHOCTH YHCICHHOTO MeTona (p=4).
3.3. YucnenHoe pemienue quddepeHuaabHbIX YpaBHEHUH BBICIIMX MOPSIKOB
3amaua Komm nns nuddepeHnuanbHOro ypaBHEHHs N-TO TOpSAKA CTABUTCS TakK: HANTH
pellIeHnEe ypaBHEHUS

y ™ = o0y, yy ey (3.15)

NPY HaYaJIbHBIX YCIOBHUIX
YO) = Vg V) = Vs -y D (xg) =y, (3.16)
3amaua Komm (3.15)-(3.16) mnst nuddepeHunanbHOro ypaBHEHHS N-TO  MOPsKa

npuBoANTCs K 3anade Komwu st cucteM N quddepeHnanbHbpIX  YpaBHEHUH MEpBOro Mopsiika
(3.10)-(3.11), k KOTOpOIi 3aTEM MPUMEHSIOT YUCICHHBIC METOJIbI PEIICHHS CUCTEM.
BBenem o603HaueHus
3=y, 1y = zi, 73 = 2’2, vy Ip = z’n_1
U BeIpazuM ¢yHkimio Y(X) u ee mpou3BoaHbie 10 (N-1) TOpsaKa BKIIOYHTENBHO 4Yepes3
BBEJICHHBIC (DYHKIIHH:
r_ " __ n _1 _
y=z,y'=2,, ¥ =23 ..,y "=z
Bwmecto 3amaun (8.15)-(8.16) umeem 3agaqy Juisi CHCTEMBI YpaBHEHUH



zi =1,
2’2 =13
(3.17)
Zn1 = n
7 = f(x 2.2y e 2p)
IIPpHU HAYaJIbHBIX YCJIIOBUAX
' n-1
71(Xg) =Yg 2o(Xg) =Yg - Zn(Xg) = yé ) . (3-18)

IHopsinok BbINOJIHEHHUSI PA0OTHI:

1. O3HaKOMHTHCS C TEOPETUUECKUMHU CBEICHUSIMHU.

2. BpinonHUTH HEOOXOIUMbBIE PACUETHI.

3. OdopMuTh 1 IPEACTaBUTH PE3YIbTATHI PACUETOB.

dopma npeacTaBJieHus pe3yJbTara:

PesynbraThl pecTaBUTh B BUje oTueTa B hopmarte .dOCX.

Kpurepum ouenku:

3ajanue BHINMOIHEHO 0€3 OITMOO0K — OIEHKA «OTIUYHO.

3aanue BBIOJIHEHO MPaBUIBHO, HO JAOMYIIEHBI 1-3 BBIYUCIUTEIBHBIX OMIMOOK — OIICHKA
«XOPOIIIOY.

3aaHue BBIMOJIHEHO HEOPEIKHO, TOMYIIEHBI OLTHOKU — OIICHKA «yIOBJIETBOPUTEIHLHO.

3amanue BBITIOJTHCHO HETPABUIIBHO, JOTTYIIICHBI OIMOKH — OIICHKA
«HEYIOBIETBOPUTEILHO.
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