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MeTtoaudeckue ykazaHUs MO BBIMOJHEHUIO MPAKTUYECKUX paboT pa3paboTaHbl HA OCHOBE pa-
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1 BBEJAEHUE

BaxHy10 yacTb TEOPETHUECKOW M MPO(PECCHOHATBHON MPAaKTUYECKOH MOATOTOBKH CTY/ICHTOB
COCTABJISIOT IPAKTUYECKUE 3aHATHUS.

CocTaB U cojepkaHUE MPAKTUUECKUX 3aHATUN HalpaBieHbl Ha peanusanuio PenepalbHOTO
roCyJapCTBEHHOT'O 00pa30BaTEIbHOIO CTAaHAAPTA CPEAHEr0 NPOPECCUOHATIBHOIO 00pa30BaHMsL.

Benymieid muiakTH4eckoi 1eNnbl0 MPaKTUYECKUX 3aHATHH sBIseTCS (OPMUPOBAHUE MPAKTHU-
YeCKUX YMEHHMH (yMeHHl pemiaTh 3a7auyd 10 MaTeMaTHKe), HEOOXOAUMBIX B MOCIEqyoUed yueo-
HOH JESTEIBHOCTH.

B cooTBercTBHM ¢ pabouei mporpaMmMoil yueOHOW NUCHMIUIMHBI «DJIEMEHTHI BBICIICH MaTe-
MAaTHUKW» NPELyCMOTPEHO MPOBEICHUE TPAKTUYECKUX 3aHATUH.

B pe3ynbrare ux BBIIOJHEHUS, 00yYarOLIUics JOIKEH:

ymembo:
V1. BoinonHATh onepanyy Haj MaTpUuLiaMH U peliaTh CUCTEMbI JINHEHHBIX YpaBHEHUI.

V2. Pemarsb 3a1a4u, UCTIOJIb3Ys YPABHEHHUS MPSIMBIX M KPUBBIX BTOPOTO MOPSAKA Ha MIOCKOCTH.
VY3. [IpumensTh MeToab! U epeHInanbHOro 1 UHTErPaIbHOTO UCYUCICHUS.

V4. Pemats nuddepeHnpanbHble ypaBHEHUS.

V5. Ilonb30BaTbes MOHATHSIMH TEOPUU KOMIUIEKCHBIX YHCE.

VYo 01.02 ananu3upoBath 3a7a4y U/Uiu IpodieMy U BBLIETATH €€ COCTaBHbIC YaCTH;

VYo 01.03 onpenensTe STanbl pemeHus 3a/1a4u;

Vo 01.05 cocTaBisaTh miaH IeHCTBHUH;

Yo 01.08 peanmuzoBaTh COCTaBICHHBIN IUIAH;

VYo 01.09 onenuBath pe3yabTaT U MOCIEACTBUS CBOUX AEHCTBUH (CaMOCTOSATENIBHO UM C IOMOIIBIO
HacCTaBHUKA);

VYo 02.02 onpenensate HEOOXOAMMBIC HCTOYHUKH HH(POpMAIINH;

Yo 02.03 muranupoBath MpoLecc MOUcKa; CTPYKTYPUPOBATh MOTY4aeMylo HH(OPMAILIUIO;

VYo 02.05 onieHnBaTh MPAKTHYECKYIO 3HAYMMOCTH PE3yIbTATOB ITOUCKA,

Yo 02.07 ucnonb30BaTh COBpEMEHHOE MPOTrPAMMHOE 00ECTIeUeHUE;

VYo 02.08 ncnonp30BaTh pa3nuIHbIe HUPPOBBIE CPEICTBA TSI peIIeHHs TPO(ECCHOHATFHBIX 3a/1a4;
VYo 04.02 B3auMo/ieHiCTBOBaTh C KOJUIETaMH, PYKOBOJICTBOM, KJIMEHTAaMH B XOJ€ NMpodeccrHoHalIb-
HOM IeSITeNbHOCTH,

VYo 05.01 rpamMOTHO H3naraTh CBOM MBICIH M O(OPMIIATH JOKYMEHTHI 110 IPOopEeCCHOHATBHON TeMa-
THKE Ha TOCYJapCTBEHHOM SI3BIKE;

VY0 09.01 moHrMaTh OO CMBICT YETKO MPOU3HECEHHBIX BHICKa3bIBAHUI Ha N3BECTHBIC TEMbI
(mpodeccroHanbHbIE U OBITOBBIE);

VYo 09.02 yuacTBOBaTh B IMaiorax Ha 3HaKOMbIe 00LI1e U MPO(PECCHOHATBHBIE TEMBI.

ConepxaHne MpaKTUUeCKUX paboT OPHEHTHPOBAHO HA MOATOTOBKY OO0YUYAIOMIMXCS K OCBOCHHIO
po(heCCHOHATIBHOTO MOAYJISI IPOIPaMMBbl TIOATOTOBKH CIELMATMCTOB CPETHErO 3BEHA IO CIeHUaTbHO-
CTH ¥ ()OPMHUPOBAHUIO 0OUAUX KOMNEMEHYUIL

OK 1. Beibupatp crioco0sbl pemieHus 3aj1a4 IpoGeccuoHaIbHON NesITeIbHOCTH, TIPUMEHUTENb-
HO K Pa3JINYHBIM KOHTEKCTaM.

OK 2. HMcnonb30BaTh COBPEMEHHBIE CPEJICTBA MOMUCKA, aHAJIM3a U MHTEpIIpeTaluy MHPopMa-
UM, ¥ THQOPMAITMOHHBIE TEXHOJIOTHH ISl BBITOTHEHUS 3a1a4 PO(EeCCHOHATBHON NesITeTbHOCTH.

OK 4. DddexTrBHO B3aUMOICHCTBOBATh K pabOTaTh B KOJJICKTHUBE 1 KOMAH/IE.

OK 5. OcymiecTBiATh YCTHYIO M IMCBMEHHYIO KOMMYHHKAIIMIO HA TOCYJApPCTBEHHOM S3BIKE
Poccuiickoif @enepanuu ¢ yueToM 0COOEHHOCTEH COLMAIBHOTO U KYJIbTYPHOTO KOHTEKCTA.

OK 9. Tlonp30BaTbest MpOpecCHOHATHHON JTOKyMEHTAIMeH Ha TOCyJapCTBEHHOM M MHOCTPaH-
HOM $I3bIKaX.

BrimonHeHne 00yJaronMMucs MPaKTHYECKUX PadOT MO y4eOHOW TUCIHIUIMHE «DJIEMEHTHI
BbICIIIE MaTEeMaTUKW» HAIPABJICHO Ha:



- 00001IeHNe, CUCTEMATH3AINIO, YTITyOJIeHHe, 3aKpeIUICHHE, PAa3BUTHE U JCTAIN3AIUIO TIOTY-
YCHHBIX TEOPETUIYCCKUX 3HAHWN 1O KOHKPETHBIM TeMaM YIeOHOM TUCITUTITHHEI;

- (hopMHpOBaHKE YMEHHUI IPUMEHSTH MOJy4YeHHBIC 3HAHUS HA MPAKTHKE, PEATU3AIHUI0 SIUH-
CTBA MHTEJUICKTYAIIbHON U MPAKTUYCCKOM JICATSIIBHOCTH,

- gopmupoBaHUE W pa3BUTHE YMEHWM: HAOIIOJAaTh, CPAaBHUBATH, COMOCTABISATh, AHAIU3HPO-
BaTh, JeJaTh BEIBOJBI U 0000IIECHNS;

- BBIPa0OTKY TPU PEUICHUH MOCTABICHHBIX 3a7a4 MPOPECCHOHATBHO 3HAYUMBIX Ka4ecTB, Ta-
KHX KaK CaMOCTOSTEIIBHOCTh, OTBETCTBEHHOCTh, TOYHOCTh, TBOPYECKAs MHUIIMATHBA.

[pakTrdeckue 3aHITUS TPOBOAATCS TOCIIE COOTBETCTBYIOIICH TEMbI, KOTOpasi 00ecIieurBaeT Ha-
JIMYYE 3HAHWH, HEOOXOIUMBIX JUIS €€ BBIIIOIHEHN.



2METOAUYECKHUE YKA3AHUS

Tema 1.1. MaTpuubl 1 onpeaenTe N
IIpakTnueckoe 3ansaTne Ne 1
Onepanun Hag MaTpunamMu. Beruuciienne onpeneanreseit

Leap padorhi: GopMupoBaHrUEe YMEHUHN BBIOJHATH ONEpAaIMK HAJ MaTPUIIAMU; BBIYUCIATH OIpe-
JEJIATENH.

Beinosinus patdory, Bel Oyaere:

ymemy:

- BBIIOJHATH OIICpallii HAA MaTpUILlaMU;

- BBIYMCIIATD ONPEACIUTEIN.

MatepuajbHoe obecnedeHue:

Pa3natounslii Matepuan (KapTOUYKH C 3aJaHUSIMH ), JICKIIUH B TETPAISX.

OO6pazoBaTenbHbIi TOpTAaJ.

TexHuueckue cpeacTBa 0OyueHUs: KOMIBIOTEP C JIMIEH3MOHHBIM IIPOrpaMMHBIM olOecriede-
HHUCM U MYJIbTUMCHUA ITPOCKTOP.

3ananus:
1. Haiitu matpuny € = A% + 3AB, Tae 4 = —Z 3] B=(? _Sl:l
2. BbIICHUTS, SIBIISETCS MaTpULIA A~ l:( )06paTH0HKManHueH (; g)
0 -5
3. Jlanel MaTpuipl: A = —4 1 |. Haiinute: A+B; 2A; AB; BA.
-2 2
4. BpIUNCIUTD ONPEACIUTENH:
3 5 7 8
3 3 -5 m -2 1
-3 5 c _ -1 7 0 1
ol PR B R B ] R TR
B 1 -1 7 4

Kpartkne Teopernyeckne cBegeHNs:

1. Ymnoowcenue mampuyol na wucno. Ilpoussedenuem mampuyvi A Ha uucio) Ha3bIBAETCS
MaTpuIa B = JA, JJIEMEHTHI, KOTOPBIX bij = mij msgi=1,2,...m;j=1,2,...,n

Cnencraus.

1) O6muit MHOKUTENb BCEX DJIEMEHTOB MAaTPUIIbI MOKHO BBIHOCHUTD 3a 3HAK MAaTPHUIIBI.

2) [IpousBenenue maTpulibl A Ha uncio 0 ecTs HyJeBas MaTpuua, To ectb 0-A=0.

2. Cnoorcernue mampuy. Cymmoti 08yx mampuy A u B omuHaKOBOTO pazMepa MX N Ha3bIBaCTCS

matpuna C=A4+B, >IeMeHTHl KOTOpoi Cij=aijt6ij 0 1=1,2,...,m; J=1,2,...,n(T.e. MATPUIIBI CKJIaMbI-
BaIOTCSI TIORJIEMEHTHO).

B wactHOM ciyuae A+O=A.



3. Buiuumanue mampuy. Paznocms 08yx mampuy 0OJAHAKOBOTO pa3Mepa OmnpeaessieTcs yepes
npeapiaymue onepanuu: A-B=A+(-1)B.

4. Ymnoorcenue mampuy. Onepanusi yMHOKEHHS MaTPUILL BBOJUTCS TOJIBKO JUIs Cydasi, Koraa
YHCIIO CTOJIOIOB IMEPBOI MATPUIIBI PABHO YHCITY CTPOK BTOPOH.

YroObl HAUTH DIIEMEHT MATPHIIbI, CTOSIIHIA B I-TOW CTpOKe B K-TOM cTOJIONE, HY)KHO BHIYHC-
JUTh CYyMMY IIPOU3BEICHHUHN JIEMEHTOB I-TOil CTPOKH IEPBOM MATPHIIBI HA COOTBETCTBYIOIIHE dJIe-
MEHTBI K-Toro cTosdua BTopoii.

k - -
cy =ay-bj+a, b +K +a, by =D a, by, 1=12,...m j=12...n
=1

MHorue CBOﬁCTBa, npucymue oncpanusam HaJl 4YuCiiaMu, CIIPpaBCIJIMBLI U IJIA onepaunﬁ Hazg
MaTpuaMu:

) A+B=B+4 6) A(AB)=(A4)B = A(AB).
2) (A+B)+C=4+(B+O). 7) A(BC) = (4B)C.
3) /1(A+B):M+/IB. 8) A-E=E-A=A.

4) A(B+C)=AB+ AC.

9) A-B#B-A
5) (4+B)C=AC+BC.

5. Boszeeoenue ¢ cmenensw. Lenoi nonosxcumenvhoti cmenenvio A" (m>1) KBajpaTHON MaTpu-

bl A HA3BIBAETCS NPOU3BEICHUE M MATPUIL, PABHBIX A, T.€. am _ PaA KA
m

Omnepanys BO3BEAECHHUE B CTENEHD ONPEAEIAETCS TOIBKO Ul KBAJAPATHBIX MATPHII.
Cnenctusi. 1) a°=E; 2) A'=A 3) am A= amhi; 4) (am' — amk,

6. Tpancnonuposanue mampuysl. Matpuiia, moydeHHasi U3 MaTpuilbl A ITyTeM 3aMeHbI CTPOK
Ha COOTBETCTBYIOIIME CTOJOIbI, HA3bIBACTCS MPAHCHOHUPOBAHHOU OTHOCUTEIHHO MaTpuilbl A u
o0o3HayaeTcs A, TO eCTh:

a,, a, K a a,; ay K ay
A= a, a, K a,, AT = a, a, K ap
mn | K K K K [™ |[K K K

am1 amz K amn aln aZn K a'mn

OmnpenenureneM KBaApaTHOW MaTPHUIIBI BTOPOTO MOPsiiKa (OMpeeNuTeNeM BTOPOTo MOPSAKa)
Ha3bIBACTCS YUCIIO, PABHOE PA3HOCTH MPOU3BEIACHUH 2JIEMEHTOB IIABHOM IMAaroHAJIA U 3JIEMEHTOB
TOOOYHOU JMaroHaJu.

oy by

=ay by —@y+h
a1y .[Jg 1 2 3 1

OHpe,Z[CJ'II/ITC.HCM KBaI[paTHDfI MaTpulbl TPETHET'O TOPSAAKA (OHpe,[[eHI/ITCJIeM TPETHETO nopﬁzu(a) Ha-
3bIBACTCA YUCII0, PABHOC

]
[
]

£

ayy
f1y

1 1

=]
[
=]

£

z 23| = @y agaag3 + 638385 + 6y 83813 — G130 831 — Q1367033 — G138378))

13

=]
ba

=]
ey

31 3 3

Onpedenumenem KBPATHOW MaTPHIIBI N-TO TIOPSAKA HA3BIBACTCS YKCIIO, PABHOE CYMME ITPOH3BE-
JIEHUH AJIEMEHTOB JIF0O0H CTPOKH HJIA CTOJIONA HA UX aireOpanyecKue TOTOTHECHHUS.

7



= a11411 + a12415 + a13413 + a14414

A = (=DM .

MUHOPOM HEKOTOPOTO JIEMEHTAA;j ONPENEIUTENS N-ro NOPsIKA HA3bIBAETCA Oonpeaenurens  (N-
1)-ro mopsijka, MOJy4CHHBINH U3 HCXOIHOTO ONPEICIUTENS TyTEeM BhIUSPKUBAHKS CTPOKU M CTOJIO-
112, Ha [IEPECeYECHU N KOTOPHIX HaXOUTCS BIOPAHHBIHN 3JIEMEHT.

=

ok w

ITopsinok BbINOJIHEHHUSI PAa0OTHI:

3anuiuTe 3a1aHue.

Omnpenenurte, Kakue ISHCTBUSA, W MO KAaKUM IPaBUIaM HEOOXOAUMO BBITOTHUTH. [IpounTaii-
T€ KOHCIICKT.

3anuiuTe ONpeieanTeNb, ONPEAEIUTE KAaKOro OH MOpsaKa.

Hcnonb3yst COOTBETCTBYIOIIEE ONPEACICHUE, BBIYMCINTE 3HAUEHHUE ONPEICIIUTENS.
Beimonaute neiicrBus. 1lpoBeppTe NpaBUIbHOCTD BEIYNACICHUN.

Xoxa padoThI:

1.Haiftu matpuny € = A* + 3AE, ecliu
_f-2 3n ,_f3 -1
"q_(l _1)' E_(]_ 3)
a) Haitnem A?, YMHOXasi MAaTPUILy caMy Ha ceOs
qg_(—E 3).(—2 3)_(? —'.31)
AN B | 1 -1/ -3 4
0) Haiinem matpuily 34, yMHOXKHB BCE JIEMEHTBI MaTpUIlbl A Ha 3.
_af—2 3y_{-6 9
34 _3(1 —1) _( 3 —3)
B) Haiinem npoussenenune 3AB
_(—6 95 7 —Iy_/-21 33
we=(30 5) (G 3)=04 20
r) Haitnem matpuny C, ckiiaapiBasi COOTBETCTBYIOIIHME DJIEMEHTHI
_(7 -9 =21 33y _ /14 24
C_(—a 4)+(12 —12)_{9 —a)
2. Haiinem HpOI/ISBC)IGHI/Ie AAtuAata;
._L_?a( '{J_‘Ln_
a-a=(27) - =(; P=F
1 0
wa=(e 2)E )= 1)-s
( 3 _') 3 01
B cooTBeTcTBUY C ONpeielICHHEeM JaHHBIC MATPHUIIBI SIBJISTFOTCSI B3AUMOOOPATHBIMH.

3 2 -3 1 0 =5
3. Jamst MaTpup: A=| 1 5 —-2)uB=(3 —4 1
2 4 -1 0 -2 2
Haiinure: A+B; 2A; AB; BA.

-3 2 =3 1 0 =5 -2 2 -8
A+B=(1 5 =-2]+(3 —4 1 4 1 —1
2 4 -1 0 —2 2 2

-3 2 =3 1 —2 11
C=A-B=(1 5 -2]-(3 —-16 —4|;
2 4 -1 0 2 -14 -8

cy=-3-1+2-3+(=3)-0=3;



Cp=—=3-0+2-(—4) + (=3) - (=2) = —=2;
3 =-3-(=5)+2-1+(=3)-2=11;
1 =1-1+5-34(-2)-0=16;

Cpp =1-0+5-(—4) + (=2)- (-2) = —16;
C33=1-(=5)+5-1+(-2)-2=—4;
C3;=2-144-34(=1)-0=14;

Cap =2-0+4-(—4) + (1) (=2) = —14;
Caz3 =2+ (=5)+4-1+(-1)-2 =-8.

1 0 =5 -3 2 -3 -13 —-18 2
B-A=(3 -4 1])-|1 5 =-2|=|-11 =10 -=2|.
0 -2 2 2 4 -1 2 -2 2

Brprunciuts onpenenurenu:

1) |§ _:|:2-5—3-(—4}:12“2:24
5 -2 1

)13 1 —-4/=5-1-(-3)+(-2)-(-4)-6+3-0-1-
6 0 -3

-6-1-1-3-(-2)-(-3)-0-(-4)-5=-15+48-6-18=

=48-39 =0

4 0 5

3)|-6 2 -7|=4-2-2+0-(-7)-1+(-6)-(-3)-5-

1 -3 2
-5-2:1-(=6)-0-2—-(=3)-(-7) =16 +0+90—-10 —0—84 = 12

IR 7 01

1 -1 7 4 -1 7 4

5 7 8 5 7 8 5 7 8

5 3 2(+0-17 0 1|—1-|7 0 1| =122

-1 7 4 -1 7 4 5 3 2

dopma npeacraBieHus pe3yibrara: [IpencraBuTh BBINOIHEHHBIC 3a/IaHUSI B TETPAIU JJIS
MPAKTUYECKUX PabOT MPEnoJaBaTelNo.

Kputepun onenkmn:

- «OTAM4HO» - YyMeHHUS COPMHUPOBAHBI, BCE 3aJaHUs BBINOJHEHBI NMPaBUIbHO, 0€3
apupMeTHYECKUX OMMOOK, permeHrne 0hOpPMIICHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSIMH.

— «XO0poIIo» - HEKOTOpble yMEeHHsI C(HOPMUPOBAHBI HEOCTATOUHO, BCE 3a/J1aHUS BHI-
MIOJIHEHBI, HEKOTOPbIE BUJBI 3aJaHUIl BBHIMOJIHEHHI ¢ omuOKkamMu. bezommbouno BeimonHeHo 80-89
% BCeX 3aIaHUU.

— «Y TOBIIETBOPUTEIHHO» - HEOOXOAMMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJBITMHCTBO 3aJaHWH BBHITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJTHEHHBIX 3aJaHUN COJEPIKAT OIIUOKH.
bezommbouno BemonaHeHo 70-79 % Bcex 3amaHuil.

«HeynoBneTBOPUTEIBHO» - TEOPETHUECKOE COAEp)KaHNe Kypca HE OCBOCHO, HEOOXOMMBbIE
yMeHHsI He ¢(hOpMUPOBAHbI, BBIIOJIHEHHBIE YU€OHBIC 3a/IaHUS COJIEPKAT TPyObIe OMIMOKH.
Bbezomm6ouHo BemonHeHo MeHee 70% Bcex 3amaHuit
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IIpakTHyeckoe 3ansaTHe Ne 2
Pemenne MAaTpU4YHBIX YpaBHEHUM

Leap padorhi: GopMupoBaHrUEe YMEHUIN BBIIOJHATH ONEPAIMK HAJ MaTPUIIAMU; BBIYUCIATH OIpe-
JEJIATENH.

Bbinosinus padory, Bel Oynere:

ymemy:

- BBIMIOJIHATH OTIEpaIK HaJl MATPULIAMU;

- BBIYUCIISITH ONIPEICTUTENH.

MarepuajibHoe o0ecnieyeHue:

PazpgaTounslit MmaTepuan (KapTOUKH C 3aJaHUSIMU ), JICKIIUU B TETPAIIX.

OO6pa3zoBaTeNbHBINA MOPTAJL.

TexHuueckue cpeAcTBa 00yYeHHUs: KOMIIBIOTEP C JUIEH3MOHHBIM MPOTPAaMMHBIM obOecreue-
HUEM U MYJIbTUMEIUA TPOEKTOP.
3agannq:

1. Pemmts ypaBuenue X=AB, rue 4 (—12 31): 5 :(? _EL)

2
2. BbIACHHTS, ABJIAETCA MaTpULa A~ = ( 5 __:) 0o0paTHOM K MaTpulle A = (5 g]
-3 2 -3 1 0 =5
3. Hanmst Matpums: A=( 1 5 —-2]u B=(3 —4 1 |. Pemurs ypaBHenus: AX=B;
2 4 -1 0 -2 2
2A+X=B; AB=X; BX=A.
4. BBIYUCIUTH ONPEACTUTEIN:
3 5 7 8
3 3 =5 m -2 1
-3 5 o , -1 7 0 1
2 7 ) Atz 3|15 s 2 HfF Lo
2 =1 7 3 -2 -1
1 -1 7 4

(I)opMa npeacraBjJcHus pe3yJsbTaTra: HpeI[CTaBI/ITL BBITIOJIHCHHBIC 3a/laHUA B TETpaAu IJIA
MPAKTUYCCKUX pa60T npenoaaBaTeiIto.

Kputepuu onenkmu:

- «OTaM4HO» - yMeHHUs COPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIbHO, 03
apudmeTnyeckux ommooK, perieHne opopMICHO aKKypaTHO, ¢ HEOOXOIUMBIMU 0OOCHOBAHUSIMH.

- «Xopo1Io» - HEKOTOpble YMEHUsS C(HOPMHUPOBAHBI HEAOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 33/IaHUI BBIMTOJIHEHHI ¢ ommOKkamu. be3ommbouno BemonaeHo 80-89
% Bcex 3aIaHui.

- «Y IOBNETBOPHUTEIILHO» - HEOOXOJMMBICE YMEHHS B OCHOBHOM C(OPMHPOBAHHI,
OOJBITMHCTBO 3aJ]aHWH BBHITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJIHECHHBIX 3aJaHUN COJEPIKAT OIIUOKH.
Be3ommbouno BeimonHeHo 70-79 % Bcex 3agaHu.

«HeynoBneTBOPUTEIBHO)» - TEOPETHUECKOE COIEpKaHNe Kypca HE OCBOCHO, HEOOXOMMBbIE
yMeHHsI He C(hOPMUPOBAHBI, BBIMIOTHEHHbBIE YI€OHBIE 3a/IaHUs COJIEPKAT TPYOBIe OIMHUOKH.
Bbe3ommbouno BemonHeHo meHee 70% Bcex 3aaaHmit

Tema 1.2. CucreMbl JTHHEHHBIX YPABHEHU
IIpakTuuyeckoe 3ansitue Ne 3

Pemienue cucrem JJMHEMHBIX YPABHEHUH PAa3JIMYHBIMU METOAAMH
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Heab padorbi: HayuuThest pemiaTh CUCTEMBI IMHEMHBIX YPaBHEHUN Pa3TMYHBIMA METOJJAMH.
Boinosnus padory, Bel Oynere:

ymembw:

-pelaTh CUCTEMBI JIMHENHBIX YpaBHEHUI MeTo1oM Kpamepa;

- penark CUCTeMbI ypaBHEHHI MeTooM [ aycca;

- pelaTh CUCTEMbI JIMHEWHBIX YPaBHEHUM MATPUUHBIM CIIOCOOOM.

MarepuanbHoe obecniedenue: VHauBuIyabHbIC 3a1aHNs], YICOHUKH, KOHCIIEKTHI JICKIIUH.
3aganmue:

Pemntes cucTeMsl JIMHEMHBIX YPAaBHEHMI:

3 =X +X =3 2y — 3x; + 4x; = 11

—3.1'1 —_ ‘1'.1': +.3L'3 = —25

SX + X, —TX =-1

KpaTRue TCOPETHYECCKUEC CBCACHUSA

ITycts 1aHa cucTeMa TPeX JMHEWHBIX YPAaBHEHHH ¢ TPEMS HEM3BECTHBIMHU:
ayy xy + apx; +ax; = by
Gy %y + Gy9%y +8y3%3 = by
31 %) + 83%; +833%3 = by

YTto0OBI pelInuThb CUCTEMY METOAOM KpaMepa, COCTaBUM OIIPCACIINTCIIb U3 K03(1)(1)I/II_II/IGHTOB IIpHu HEC-
HN3BCCTHBIX.

Gy Hyz Oy

9TO0T OIIPEACIINTCIIb HA3BIBACTCS OIIPCACIIUTCIICM CUCTCMBI: A= |Gz #zz  fOz3

figy gz g

CocTaBuM OMpEICTUTENN KaKI01 Hen3BecTHOM. Onpenenurens 44 morydaeTcs u3 onpeaenures 4
MyT€M 3aMEHBI IEPBOTO CTOJI01a KO (UITUEHTOB CTOIOIIOM U3 CBOOOIHBIX YJICHOB.
by 12 %3
A= by 2
by

=]

b3

jx ]

b

o

(]

-
&

=]

ba

o

3

L

3

Omnpenenurens 4; moxydaeTcs U3 onpenenuTens 4 myTeM 3aMeHbI BTOPOTO CTOI0NA KO PHUIIUCH-
TOB CTOJIOIIOM U3 CBOOO/HBIX YJICHOB.

gy by g

3

_I':I, = ﬂ:l bn a

(]
Ty

a3 by a

3

[n
[

OHpe,Z[CJ'II/ITC.HB ﬂ; MOJIy4acTCs U3 OIMPCACTIUTCIIA A IyTEM 3aMCHBI TPETHET'O CTO.II6I_[3. KOS(I)(I)I/II_II/IGH-
TOB CTOJ'I6I_IOM n3 CBO6OI[HBIX YJIICHOB.

Il
=]
[
—
= B = T |
[
B3 ba
o o
3 =

£
B3
[n
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1)
2)
3)

4)
5)
6)

YT10oObI BBIYUCIUTh 3HAYEHHUs1 HEU3BECTHBIX, Bocnonb3yemes popmynamu Kpamepa:  x =
8. I

MCTOZ! Faycca ABJIACTCA OAHHUM M3 HauOoJee YHUBCPCAJIBHBIX METOJ0B PEIICHUA CUCTEM JIMHEH-
HBIX ypaBHeHHﬁ. OnH cocTour B IIOCJICA0OBATCIIbHOM UCKIIOUYCHNH HCU3BCCTHBIX.

IIpouecc pemenus no merony ['aycca coctout u3 AByx 3tanoB. Ha nepBom atane (mpsmMoi xox)
cucTeMa IPUBOJUTCA K CTylleHuaToMy BUy. Ha Bropom sTamne (0OpaTHbIM X0/1) HAET NOCIeq0Ba-
TEJIbHOE ONpE/IETICHNE HEU3BECTHBIX U3 3TON CTYIEHYATON CUCTEMBI.

Ha npaxTuke ynobnee paboTaTth HE ¢ CUCTEMON ypaBHEHUH, a C paCIIMPEHHON MaTPUIIEH, BBIIOJ-
HSIsl BCE DJIEMEHTapHBIE IPe0Opa3oBaHUs HaJl €€ CTPOKaMHU.

:‘)J'IeMeHTapHBIMI/I HpCO6p330BaHI/IHMI/I MaTpulbl ABJIAKOTCA:
- HICPCCTAHOBKA CTPOK MCCTaMU;
~YMHO>XKXCHUC HeKOTOpOﬁ CTPOKH Ha J'II-O60€, HC PABHOC HYIIIO YUCJIO,

-HpI/I6aBJ'IeHI/Ie K DJIEMEHTaM OJTHOM CTPOKHU COOTBETCTBYIOIIHX 3JICMCHTOB ,Z[perﬁ CTPOKH, YMHO-
KCHHBIX Ha OAHO MU TO XK€ 4YUCJIO

Z[J'ISI pemiCHuA CUCTEMbI METOIOM I'aycca HCHOHB3YIZT6 AJIroOpUuTM:

3anuiuTe CUCTEMY JTMHENHBIX YpaBHEHUH.

CocraBpTe pacIIMPEHHYIO MATPULLY.

BrimonauTe 3reMenTapHabie IpeoOpa3oBaHus CTPOK MATPHUIIBI, UCKIIIOYAs ITOCIEI0BATEIBHO Mepe-
MeHHbIE. B pe3ynpTaTe J0JDKHA ITOIYYUThCS CTyIIeHYaTasi MaTpuLa.

Ilo cTyneHuaToil MaTpUIle COCTaBbTE CUCTEMY.

ITocnenoBarenbHO HAMAUTE 3HAYCHUS BCEX HEU3BECTHBIX.

3anuiuTe OTBET.

Marpnunslii Mmeros ( ¢ IOMOIILI0 0OPATHON MAaTPHILbL)
a11x1 + a12x2 + R + alnxn = bl
a21X1 + azzxz + + aann = b2

[TycTh 3amaHa cucTeEMa JTMHEWMHBIX YPaBHCHUM:

Ap1X1 + ApaXxy + -+ appXy, = by,

by
a11Qq2 - Qi b
CocraBum matpuuHoe ypaBHeHue: AX = B, rne A = | @21 Q22 - Q2n |; B = a

An1An2.. Ann b

n
X1
X2

X =

le

YToObl HAWTH HEU3BECTHYIO MaTpHIly X, HyxHO A~1 - B
UTOoOBI BEIUMCIUTH 0OPATHYIO MATPHILY, HY>KHO:

a) BEIYUCIUTH ONpeAenuTerns MaTpullel A (AA # 0);

12



N

0) HaiiTu anreGpanveckue JOMOTHEHUS IS KaK0Tr0 3JIEMEHTa MaTPULIbI A M COCTaBUTh U3
HUX COIO3HYIO MaTpHily A*.

B) TPAHCIIOHUPOBATH MAaTpHIly A* U3 anreOpandecKux JONOTHEHUH

A1 Ay A
AT = | Arzdzz - Anz ).
AinAon . Apn
A1 Ay A
r) waiitn oGpatnyio marpnny: A~ = | A1z - A
A1nAon o Apn

YroObl HANTH HEU3BECTHYIO MATPUILY X, HY’KHO YMHOKHTH OOpaTHYIO MaTpHIly A™' Ha Mart-
puny B, cocrosinyro u3 cBOOOIHBIX YIECHOB.

I[J'IH pEeIICHUA CUCTEMbI MATPUYHBIM MCTOJIOM:

1. 3anuuuTe cucTeMy JUHEHHBIX YPABHEHUH.

2. CocraBbTe MaTpUYHOE ypaBHEHUE.

3. Beruncnure oOpaTHyo MaTpuILy.

YToObI BEIYUCIUTE OOPATHYIO MaTPHILY, HY’KHO:

a) BBIYMCIUTH ONPEICTUTENs MAaTPULlbl A (44 = 0);

0) HaliTh anreOpanmyecKue AOMOHEHUS I KaXKIO0TO JIEMEHTA MATPHUIIBI A

B) TPAHCTIOHUPOBATH MATPHUILY U3 ANreOpandecKux JOMOJTHCHHI;

All Azl T Anl
r) HaiiTu 06paTHyI0 MaTpuiy: A~1 = i A4, . Ao
AlnAZTL T Ann

4. Haitinure 3Ha4YE€HUS HEU3BECTHBIX.

v -1
YroObl HAaTH HEU3BECTHYIO MAaTPULly X, HY)KHO YMHOXHUTb 00OpaTHYI0 MaTpully 4 = Ha Mat-
puny B, cocrosinyto u3 cBOOOHBIX YJIEHOB.

5. 3amuInTe OTBET.
Iopsaok BbINOJIHEHUS PA0OTHI:

3anummnTe CUCTEMY JIMHEHHBIX YpaBHEHUH.
Pemnre kaxxyro cucteMy BCEMHU TPEMs CITOCOOAMH.
3anuInTe OTBET.

Xopn padoThr:

PaccmoTrpum npumepst:
1) Pemmth cucremy ypaBHeHui MmeToqoM Kpamepa:

13



2y —xy +4x; =5

{xl +2x; —3x; =0y
3.1'1 +J.'g—.r3 = 5

(1 2 —3) 1 2 -3

A=[2 -1 4 |;pA=2 -1 4|[=10=%0

i 1 -1 i 1 -1

Brraucinum onpenenuTenu Kaxxa0u nepeMeHHo:
0 2 -3

Ay=15 -1 4 | =0-15+40-153+10-0=20
3 1 -1
1 0 -3

A.=12 5 4 [=-5-304+0+45-0—-20=-10
3 3 -1
1 2 0

Az=12 -1 5|=-5+4+0+30-0-20-5=0
3 1 3
AT 1 A 1w A 10

Ortsert: (2;-1,0).

2) Pemuthb crcTeMy ypaBHEHHH MAaTPHYHBIM METOIOM
2.1'1 — EI: + ‘1'.1'3 = J.J.
[ x1+2x:—3x3=9
—3.171 - ‘1'.1': -I—.r; =-25

Hatinem

I =22 2 -3]P 2|+ Y= -10e

4 g_i 52 -1 5 g 3 g -1 :
Brruucinum anredpandeckue JOMOTHCHUS:

P L S R

N R =

an=-ly Hl=7

’j‘”=|§ :f|=13; ’j‘“:_ﬁ. —31 =26;A33=|§ —32 =t

CocraBuM 00paTHYIO MaTpPHUILY:

~12 116 -4

at= —;—4(—31 2 7 )
®\13 26 13

Pemnmmm MaTpUIHOC YPABHCHUC!:

{120 16 -4\ /10 _ [ -120 + 64 + 56 )
X=A'LE=——(—31 2 ?)(—+)=——( —E'LU—E—FJE):—E(

Log Log

13 26 —137 \-14 130 — 104 + 182
Otger: (0;4;-2).

CrnenaeM IpOBEPKY:

04+12-2=10

0-8+4=-4 .(BepHO)

0—4-10=-14

3) Pemmuth cuctemy ypaBHeHUit MeToioM [aycca

{xl + 2%y —3x3 =0

2I1-Ig+‘1'x3 =5:
3.1'1"'.1’:—.1?3 :5
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CocTaBuM pacHIMpeHHYI0 MAaTPHUILy U3 KOG (UIIMEHTOB NMPH HEU3BECTHBIX U CBOOOHBIX UICHOB:

1 2 -3l0
{ZAIB}=(2 -1 4 5)

3 1 -115

Brimonmanm OJIEMCHTAPHEBIC npeo6pa30BaHI/m HaJl CTPOKaMU1 MaTpPUILIbI:

1 2 -=3|0 1 2 =3|0 1 2 =30
(2 -1 4 5) N(U -5 10 5) N(EI 1 -2 —'L)~
3 1 -115 o0 -5 815 0 -3 813

0
9)
=210

[TonydyeHHOM MaTpulie COOTBETCTBYET CUCTEMA YPABHECHUM:

?
o,
=T =]
L B O
|1
RN

I1+2I:—3I3:n
.rg—2.r3=—1-

—2.1'3 = U

Haumnas CHHM3Y BBCPX, HAXOJUM 3HAYCHUSA HCU3BCCTHDBIX!

’x1+2x=—3x3:[] .1'1+2.1':—3.1'3:U I1+2'I:—J.:]:U
x:—?.r; =-1 ; X2 =-1 ; Xa =-1 ;

! x3 =10 x3=10 xy; =10

"J:l—2

I:=—].

k.r3=|:l

Ortsert: (2;-1,0).
dopMa npeacTaBIeHHs Pe3yJbTaTa: BHITOJHEHHAS PaboTa.

Kputepun onenkmn:

- «O1nuyHO» - yMeHHsS COPMHPOBAHBI, BCE 3aJaHUs BBIIOJHEHBI MPaBUILHO, 0€3
apupMeTHYECKUX OMMOO0K, perieHrne 0hOpPMIIEHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSIMH.

- «XO0pomIo» - HEeKOTOpble yMEeHHsI CHOPMUPOBAHBI HEIOCTATOUHO, BCE 3aJaHUS BbI-
TIOJIHEHBI, HEKOTOPbIE BUBI 3aJaHUIl BBIMOIHEHBI ¢ omuOKkamMu. bezommbouno BeimonHeno §0-89
% Bcex 3amaHui.

- «Y IOBIIETBOPUTEIHHO» - HEOOXOAUMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/IaHUi BBINOJHEHO, HEKOTOPHIE M3 BBIMOJHEHHBIX 33aJaHUil coAepk aT OIMIMOKH.
be3zomm6ouno BemonHeHo 70-79 % Bcex 3amaHuii.

- «HeynoBneTBOPUTENBHO» - TEOPETUUYECKOE COJEp)KaHUE Kypca HE OCBOEHO, HE00X 0-
JTUMBIE YMEHHS HEe CPOPMHUPOBAHBI, BHIMOJHEHHBIC YUEOHBIC 3aJaHUsI COAECPKAT IPyObIe ONMMOKH.
Be3ommbouyno BeimonHeHO MeHee 70% BcexX 3aJaHmid.

Tema 2.1. DjieMeHTHI BeKTOPHOI ajredpsl
IIpakTuuyeckoe 3ansitue Ne 4

Onepanun HaJx BeKTOpaMH

I_IeJ'le Hay‘{I/ITLCSI BBITIOJIHATD HeﬁCTBHH HaJa BEKTOpaMU, BBIYUCIIATL YIroJI MCIXKAY BEKTOpAMH,
IMPHUMCEHATH BEKTOPHOC U CMCHIAHHOC IMMPOU3BCACHUA JJIAA pCHICHUSA TCOMETPUUCCKUX 3a1a4
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Beinosnus patdory, Bel Oyaere:

ymembs:

- HaXO/UTh MPOEKIINIO BEKTOPA;

- BBIYHCIIATH YTOJI MEXK/Ty BEKTOPaMHU;

- BBIYUCJIATH BEKTOPHOC MMPOU3BCACHUC U IPUMCHATH €ro K pCHICHUTIO 3a4a4;

- BEIYHCIIATH CMEIIaHHOE [TPOM3BE/ICHNE M IPUMEHSTH €ro Ul BBIYHUCICHHS 00beMa.
MaTtepuajbHoe o0ecniedeHue: MHINBUIYaJIbHbIC 3a1aHMUs, KOHCTIEKTHI JICKITH.

3aganue:

1. laHo: a= (3;—6;—1), b= (1;4;—5), c= (3;—4;12). Haiitu nmpoekuuio BeKTopa (5 + 5) Ha BEKTOP c.
2. lansl Bepumunbl TpeyronbHuka A (1; -1; 2), B (5; -6; 2) u C (1; 3; -1). Halinure nnuHy BBICOTHI,
OnyIleHHOM u3 BepmuHbl B Ha cropony AC.

3. Jlana nupamua ¢ Bepumaamu Ag (7; 2; 4), Az (7; -1; -2), A3 (3; 3; 1), A4 (-4; 2; 1). Haiinure:

a) yroil Mexay peopamu A1Ar 1 A1Ay;

0) 0o0beM paMUIbI;

B) JNTUHY BBICOTHI, ONYIIIEHHOH Ha TpaHb AjArAs3.

KpaTkue TeopeTnyeckue cBeIeHHUs:

Bexmopom Ha3pIBaeTCS HaPaBICHHBIA OTPE30K AB C HAYaJTbHOW TOYKOW 4 U KOHEYHOH TOY-
Koii B. BeKTOpBI MOTyT 0603Ha4YaThCs: a = AB.

BCKTOPI)I, JIC)KAIIIe Ha OI[HOﬁ HpSIMOI\/'I WA Ha HapaJ'[J'[CJ'II)HBIX pr[MI)IX, HA3bIBAKOTCA KOJIU-
HeapHbimMu, 1 0003HAYAIOTCS 5H5.

BeKTOpBI Ha3bIBAKOTCA KOMNIaHApHoviMU, CCIIA OHU JICKAT B OJIHOM INIOCKOCTH WU B rnapal-
JICJIBHBIX IIJIOCKOCTAX.

Ecin Hayaso v KOHEI[ BEKTOpa COBIAJAOT, HAIPUMEP, AA, TO TAKOH BEKTOP HA3BIBAIOT H)Jle-
éblM 1 0003HAYArOT 0 = AA . JITHHA HYJIEBOTO BEKTOPA paBHA HYIIIO: ‘6‘ -0.

Z[Ba BCKTOpPA HA3BIBANOTCA paeHbiMu, C€CIIM OHU KOJUIMHCAPHBI, OJWHAKOBO HAIIPABJICHBI U
HUMCIOT OAMHAKOBYIO JJIMHY:

_ et D) aTlh;

a=b o -

2 &= i
IIpoussedenuem 6exkmopa a HA 4Yucio A Ha3bIBAETCS BEKTOP b—Aia, UMEIOIMH JUIMHY

‘5‘ =4 ‘5 , HaIpaBJIeHHE KOTOPOTO COBIMAIAET C HAINPaBJIECHHEM BEKTOpa a, eciii >0, 1 IpOTHBOIIO-

JIOKHO eMy, eci A<O0.
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TIpomueononodicuvlm 6eKmopom - aHa3bIBaCTCs TMPOM3BEICHUE BEKTOpa aHa ducio (-1), T.e.
-a=(-Da.

HpSIMaSI lc 3aIaHHbIM HAIIPaBJICHUCM, IPUHUMACMBIM 34 ITOJIOKUTCIILEHOC, HA3BIBACTCA OCbHIO.

Ilpoexyueti eexmopa a Ha ochb |HasbiBaeTcs uwmcio, 0003HAYaeMOe npa W PaBHOE
‘a‘ C0s, 20e ¢ €[0,77] — yroa MexIV BEKTODOM a U IOJIOKUTEIBHBIM HAIPaBJIeHHEM ocH |.

np|;=MN, OS¢<%

M N % np|;=—MN,

NN

<p<r.
BekTop a = (x, y, z) MOXKET OBITh TIPEJICTABIICH B BHJIE a=Xi+ y]+ ZE, rae i ) ] ) k — CAUMHUYHBIC

BEKTOPHI (OPTHI), COBNAIAOIINE C HApaBiIeHHeM oceil coorBercTBeHHO OX, Oy, Oz; ‘iHij‘ =1

Hnuna exmopa paBHa KOPHIO KBaJPAaTHOMY M3 CYMMBbI KBaJIpaTOB €0 KOOPIHUHAT:
al=[oM] =\ +y* wm fol=OM| =¥ +y?+ 2. o

JluneiHble onepanyuy HajJ BEKTOpaMu B KOOpauHATHOU (opme. ITycTh BEKTOp a=(x,y,,z) H

a IPOM3BEICHUE BEKTOPA a = (x,,y,, z) Ha YUCIIO A €CTb BEKTOP f = (Jx, Ay, Az,) -

Ecmu nmambl Toukn M(x;,y;,2) ¥ N(X,,¥,,2,), TO BekTop MN GyneT MMeTh KOODIMHATHI:
MN = (X, =X, Y2 = Y1.2, 1)

JIBa BEKTOpa a W b KOJLIUHeapHsl TOTAA M TOJIBKO TOT/a, KOT/Ia HX KOOPAMHATHI IPOITOPIIHO-

b N _a

X, Yo I

HAJIBHBL: 4|

Jlenenue oTpe3ka B TaHHOM OTHOLIEHUH. ITyCTh MaHBI TOUKM A=(X;,Y;,2;) U B=(X,,Y,5,2,), &
tTouka M omnpenenena ycnosuem AM=AMB, 1>0.

AMMEB=4:1
A M B

Tornma KoopAMHATHI X, Y, Z TOUKH M ONpEnesitoTCs paBeHCTBAMU

X_x1+ﬂbx2 it Ay, Z_zl+/lz2
o144 T 144 T 144

B wactHoM ciiyuae A=1 u Touka M Oyzner cepeanHoil oTpeska AB.

Cranspuwvim npoussedenuem (a,b) IByX BEKTOPOB aMb Ha3bIBAETCS YKCIIO, PABHOE MTPOM3BE-
JIEHUIO JIJTMH THX BEKTOPOB HA KOCHHYC YIJIa (p MEXKIy HUMH:
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(@a.b)=ab=abfcos -
BeipazuMm ckansipHoe Ipou3BeAEHUE YePE3 KOOPIUHATEI BEKTOPOB a ib .

Crkansproe npousseoenue (a,b) ABYX BEKTOPOB aMb PaBHO CyMME IIPOM3BENECHHUN COOTBETCT-
BYIOIMX KOOPAMHAT 3THX BEKTOPOB:

(5, 5): ab= ‘EHB‘ COSQ = XX, + VY, + 2,2, (2)
Cranspuwlii Kéadpam BEKTOPa PaBeH KBAPATy €ro JTHHBI:

— 2\ Z2 [ZP 2 2 2

@a)=a=f =x+y +2" (3)
YTon Meskly BEKTOpPaMU a | b OTpesienseTcs o hopmye

@@) _ XX+ ViY, + 27, . (4)
bl eyt ey 2

cos ¢ =

Jns IByX HEHYJEBBIX BEKTOPOB a = (x, Yy, z) U b= (x,, Y,,2,) VCI06UE OPMO2OHANLHOCHIU UMEET

BU: éif)@xlxz +Y1Y, +2,Z2, =0.

BGKTODHOG IPOU3BEACHUC BEKTOPOB

Tpoiika BEKTOpOB a, b, ¢ ¢ 00mMM HadasioM B Touke O Ha3bIBAE€TCA MPABOM, €CIIM KpaTyail-

LM TOBOPOT OCH BEKTOpPA a K BEKTOPY b €O CTOpOHBI BEKTOpa C OCYILECTBISAETCS MIPOTUB Yaco-
BOI1 cTpenku (puc. a). B mpoTuBHOM cityuae Tpolika BEKTOPOB Ha3bIBaeTCs JIEBOM (puc. 0).

Bexmopnuvim npouzeedenuem BEKTOPOB a U b Ha3bpIBaeTCsl BEKTOP C, 0003HAYaeMblil C=axb,
KOTOPBIN YIOBIETBOPSIET TPEM YCIOBUSAM:

1) | d=[alsinfa.b);
2) cla clb;
3) a,b,c— IIpaBasi TPOMKa BEKTOPOB.

Monynb BEKTOPHOI'O ITPOM3BEIEHNUS ABYX BEKTOPOB PaBEH IUIONIA/IM apajuieIorpaMMa, OCTPOEH-
HOTO Ha ATUX BEKTOPaX.

¢ Lac le DTOT BEKTOp NEPHEHAUKYIAPEH IEPEMHOKAEMbIM BEKTOpaM (TIEPIICHANKYIISIPEH
MJIOCKOCTH MapajijiesiorpaMma), T.e 1
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Z[J'II/IHEI BCKTOPHOT'O ITPOU3BCACHUS paBHA IJIOMAAN ITapaJuICiiorpaMMa - YABOCHHOI'O TPEYT'OJIbHU-
Y
Ka, a UMCHHO IIPOU3BCACHHNIO CTOPOH B BUAC BEKTOPOB 5 ub , OTJIIOKCHHBIC OT OJHOM TOYKH, HA

. p
CHHYC yria Mex a1y Humu SinZ(&, b ).

CMemanHoe IPOU3BEACHUC BEKTOPOB

P
CMelIaHHbIM IIPOM3BEIEHHEM BEKTOPOB &, b n ¢ nasbiBaercs meiicTBUTEBLHOE YHCIIO, paBHOE
Y Y
CKaJSIPHOMY TIPOU3BEICHUIO BEKTOPOB lg X bJ nt roe lg X bJ - BEKTOPHOE IIPOM3BEJEHUE BEKTOPOB
P
dub.
CMelliaHHO€ TIPOU3BEICHHE BEKTOPOB PABHO OIPEAEIUTENIO MATPHIIBI TPETHETO TOPSAIKA, CTPOKa-
MM KOTOPOIi ABJIAIOTCSA KOOPJUHATHI YMHOKAEMBIX BEKTOPOB, TO €CTh

a, a, a,
8.5.=(8x<5]6)=p, b, b,|.
C c c

X y z

Yenosue xomnnanaprocmu Tpex BEKTOpOB a, b, ¢ UMeeT BUI:

['eomeTpuyecknii CMbICT CMEIIAHHOTO MPOU3BEACHHUS COCTOMT B cieayromeM. CmenaHHoe
MIPOM3BENICHNUE TPEX BEKTOPOB a, b, ¢ paBHO 00beMy V mapasienenurnena, MOCTPOCHHOTO Ha ITUX

BEKTOpax, ecinu a, b, ¢ — npaBas Tpoiika. Eciu ske 3Ta Tpoiika jeBasi, TO CMEIIaHHOE IIPOU3BEe-
HUE OTPHUIATEIBHO U PABHO 00BEMY NapajuleNIenuIeia ¢ IPOTUBOMOIOKHBIM 3HAKOM:

—— |V, a, b, ¢ — npasas mpotixa,

-V, a, b, ¢ — nesas mpoiixa.

p
Vnapa,me,rzemneda = ‘g b- a .
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P 1
O6bem TeTpasapa, MOCTPOEHHOIO Ha BEKTOPAX 5, b wn E, paBHAeTcA g obbema napannenenuneaa.

Monyyaem: V :lV :%‘gt?a

mempasopa 6 napannerenineoa

ITopsinok BbINOJIHEHHUSI PAa0OTHI:

1. [Ipoananu3upoBaTh YCIOBHUE 3aa4H.
2. BBITIOTHUTE pelieHue, MPUMEHsISl HEOOX0IUMBbIE (POPMYITBL.
3. 3anucaTh OTBET.

Xon paboThl:

. P P
3ananue 1. Haiitu nmpoekiuio BeKTOpa &4 Ha BekTop D, ecnn &= (-1;0;2)m b =(3; -4; 1).

PemeHne I[JI;{ HaXO0XJEHUS MPOEKIIUHA BEKTOpa & va sektop D, 6yaem ucnonbsosatb popmyny

6’) ab,+ab, +a,b,
tﬂ + b2 +b?
[ToncraBmnsisi B Hee KOOPIUHATHI BEKTOPOB, IMOIYIUM:
o (85)_ —1 3+0-(-4)+21_ -1 26
b 2y (-4 +12 V26 26
\/2_6
26
3aganue 2./{anbl Bepinnbl Tpeyronbuuka A(1;-1;2), B(5;-6;2), C(1;3;-1). Haiftu qnuny ero BbIco-

ThI, OIYIIIEHHOMN U3 BepiuuHbl B Ha ctopony AC.
Pemenne .

AB=(4:-5: 0); AC =(0; 4-3)

Otser. Hptr;g =—

i k
ABx AC=|4 =5 0|=15i+12j+16k =(15 12; 16)
0 4-3

[
S o =5|.-mx .-I{'|= ;Jiii + 144 + 256 =

()
ta | 13

1 1
C' dpveoit cmoponst: S . = ;ﬁ'- AC = Edl 64+9-h
25 5
= —=—h=h=3
2 2

Cmeem: 3
dopma npeacTaBjieHusi pe3yJbTaTa: BBHITIOJHEHHAs padoTa.

Kpurtepun onenkmn:

- «OTAM4HO» - YyMeHHUS COPMHUPOBAHBI, BCE 3aJaHUS BBINOJHEHbI NMPaBUIbHO, 0€3
apupMeTHYECKUX OMMOOK, pemeHrne 0hOpPMIICHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSIMH.

- «XO0po1I0» - HEKOTOpble yMEHHUsl c(hOPMUPOBAHBI HEJOCTATOUHO, BCE 3aJaHUS BBI-
MIOJTHEHbI, HEKOTOPBIE BUJIbI 33/1aHUIl BBINOJHEHHI ¢ omuOKkamu. besomunbouno Bemonneno 80-89
% BCeX 3aIaHUU.

- «Y IOBJIETBOPUTENILHO» - HEOOXOAWMBbIE yYMEHHS B OCHOBHOM C(OPMHPOBAHBI,
OOJIBIIMHCTBO 3aJ]aHUN BBIIIOJHEHO, HEKOTOPbIE M3 BBHIMOJIHEHHBIX 3aJlaHUi coJepkaT OLIMOKH.
bezommb6ouno BeinoaHeHo 70-79 % Bcex 3anaHuil.
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- «HeymoBIeTBOPUTENLHOY» - TEOPETUUECKOE COJEpKaHUE Kypca HE OCBOEHO, HE00X 0-
JTUMBIE YMEHHS HEe C(POPMHUPOBAHBI, BHIMOJHEHHBIC YUCOHBIC 3aJJaHUs COACPIKAT IPyObIe ONMNOKH.
bezommubo4yHO BeIMoaHeHO MeHee 70% Bcex 3aJaHuil.

Tema 2.2. AHaJuTHYeCKAs TeOMETPHs HA IVIOCKOCTH
IIpakTnyeckoe 3ansaTue Ne 5

Pemenue 3a1a4 mo aHAJIUTHYIECKOM reoMeTpuu

Henab: popmupoBaHre yMEHUI COCTABISTh YPABHCHHUS MPSMBIX, YPaBHEHUS KPUBBIX 2-T'0O MOPSIKA.
Beinosinus padory, Bel Oyaere:

ymemb:

- peliaTh 3a4a4u, UCIOJIb3Ysl YpaBHECHUS IPSIMBIX;

- pewiartk 3a/la4M, UCIOJIb3Ysl YPABHEHUS KPUBBIX BTOPOTO MOPSAAKA Ha IMJIOCKOCTH.

MarepuanbHoe obecniedeHue: WHIUBUIYATbHbBIC 3aJaHHs], KOHCIIEKTHI JICKIUH.
3aganue:

1. Haiitu TOuKy mepecedeHHs] NPSIMbIX, 33JaHHBIX YpaBHEHUSMHU: a) 2X—y+3=0 U
4x+8y+17=0;0) 2x—y+3=0 u 4x—8y—-11=0.

2. Hanbl Bepmmnbl A(4, 3), B(-3, -3), C(2, 7) tpeyronsuuka ABC. Haiitu: a) ypaBHEeHHE CTO-
poHbl AB; 0) ypaBHeHue BbicoThl CH, B) ypaBHeHHe MenuaHbl AM; r) Touky N nepeceueHus: me-

muansl AM u BeicoThl CH; 1) ypaBHEHHE HpSIMOM, MPOXosiiei yepe3 BepmnHy C mapajuieabHO
cTopoHe AB; e) pacctostHue ot Touku C 10 npsiMoit AB.

3.  CoctaBUTh ypaBHEHUE OKPYXKHOCTH, MIPOXOJsiiei yepe3 Touky A(6; —1) ¢ ueHTpoM B TOU-
K€ nepeceyeHus nIpsMbiX 3Xx—4y—-5=0 u 4x+3y-15=0.

Haiitu nmomyocu, koopauHaThl (POKYCOB M SKCHEHTPUCHTET IUTUIICA 4x? + 25y —100=0.

OHpeI[eJ'II/ITB BU U PACIIOJIOKCHUC KpHBOﬁ (HOJ'IYOCI/I, KOOPAWHATHLL q)OKyCOB H OKCLCHTPU-
CUTET) 5x2 +16y2 +10x— 96y +69=0.

6. IlapaGona c BepmIMHOW B Hadaje KOOPAMHAT MPOXOAUT 4epe3 Touky A(1l; —3) u cummer-
puuHa oTHOcUTENRHO ocu Ox. Haiitu hokyc u ypaBHeHUs TapaboIIbl U €€ JUPEKTPUCHI.
Kparkue Teoperudeckne cBeleHUs:

YpaBHeHrEe OpIMON Ha INIOCKOCTH

B HeKapTOBOﬁ HpSIMOYFOJIBHOI\/’I CUCTCMC KOOPpANHAT Oxy Ha ITIOCKOCTH JIF00ast npsaMas MOXKET
OBITh 3a/laHa YpaBHCHUECM nepBoﬁ CTCIICHHU

Ax+By+C =0, rae A, B, C — onpenenennsie uncna, A’ +B? = 0. M 00paTHO, BCIKOE ypaBHEHUE BU-

I AX+ By +C =0 OINpPEIEIAeT NPSIMYI0 Ha IIIOCKOCTH.

JlanHOE ypaBHEHHE HA3bIBACTCS 00WUM YpasHeHuem npsamotl Ha TUIOCKOCTH, KOA(POUIUEHTHI
ypaBHeHUs A, B onpenensior KoopauHATBHI BEKTOpail, MEPHEHAMKYIAPHOrO JTOH MPAMOM. DTOT
BEKTOP Ha3bIBAECTCSI HOPMATbHbIM 8EKINOPOM TIPSIMOM.

VYKaxxeM OCHOBHEIE CHOCOOBI 3aJaHusA HpHMOﬁ Ha INIOCKOCTU U COOTBETCTBYIOIIHUEC YpaBHC-
HUs.

1. Ipsimast mpoxoauT depe3 Touky My (Xo; Vo) MEPHEHANKYISIPHO BEKTOPY h=(A B). B aToM

CJIydac mnpssiMast OImucCbIBaACTCA 06H_II/IM YpaBHCHUCM
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A(x=%,)+B(y - y,)=0-

2. Ipsivast TpoxonuT 4epe3 TouKy Mo (Xo; Yo) MapaLIeabHo BeKTOPY §'=(m,n). B aTom ciry-

qac npsAaMaid 3a1a€TCs KAHOHUYEeCKUM YpABHEeHUeM
X=X, _ Y=Y,
m n

WA napamempudecKumu ypaeHeHuimMu

X = X, + M,
y =y, +nt,

rjae t — napameTp, IPUHUMAIOIIUN JTIOObIC YHCTOBBIC 3HAUCHHUS.

3. Tlpsimast mpoxomuT depe3 Touky My(xg; Vo) € 3aAaHHBIM YIJIOM HaKJIOHA &, OINpeiessie-
MBIM yenosvim koagguyuenmomk = tga (puc. 1). B atom ciiydae ypaBHEHHE TIPSIMON UMEET BHJI

Y—=Yo =k(X—X0).

A

M,

"y

Puc. 1. X Puc. 2.

4. Tlpsimasi oTcekaeT Ha KOOPAMHATHBIX OCAX 3aJaHHbIE OTpe3ku (puc. 2). B aTom ciydae uc-
MIOJIB3YIOT ypasHenue npamoti ¢ ompeskax * | Y _q.
a

5. IlpsiMas 3aaHa yriioM HaKJIOHA ¢ , ONPEJENIAeMbIM YIIOBBIM K03(duuueHTom k =tga, U
otpe3koM b, orcekaembiM Ha ocu Oy. B 3TOM ciyuae UCTIONB3YIOT ypaeHeHUe NPmMoll ¢ Yei06blM
K02(hhuyuenmom y = kx+b .

Paccmosnuedom mouxkuM,(x,y,) A0 TPSAMOH Ax+By+C=0 BBIUHCISETCS IO (opmyre
|Ax, + By, +C]|

d
JA? +B?

KpuBsie BTOpOro mopsjika Ha MiIOCKOCTH

O6Iuee YpPaBHCHHEC KPUBBIX BTOPOI'O IOpsAAAKA UMECT BUJ

Ax? +Bxy +Cy? +Dx+Ey+F =0, B KoTopoM A, B u C He paBHBl HYIIO OJHOBPEMEHHO, T.€.

A?+B2+C?2%0.

dnaunc u oKpysHcHOCMb
Onnuncom Ha3bIBAETCS TEOMETPUUYECKOE MECTO TOYEK IJIOCKOCTH, CyMMa PAacCTOSHHMI OT KO-

TOPBIX OO ABYX HAHHBIX TOYCK Fl )41 F2, Ha3bIBACMbIX (I)OKyCH.MI/I, €CThb BCJIMYMHA ITIOCTOsSAHHAA, paB-
Hasda 261, MMPpUYCM 5Ta BCIIMYNHA 0oJIbIIIC pacCTodaHuAd 2c MCKIAY (1)0KycaMI/I.

Ecnu 3a ock Ox npuHATH MpsIMYI0, NMPOXosIyto uepe3 pokyceiF1 uF,, a 3a oce Oy — nep-

NEeHAUKYISAp K ocu Ox, MPOXOAIIUi uepes cepeauny otpeska F1F, (puc. 1), To ypaBHeHue smurnca

XZ 2
IPUMET BUJT — + yT =1.
a
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DTO ypaBHEHHE HA3BIBAIOT KAHOHUYECKUM ypaeHenuem aanunca. IIpu 3ToM a — GonbIuas moayoch
(c,0) — bokychl mHIICa.

snmica, b— ero Maras momayocs, ¢=~va’-b®, F(-c0)u

YA
b F
=l [ =
S __7 003 I
=% B
——
Puc. 1.

OTtHomeHue &= c <1 HAa3BbIBACTCA IKCYERMPUCUMEMOM IJIIUNCA.

ITpu a<b ypaBHeHHe Takxke 3a1acT 3JUIMIIC, HO y TAKOTO JUINICA (POKYCHI PACIIOIIOKEHBI Ha
ocu Oy, mapametp b 3amaer 60sblIyI0 MOIYOCh, @ @ — MaIyIO TOIyoch. [lapamerp ¢, paBHBIH TOJIO-
BHHE PacCTOSHHS MEXIy (OoKycamu, MOKHO HalWTH 1Mo GopMmyse ¢ =+/b’ —a®, a IKCUEHTPUCUTET —

o gopmyne . _C.
b

HpI/I a=b YpaBHCHHEC 3a1a€T OKPYKHOCTL C ICHTPOM B HaA4YaJIC KOOPAHUHAT U paIuyCOM da.

C(XO : yo) 3a/1aeTCcs  ypaBHCHHEM

OCHTPOM B  TOYKC

OkpyxHocTh pagumyca R ¢
2 2 2
(x=x, ) +(y—yo) =R?.
Tunepbona
T'unep60o10ti Ha3bIBACTCSI TEOMETPUUECKOE MECTO TOYEK IUIOCKOCTH, MOJYJIb Pa3HOCTU pac-

CTOSTHHAI OT KOTOPBIX JO ABYX JAaHHBIX TOUYCK F1 u F2, Ha3bIBa€MbIX q)OKycaMI/I, €CTh BCJIIMYMHA II0-
CTOAHHAad, paBHad ZCZ, IMpHUYEM 3Ta BEJIIMYMHA MCHBIIC PACCTOSAHUA 2c MCKOY (1)0KycaM1/1.

Ecnm 3a ock Ox npuHITh NpsiMyr0, poxoasilyto yepe3 (okyceiF; uF;, a 3a ocs Oy — nep-
MEHIUKYISp K ocu Ox, MPOXOIAIINN uepe3 cepenuny otpeska FiF; (puc. 2), To ypaBHEeHUE rumep-

2

0016 IPUMET BUJT Xy 1-
a? b?

OTO ypaBHEHHUE HA3bIBAIOT KAHOHUUECKUM ypaeHenuem eunepoonvl. Ilpu 3ToM a — nefictBUTeNnbHAs

IOJTyOCh THIEpOOIIB, b— ero MEMMast moyocs, ¢ =+/a’ +b®, F,(-c,0) 1 F,(c,0) — hokycs! smnica.

Puc. 2.

OrtHomenne , _ © -1 Ha3bIBaeTCs IKCyeHmpucumemom unepoonvl. Ilpsmele y = igx, K KO-

a
TOPBIM mnep60na HCEOTpaHN4YCHHO HpI/I6J'II/I)KaCTC}I Ha GCCKOHC‘-IHOCTI/I, NpEaACTaBIAOT c000i1 acum-

NTOTHI TUITEPOOJIBI.
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2 2
Vpasuenne —*_1Y__1, onpenensier runep6oity, HO y 9TO¥ THIEPGONB HOKYCH pacnonosKe-
a® b

Hbl Ha ocu Oy, napamerp b ecTb AelicTBUTENBHAS MTOTYOCH, TAPAMETP d — MHUMAas TI0JIyOCh, a IKC-

LEHTPUCUTET BBIYUCIISIETCS IO GOpMYyIIE , — E .

Ilapabona
Ilapabonoii Ha3pIBaeTCS T€OMETPUYECKOE MECTO TOYCK IUIOCKOCTH, PABHOYNAICHHBIX OT JaH-

HOU TOYKH, Ha3pIBa€MOU (POKYCOM, U JAHHOU MPSIMOH, Ha3bIBAEMOU TUPEKTPHUCOH.

Ecnu 3a ocb Ox pUHATE NPAMYIO, IPOXOJIAIIYIO Yepe3 (HOKYyC NepIEeHANKYISIPHO AUPEKTPUCE,
a 3a ocb Oy — NPAMYIO, IPOXOSIIYIO0 Yepe3 CepeInHy MEepIeHANKYIApa, OMyIIEeHHOro 3 GoKyca
Ha JUpeKTpucy (puc. 3), To ypaBHEHUE NapadoJbl IPUMET BUI y° =2px, IJI€ p — PACCTOSIHUE OT
(doKyca 0 AUPEKTPUCHI. DTO YpaBHEHHE HA3bIBAIOT KAHOHUYECKUM YypaeHeHuem napabonvi. llpn

3TOM y — _ P — ypaBHEeHHE TUPEKTPUCHL, a POKYC F( P 0].
2

YA

"

Puc. 3.

VYpaBHeHHe x* =2py 3a4aeT napadoily, CHMMETPHUUHYIO OTHOCUTEIbHO ocu Oy. B aTOM cityuae

aupeKTpuca napabosst _ _ P, a pokyc F(O’pj .
2 2

ITopsinok BbINOJHEHHS PadOTHI:

1. Ilpoananu3upoBaTh YCIOBUE 3aJaUH.
2. BeIMOTHUTE penieHue, MpUMEHsis HE0OOX0IUMbIe (hOPMYJTBI.
3. 3anucaTp OTBET.

Xox pa0doThI:

1. TMomy4wTh y mperoaBaTess 3a1aHusl.
2. OdopMUTH pemieHre B TeTpaau s MPAKTHIECKUX PadoT.
®opma npeacTaBjeHUs pe3yJbTaTa: BHINOIHEHHAs padoTa.

Kpurepum ouenku:

- «OTaU4HO» - yMeHHUs COPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIHHO, 03
apudmeTnueckux ommboK, pernieHne opopMICHO aKKypaTHO, ¢ HEOOXOIUMBIMU 0OOCHOBAHHSIMH.

- «XopotIo» - HEKOTOphle YMEHUs C(HOPMHUPOBAHBI HEAOCTATOYHO, BCE 3aJaHUS BbI-
TTOJIHEHBI, HEKOTOPBIC BUJIBI 33JJaHUI BBIMTOJIHECHBI ¢ omuOKamMu. bezommbouno BeimonHeHO 80-89
% Bcex 3amaHui.

- «Y IOBNIETBOPHUTEIILHO» - HEOOXOJMMBICE YMEHHS B OCHOBHOM C(OPMHPOBAHHI,
OOJBIITMHCTBO 3aJ]aHWH BBHITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJTHEHHBIX 3aJaHUN COJEPIKAT OIIUOKH.
Be3ommbouno BeimonHeHo 70-79 % Bcex 3agaHu.
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- «HeymoBIeTBOPUTENLHOY» - TEOPETUUECKOE COJEpKaHUE Kypca HE OCBOEHO, HE00X 0-
JTUMBbIE YMEHHSI HEe CPOPMUPOBAHBI, BHIMOJHEHHBIE yUeOHBIC 3aJlaHUs COJEP)KAT TpyObie OMMOKH.
bezommubo4yHo BEIMoaHeHO MeHee 70% Bcex 3aJaHuil.

Tema 3.1. OcHOBBI TEOPHHU KOMILIEKCHBIX YK Cel
IIpakTuyeckoe 3ansitue Ne 6

JelicTBUS HAl KOMILUIEKCHBIMHU YUCJIAMHU B ajredpandeckoii popme

I_[e.m,: Hay‘H/ITBCSI BBITIOJIHATH HeﬁCTBHH Haad KOMINICKCHBIMU 4YUCJIaMU, 3allMCaAHHBIMU B aﬂre6pa1/1-
geckoit popme.

Bbinosinus padory, Bel Oynere:

ymembs:

- 3aMKChIBaTh KOMIUIEKCHBIE YHCIIa B ajdredpanyeckoii popme;

- BBITIOJIHATH JACHCTBHSI HAJl KOMIUICKCHBIMH YUCIIAMHU B anredpandeckoi Gpopme.

MaTtepuajibHOe o0ecnedeHue: HHIUBUIyaIbHbIC 3a1aHuUs, KOHCIICKTHI JICKITHA.
3apanmue:
1. Jlausr komiuiekcHbIe uncna: z1= (7;1), 2,=(-1,5;1,5), z3=(4;-3).
3anucath 3TH YUClIa B aireOpandeckoi opme.
2. Breuaucnuts:

1) z; + zy;
2) zp — zs3,
Z
3) =
Z3
4) z, - z3;
5.
5) z3;
1+3i 4-5i .
3. Berumcimurhi—— + — — 8
-3 1+3i

KpaTKue TECOPETHYECCKUEC CBCACHUSA:

Kommnnexcnvim uucinom Ha3piBaeTcs BeIpakeHUE BuAa a + bi, rae a u b — neiicTBuTenbHbIE YUCTa,
a CUMBOJI [ YJIOBIETBOPSET yclIoBHIO (2 = —1.

Kommnekcuele uncna z; = a + bi u z, = ¢ + di Ha3bIBAIOTCS PaBHBIMU, ecii @ = ¢ u b = d.

Kommnekcusle uucna z = a + bi u Z = a — bi Ha3pIBalOTCs coNpsbKeHHbIMU. Uncna a + bi u — a — bi Ha-
3BIBAIOTCSI TIPOTHBOIIOIOKHBIMH.

MoyeM KOMIUIEKCHOTO YMCJIa HA3bIBAETCA [JIMHA PaJdyC-BEKTOPA COOTBETCTBYIOMIEH TOYKH KOMILIEKC-
HoM mockoctu. O6o3Havaercs |z| = Va? + b? =r.

3anuch KOMIUIEKCHOTO YHciia Z B Buze a + bi, rme a u b € R, Ha3pBaeTcs anreOpanveckoit popmMont KoM-
IJIEKCHOTO YHCJIA.

1. Cymma nByx uucen z; = a+biwu z, =c+dipasHaz; +z, = (a+bi)+(c+di)=(a+c)+ (b+
d)i.

2. Pa3HocTh aBYX umcen z; =a+biu z, =c+di paBHa z; —z, = (a+bi)—(c+di)=(a—c) +
(b — d)i.
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3. IpousBeneHneM KOMIUIEKCHBIX 4YUCeN Z; = a+ bi Uz, = ¢ + di Ha3pIBaeTCsA KOMIUICKCHOE YHCIIO
7.2, = (ac — bd) + (ad + bo)i.

4. YacTHBIM KOMIIIEKCHBIX YHCET zi=a+ bi u Z; =c+ di # 0 Ha3bpIBaeTCs KOMIUIEKCHOE YHCIIO
__ 7y _ ac+bd bc—ad
Tz, c24d? | c2+d?

5. Bo3BeneHne KOMIIEKCHOTO YHCJIA B cTeneHb NeN paccMaTpuBaeTcs Kak YaCTHBIN CIydaidl YMHOXKEHUS
KOMILIEKCHOTO YHCIIa N pas.

Crenenu uncia i:

LLecrmn=4k+1
—l.ecmn=4k+2
—lLecmn=4k+3
l.ecrun=4k

ITopsinok BbINOJHEHHs PadOThI:
1. 3anuinTe KOMIUIEKCHBIE YKCia B aireOpanyeckoit popme z = a + bi

2. BeimonHuTe neiicTBUS Hall KOMIUICKCHBIMU YHCIaMU B alredpandeckoil hopme, HCIOIb-
3ysl (DOPMYIIBIL:

21+ 23 = (o + ap) + (by + by
E)— B = {:ﬂl - ﬂ:} + {IJ]_ - IJ:}I-;

zy-z3 = (ayay — byby) + (ayby + az by )i;

+bq b2 L azby—aq b

¥ Y
+55 as+bs

1

Xoa padoThI:

1. Jlausl komiutekcHble uncna: z1= (7;1), 2,=(-1,5;1,5), z3=(4;-3).
3amucath 9TH YKCIa B ajdredbpandeckoi popme.

Pemienue:

T.k. anredpanueckas (opmMa KOMIUIEKCHOTO YMCIIa UMEET BUJL: = = a + bi, TO 4ncia B anredpanye-
cKkoii (hopme OyyT 3aIIMCaHbI B BUJIE:

5y =748z, =154+ 154 z3 =4 - 36

2. Bruancnuts:
2+ 2, =(7-15) +{(1 + L5)i = 55 + 2.5;
7 — 23 =(-15-4) + (L5 + 3)i = 5.5 + 4.5;
T4 (TH0E+30 2B+4I0430 284251-3 25408
=i 4-30 [(4-30(443D) 16-%* 1849 15
zpoz3 = (1,54 1.50(4 —3i) = -6+ 451+ 6i — 45 = -6+ 10.5{ + 45 = —1,5 + 10,5i;
=T+ =T+ T+ =049 +14i + #)*F+1) = (48 + 14)° (7 + 1) = (2304 + 13441 +
196:2)(7 + i) = (2304 + 1344i — 196)(7 + i) = (2108 + 1344i)(7 + i) = 13412 + 11516i

o

431 4-5
3. BblUMCIHTH: — +7 ——#
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Pemenue:
1431 4-51 o

—f =-21-27;
1-3 1431
1) 1431 — (14313 1=1=3) — —:—J—JJ! =31 — i I
-3 (i--i-3 —1°49 10
4=51 [#=517(1-31) 4-12i-5i+15{° -11-171
2) = = L = —11-17i
1431 (1431371-313 1-9" 10
3) f=(F)=(-1)%=1
4) —-i-11-17i-1=-21-27i

®opma npeacTaBiIeHus pe3yJabTaTa: BHIIOTHEHHAs padoTa.
Kputepuu onenkmu:

- «OTIUYHO» - yMEHUs cPOPMHUPOBAHBI, BCE 3aJaHHS BHIMOJHEHBI MPABWIBHO, 0€3
apudmeTnueckux ommoOOK, pernieHne opopMIICHO aKKypaTHO, ¢ HEOOXOIUMBIMH 0OOCHOBAHHSIMH.

- «XOopoImIo» - HEKOTOpble yMeHUsl c(hOPMUPOBAHBI HEAOCTATOYHO, BCE 3aJaHHS BBI-
MOJTHEHBI, HEKOTOPBIC BUJIbI 3a/IaHUI BBIMOJIHEHBI ¢ OnMMOKaMu. be3zommbo4no BhimoaHeHo 80-89
% Bcex 3a/laHui.

— «Y IOBIIETBOPUTEIHHO» - HEOOXOAUMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3aJ]aHUN BBIIIOJHEHO, HEKOTOPHIC W3 BBIMOJIHEHHBIX 33J]aHUN COICPIKAT ONIMOKH.
bezommbo4Ho BEIMOTHEHO 70-79 % BCex 3amaHui.

- «HeynoBieTBOPUTEIBHO» - TEOPETHUECKOE COJIEPIKAHUE Kypca HE OCBOCHO, HE00X0-
JMMbIC YMEHHS He C(OPMHUPOBAHBI, BBHITIOJHCHHBIC YUEOHBIC 3aJIaHUs COACPIKAT TPyOble ONIHOKH.
bezommbo9HO BEIMOaHEHO MeHee 70% Bcex 3aJaHui.

Tema 3.1. OcHOBBI TEOPUH KOMILIEKCHBIX YHCE]
IIpakTuyeckoe 3anaTue Ne 7

JelicTBUSI HA/l KOMILJIEKCHBIMH Y CJIaMH B TPDUTOHOMETPUYECKOii (hopme

Henb: HayunTbcs BBINONHATH JSHCTBUSA HAJl KOMIUIEKCHBIMU YHCIAMHM B TPUTOHOMETpHUYE-
ckoi hopme.

Beimosinus patdory, Bel Oyaere:

ymemb:

- 3aMMCBIBATh KOMITJIEKCHBIE YKCIIa B TPUTOHOMETPHUECKON (hopMe;

- BBIIIOJIHATH ACHCTBUS B TPUTOHOMETPHUECKOH (opMe;

- IEPEXOJUTh OT OJJHON (POPMBI KOMIUIEKCHBIX YHCEI K APYroi dopme.

MarepuanbHoe odecniedeHue: WHIUBUIYATbHbBIE 3aaHHs], KOHCIIEKTHI JTIEKIIUH.
3aganue:
1. Jlausr komiutekcHble uncna: z1=(-3;-5), z2,=(-7,2;7,2), z3=(2;6).
3anucaTh 3TH YKciia B TPUTOHOMETpUUECKOU (popme.

. . Z1. 5.
2. Beruucnure: z; * Z3; pay Z1,\Zy .

3. BBIHOJ'IHI/ITe JleI/ICTBI/ISI M 3aIMIINTE PE3YNBTAT B anreOpandeckoit popme:

i
247coE 75 +rr.lJ |

a) (3 {cusT len— ] b)

+ Lals] _'|..' |
Kparkue TeopeTuyeckue cBeeHHA:

Tpuronomerpuyeckoit (HopMoil KOMITJIEKCHBIX YHCENT Ha3bIBAETCS 3alIUCh UX B BUJIE:

z = r(cos@ + i- sing).
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[Ipu BBIIONHEHUM JIEHCTBUI HAJ KOMIUIEKCHBIMH YHCIAMU B TPUTOHOMETPHYECKOH (opme
WCIIOJIB3YIOTCS CIEeAYIOIIHe (HOpMYyIIbI:

Zy "2z =Ty '?‘:{'3'35{?91 + ‘Pg)"‘ 55"”{@1 + ‘F'z}]
= T
Z=- {'3':'5{‘?"1 - ‘P:} + fsm{‘ﬁ - ‘P::}]

Z: ?":

" = r"{cosng + isin ng)
J11st M3BJICUCHHS KOPHS N-H CTENEHH U3 KOMIUIEKCHOT'O YHCIIa B TPUTOHOMETPUYECKOH Gopme
z = r(cos@ + i - sing) ucnones3yercs popmyna :

g+ink o . @+lmk
+ isin

w, = V- (cos ), Tae T - apudmeTnueckuii Kopens, k=0, 1, 2, ..., n-1.

Aneopumm nepexooa om aneedpauieckou Gopmul K mpuecoOHOMempuieckou.

[TycTh KOMITJIEKCHOE YHCIIO 331aHO B anrebpandecko opme z = a + bi.

1) Moayner =|z| oaHO3HAYHO OmpenenseTcs o popmyiae r = va® + b=,
a . b

2) AprymeHT ¢ omnpenensiercs u3 GopMmys1 CoOSp =—, Sing=—.
r r

3HaueHUs APryMCHTAa KOMILJICKCHOI'O YMUCJIa MOKHO HAXOAUTh U TaK:

e OrnpesienuTh, B KAKON YETBEPTH HAXOIUTCS BEKTOP (MCIIOIb30BATh TEOMETPHUECKYIO MH-
TEepIpETaIIO Yucia) z = a + bi
e Peums ypaBHeHUE tgg = -, TOIyYaeM, YTO

b .

arg z = @ = arctg - JJI1 BHYTPEHHUX Touek 1 u 4 uerBepreil,
b

arg £ = @ = arctg —+m /I BHYTPCHHHUX TOYCK 2 YETBEPTH,

b
argz = ¢ = arctg-—n  JUISI BHYyTPEHHHUX TOYEK 3 YETBEPTH.

Ecnu Touka z 1eXHUT Ha JEHCTBUTEIBHON WIM MHUMOW OCH, TO arg Z MO>KHO HaWTH HEIIOCPEACT-
BEHHO.

3) Haiins Mmoaymb M apryMeHT KOMIUIEKCHOTO YHCJIa, €r0 MOXKHO 3aIMcaTh B TPUTOHOMETpHUYE-
CKOH WM TIoKa3aTeNbHON popMme z = ricosg +ising) WK z = re'?,

ITopsinok BbINOJHEHHS PadOTHI:
1.3anumure 3aaHHbIE YMCIIa B TPUTOHOMETPUYECKON (popMe, HCIONb3Ys aITOPUTM Iepexoaa
K TPUTOHOMETPUYECKOH popme.

2.BhInoHUTEe HEOOXOAUMBIC JICHCTBHUS.
Xox pa0doThI:
Janbl koMIuIekcHbIe uncia: z1=(7;1), z,=(-1,5;1,5), z3=(4;-3).
1. 3anucath yucna z1, Zp M Z3 B TPUTOHOMETPHUYECKOU popme.
Pemenue:
1) z;=7+i
lz;| =49 + 1 = /50 = 54/2,
Yucno HaXOAUTCS B IEPBOM YETBEPTH, 3HAUUT
@ = nrctgj—_' = arctg0,1429,
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2, =7 4= 52(cos 8°8 + ising°8).
2) z;=-15+15i

1 E+& | 1 c2 -GG =
=15 +1.5 =225+ 235 = 35221

23

Yucno HaxoauTcCs BO BTOpOﬁ YCTBCPTH, BHAYUT g = arcig E + 7 = arcig ':—1] +r=—-4+=
£l

3 =-15+15i= 2.1{.:.35’:"+ isin 7).

3) 2'3 =‘]:'—32-
|z;| =v9+ 16 =25 = 5.

Yucio HaxXoauTcCda B quBepTOﬁ YCTBEPTHU, BHAYUT
P = nrc‘tg_?g = arctg (—0,73) = —36°°52",

z3 =4 — 3i = 5(cos(—36°52 + isin(—36°52).

2. Beruucnure:

1) Zq " 23;

2) =

3) =i;

4) \z;
Pemenne:

z23=21-5 (.:.:s{135= — 36°52 ) + isin (135° — 35=52'}) = 10,5(cos 98°8 + isin 98°8);

=3

3 E(cns (88 - (-36°52) ) + isin (878 + 35=52'}) = V2(cos 45° + isin45°);

=5 = (5v2) (cos5 - 8°8' + isin5 - 8°8') = 125001/2(cos40°40' + isin40°40');
Bocnons3yemcst hopmynoit:

=8 (cosM +isin M)
n n

B Hamem npumepe n=2.

— (32 135°4360°%  _ 135°4360°%
Ve = wy = V7 {c05f+:s:nf],
= ca na_n e na
32 135°+360°-0 135°+360°0 e el . .
Gy = J \' (cus% + izin J—) = 4/2,1{cos 67730 + i=in 67730,
=3 ra o o na
342 135°4360°-1 135°4+360°-1 —_— " ' . '
oy = [ (eos = 4 isin =) = (2T (cos 247530 + isin 247°30)

2. BeimonHUTe ASHCTBHS U 3aMUIINTE PE3YIbTAT B anredpandeckoit popme:
r c & - c c c 5 5
T . &l 5 an R aT R Vi W2
2+ {cos— + isin — =2 (c‘us—-ﬁ :s:n—-6)=64-(c'us— :s:n—)=6=1-(———:—)=
{ { 24 + 2-}]] 24 + 24 4 + 4 2 2

—3242 — 324/2:
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4 el el
J3(cosTa +igR 7o)

24 . ) ) 1 i
= = (cos(75° — 15%) + isin (75° — 15°) = 8(cos60° + isin60°) =8 (- + %) =4+

djcos 15"+:::r. 15" -

EET]
@®opMa NpeICcTABJIEHAS Pe3yIbTaTAa: BHIIOIHEHHAS PaboTa.

Kpurepun oneHku:

- «OTnU4HO» - yMeHHUs COPMUPOBAHBI, BCE 3aJaHUS BBIOJHEHBI NMPABUIBHO, 03
apudmeTnyeckux ommOOK, pernieHne oPopMIICHO aKKypaTHO, C HEOOXOJUMBIMUA 000CHOBAHHUSIMHU.

- «XO0pouio» - HEKOTOpble yMEeHHsI CHOPMUPOBAHBI HEJOCTATOUHO, BCE 33/1aHUS BbI-
MIOJIHEHBI, HEKOTOPbIE BUBI 33JaHUIl BBIMOIHEHHI ¢ omuOKkamMu. bezommbouno BeimonHeno 8§0-89
% Bcex 3a/laHui.

- «Y IOBIIETBOPUTEIBHO» - HEOOXOAUMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/laHUi BBIOJIHEHO, HEKOTOPHIE W3 BBIMOJHEHHBIX 3aJaHUN COJIEP)KaT OLIUOKH.
bezommbouno BeIMoaHeHO 70-79 % BCcex 3amaHuii.

— «HeynoBneTBOpUTENBHO» - TEOPETUUYECKOE COJEpKaHUE Kypca HE OCBOEHO, HEOOXO-
JIUMble YMEHHsI HE C()OPMUPOBAHBI, BBHIIOJIHEHHbIE YUeOHBIEC 3a/1aHUs COAEPKAT IPyOble OIINOKU.
bezommbo9HO BEIMOaHEHO MeHee 70% Bcex 3aJaHui.

Tema 4.1. Teopus npenenos
IpakTuyeckoe 3ansitue Ne 8

BorunciieHue npeaesioB ¢ NOMOIIbIO 3aMeYaTe/IbHBIX MPeesioB, PACKPbITHE Heonpe/e-
JeHHOCTel

Hesb: HayanThCst BRIMUCTATD IPEebl yHKIIAH.
Brinosinus padorty, Bl Oynere:
ymemb:
-BBIYUCIISTH NIPeieNbl (YHKIMMA, HCTIONIB3Ys TEOPEMBI O Ipesienax;
- PacKpbIBaTh HEOIIPEAEIEHHOCTH;
- HaXOAUTh Mpesesbl GYHKIUN, HCIOb3Ys (POPMYJIIbl 3aMedaTeNIbHBIX MPEIEIOB.
MarepuanbHoe o0ecniedyeHre: MHIUBHTYAIbHBIC 33/IaHNs], KOHCIIEKTHI JICKIIH.
3aganue:
Boeruucnuts npenenst pyHKIui:
lim,_,(2x3 — 10x% — 4x + 5)
li 3x2-11x+6
Mxo3 7 5x—3
11x3-5x2-6x+10
x6x4—8x2+2
. sin=
4. lim,_, 72

5. lim, e (1 - i)sx

3. limy_q

X

KpaTkue Teopernyeckue cBeeHUS:

Packpvimue neonpedenenHocmell pasiuiHbIX Munoe
Jly1g TOrO 4TOOBI HAMTH TPEeN dJIEMEHTapHON (PYHKIIHMU, KOTJa apryMEHT CTPEMHUTCS K 3Ha-
YEeHHUI0, IPUHAAJIeKaIIeMy 00JacTu onpeneneHus 3Toi (yHKIMH, HYy>)KHO B BbIpa)KeHUE (YHKLUHU
BMECTO apryMEHTa MOJCTaBUTh €T0 MPEJEeIbHOE 3HAaUECHUE.
Jlanexo He BcsiKasi MOJACTAHOBKA MPEAETbHOrO 3HAYEHHUsS B (DYHKIIMIO BMECTO HE3aBUCHUMOM
MIEPEMEHHON MOXKET cpa3y IPHUBECTU K HaxoxAeHuto mpenena. Ciydyad, B KOTOPBIX IMOJCTaHOBKA
MPEJebHOTO 3HAUYeHUs B (PYHKLMIO HE JaeT 3HaYCHHUs Mpejiesa, Ha3blBaloT HEONPEeAeTICHHOCTIMHU;
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00 0
K HUM OTHOCSITCS HEOIIPEAEIEHHOCTH BUI0B (—j (6) (0-0), (c0—o0), (1“’) (ooo), (00). PaccmoTpum
o0
HECKOJILKO THUIIOB IIPUMEPOB, KJIACCU(DHUIMPYS UX O BUIY HEOIPEIENIeHHOCTH U IpeieIbHOMY 3Ha-
YEHUIO X.

. - f(x
1-i1 mun. PaccMoTpuM npumeps! BUjaa Ilm% C HCOIIPCACICHHOCTBIO BUIA [Ej , TIe f(x)
X—0 (p X o0

U ¢(X) B O6H.I€M CJIydac€ — CJIOKHBIC CTCIICHHBIC WJIM I10KAa3aTCIbHBIC (bYHKHI/II/I B ci1ydyac CTCIICH-

HBbIX (YHKIHMHA HEOOXOJMMO BBIHOCUTH 32 CKOOKY B UMCIHUTENIC U B 3HaMEHaTesle poOu X C Hau-
OOJIBIINM TOKA3aTeIeM CTEIIEHU CPEIU BCEX CIaraeMbIX JApoOU; B cydae MoKa3aTelbHbIX ()YHKITUI
3a CKOOKY BBIHOCHTCSI Hanbosiee ObICTPO BO3pacTalollee claraéMoe Cpelid BCeX cllaraeéMbIX JApoOu.
[Tocne cokparenus IpoOu HEOMIPEIEICHHOCTh YCTPAHSIETCS.
[Tone3Ho 3arOMHUTh IPaBUIIO:
0, eciu n<m,

aoXn + a1Xn—l +...+a, 1 X+a, _ (fj _ &, eciu N=m,
x> hox™ + by x™ 4L+ by, X+ by, by
0o, eciu N> M.

N - fF(x 0
2-i mun. PaCCMOTpI/IM MMpuUMEPLI BHUa |Im% C HCOMPCACICHHOCTHEIO BHa 6 . B aTtom
X=X P(X
ci1ydac H€O6XOI[I/IMO Pa3JI0XKUTh HA MHOXUTCIIM U YUCIUTCIIb, U 3HAMCHATCJIb I[pO6I/I WX JOMHO-
KUTb U YUCIINTCIIb, U 3HAMCHATCJIb I[pO6I/I Ha OAHO U TO K€ BbIPAKCHUC, ITPUBOIAAIICC K CI)OpMYJ'IaM
COKpalI€HHOI'O YMHOXCHUA. ITocine COKpalieHuA I[p06I/I HCOMPCACIICHHOCTD YCTPAHACTCH.

3-i1 mun. PaccMOTpUM TIpUMEPHI ¢ HEONPEACICHHOCTRIO BH/IA (oo—oo). Ecmu dynkius, cros-

o0

as 10J 3HAKOM IIpeJiena, MpeiCcTaBisieT co0oi anredpandeckyro cymmy ApoOei, To Heompeae-
JICHHOCTH YCTPAHSETCS WJIM MPUBOJUTCS KO 2-My THITY MOCJIe PUBEICHUS IpoOeii K 00memMy 3Ha-
MeHarenmo. Ecnu ymomsiHyTast QyHKIHS MPEACTaBIseT coOOH anre0panvecKkyro CyMMY HppaIfo-
HQJIBHBIX BBIPAXXEHUH, TO HEONPEJENCHHOCTh YCTPAHAETCS WIM MPUBOAUTCS K 1-My THILy IyTeM
JIOMHOXEHMS M JIelleHUs] (YHKLIHMU Ha OJTHO M TO kK€ (COIpPSDKEHHOE) BBIPAXKEHHE, MPUBOASIIEE K
(bopMysIaM COKpAIIEHHOTO YMHOXKEHUS.

3ameuamenvhbie npeodenvl.

TepBhlii 3aMeuaTenbHbIA npegen: lim 21X —1.
x—>0 X

y y . 1Y : 1
Bropoii 3ameudarenbHblif peaen (ucno e): lim|1+=| =e umm lim{l+y)y =e.
X y—0

X—>00

Jlyis Toro 4uto Obl M30aBUTHCS OT HEONPEJCIEHHOCTH BHJIA (1‘”). HE0OXOIMMO BBIJICNIUTH Lie-
JYI0 4acTh IpoOM (KOTOpas J0JKHA ObITh paBHA 1) B BBIPa)KEHUH, CTOSIIEM I10JI 3HAKOM IMpeserna
,KOTOpOE TMpeACTaBIsieT cOOON CTENEeHHO-TIOKa3aTelbHYI0 (yHKIMI0. HeonpeneneHHOCTh yCTpaHs-
€TCsl IPY TIOMOIIH BBIAEIECHHUS BTOPOTO 3aMEUYaTEILHOTO IIPEENa.
Hanpumep:

k*E
x X

k 1
lim (1 +—) —lim(1+0)°=(1") = lim|1+—| =

B

1’0’ 1yk
=lim<1+;) - lim<1+—) = [~

Yy —0 X —0 y

2in
"n

1) lim (1 - %)n = (1®) = lim (1 - g)“ = a = o,

n—oo
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2 (n+2) 2,2
3\"+2 3 %; 4n 3(n+2) Jim 3742 %§%7hn"
2) hm (1——) :(100):111’1'1 (1——) :f 4n :fn—»oo an :f n =
n—ow 4in n—oo 4in
. 3+0 3
f}ll—»n;lo 4 = [Z’
. x4+3\* o
3) lim - ;JJaHHBIM Mpeiest MOXKHO BBIYUCIUTH ABYMsI CIIOCOOaMU:
X—00 -
1 cioco6:
Pazgenum uncnauTens Ha 3HAMEHATENb BBIICIUB LIETYIO YacTh:
_x+ 3 |x-2
x—211 x+3 5
=> =1+ ;
5 x—2 x—2
5
x—217_5*X

. x+3\% . 5 \* . 5 Vs |°° SX My
llI’le_,Oo (E) = llmx_m (1 + E) = lll’l’lx_,OO (1 + ;) = {x-2= ¥oCx-2 =

5x
limy % . 5
¢ FE=fMerise=gs,
2 cnoco0:

IlopenuB yncnauTenb U 3HAMEHATEb I[pO6I/I Ha X, CBeAeM JAHHBIM Ipeacit K 4HaCTHOMY IIPEACIIOB:

X X . 3 X
X+ 1* x43 1432 hm(1+—) 73
im( ) =lim|(Z—=| =1 2] == = —={"
x—o \X — xoo\ X _2 x>0 1_3 li 1 2\* 5_2
- o m(1-0)

[Ipenensl OT HEKOTOPBIX TPUTOHOMETPUYECKHX (DYHKIMI HEOOXOIMMO pemIaTh MPUMEHSS
NEepBBIN 3aMeyaTeNbHbIN MPEeIe WK 3aKOH YKBUBAJICHTHBIX BEJIMYMH NPpH yciioBuu X — 0.
OKBHUBAJICHTHBIMU Ha3bIBAIOTCSI OECKOHEYHO MaJible BEJIMYMHBI, IIPEJIEIT OT MOHATHSI KOTOPBIX PaBeH
EAVHULIE.

HOpﬂ}IOK BbIITOJTHCHU A paﬁon:

1. HaiiguTe npeaen GyHKIMH, UCIIOJIB3YSl TEOPEMBI O MpEAeax.

2. Ecnu nonyunnack HEONPEAEIEHHOCTh, ONPEAEIUTE €€ BU U CIIOCO0 PACKPBITHSL.
3. TIpeobpa3yiiTe GyHKINIO U PACKPOITE HEOIIPEIEIIEHHOCTb.

4. Beruucnure mpenen.

Xoa pa0doThI:
Haiitu npenen ¢pyHkuuu:

1) limy,(2x3 — 10x? — 4x + 5)

Hcnons3yeM TeopeMsbl 0 mpejesax:

lim(2x3 — 10x% — 4x + 5)

x—2

=2(limx)3—10(limx)2—4)lci£r%x+5=2-8—10-4—4-2+5=—27

X—2 xX—2

3x2-11x+6

2) lim _—

) X3 ox2_5x-3
chHK]_II/Iﬂ HpCL[CTaBJIHeT CO6OI>'I OTHOLICHHUC ,Z[ByX MHOI'O4JICHOB, 06paH_laIOIJ_[I/IXC$I B HyﬂB B

touke X = 3.IlosTOMy cHauana npeoOpasyem JaHHYIO (GYHKIIHUIO.
JIroOo# KBaipaTHBIN TPEXUIeH MOKHO Pa3JIOKUTh HA MHOYKUTEIU C ITOMOILBIO POPMYJIbI
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ax®+ bx + ¢ = a(x — x,)(x — x,), A€ x¥; U x3KOPHU KBAJAPATHOI'O TPEXUIIEHA.
KopHsiMu KBaJipaTHOTO TpeXwieHa 3x” — 11x + 6 SBJSIFOTCS YUCIA -U 3; 3HAYMT

2
3x2 —11x+ 6 = 3(x — 3)(x—§)

1
A KOpHM KBaJ[paTHOTrO TpexuseHa 2Xx% — 5X — 3 paBHBI - M 3, CJI€0BATEIBHO

2x2 —5x =3 =2(x —3)(x +7)
Bo3sBpatasics k npezeiny, uMeem:

2 2
C3x2—-11x+6  3x—-3)x-3)  3(x-3)
lim > = lim T llm—
x-3 2x4 —5x—3 x—>32(X_3)(X+E) X_’32(X+ )

- 3x—2_3}j§31><—2_3-3—2_7
T2+ 1 21irr31x+1_2-3+1_7_
X—

11x3-5x%2—6x+10

3) lim
) limoo 6x*—8x2+2

Tak Kak MHOTOYJICHBI B YHCIIUTENE U 3HAMEHATelle CTPEMSATCS K 00, TO TIOJy4yaeM Heompee-
JIEHHOCTh BUJa [ ] Jlji ee pacKphITUSL pa3fesiuM KaXKI0€ cllaraeMoe YMCIUTENS U 3HaMEHaTels
Ha x*. Torja Hoayuum:
11x*  5x*

. . ox 10 11 5 6 10
11x* —53x° —Bx + 10 = = F-'—F T_F_F-'—F 0
lim rE = lim - = lim S
X—=E Gx™ —8x- + 2 o Gx* Bat N 2 e . __g'r L2 6
R P
. x
sm;
4) lim—=
x>0 X

UToOB! BEIUMCIINUTD Npeea PYHKIMH, HY>)KHO BOCIIOJIb30BaThcs (hOpMyIoi nepBoro 3aMeya-

sinx
TEJBHOTO Mpeena: llmx_)o =1.

1
VYMHOKHUM YHUCIUTEIb U 3HaAMEHATEIIh IIpO6I/I Ha E

. X 1 . x . X
sm; ESlTL; 1 SlTLE 1 1
lim = lim =-lim—5===-"1=<
x->0 X X0 2y 2x-0 = 2 2
2 2

5) limy—en (1 - %)Sx

IIpeoOpasyeM QyHKIMIO TaK, 4TOOBI MOXKHO OBUIO MPUMEHUTH BTOPOW 3amMeuaTeNbHBIN Mpe-

X
nen : limy e (1 + i) = e. BBeieM HOBYIO ITEPEMEHHYIO: X = —3Y; X = 00;y — 00,
. 3\°% . 3 \>C3) AN PP |
lim, (1 - ;) = lim,,_, (1 - _—33}) = lim,,_, (1 + ;) =e =5

®opma npeacTaBiaeHus pe3yJbTaTa: BHIIOJHEHHAs paboTa.

Kpurtepun onenkmn:
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- «OTaU4HO» - yMeHHUs COPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPABUIBHO, 03
aprupMeTHIECKUX OMMOO0K, pemeHrne 0hOpPMIICHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSIMH.

— «XO0pomIo» - HEKOTOphle YMEHHsI CHOPMUPOBAHBI HEIOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIbI 33/IaHUi BBIOJHEHHI ¢ ommOKkamu. be3ommbouno Bemonneno 80-89
% BceX 3aIaHMH.

— «Y TOBIIETBOPUTEIHHO» - HEOOXOJMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHHI,
OOJIBIIMHCTBO 33/IaHUI BBIIOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 33aJaHUI COACpKAT OIMIMOKH.
Bezommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeymoBIeTBOPUTEIILHO» - TEOPETUUYECKOE COJIEpKaHUE Kypca HE OCBOEHO, HE00X 0-
JTUMbIC YMECHHSI HE C()OPMUPOBAHBI, BBHITOJIHEHHBIC YI€OHBIC 3a/IaHUS COACPIKAT TPyOble OIINOKH.
Beszommbouno BeimonHeHo MeHee 70% Bcex 3aJaHu.

Tema 4.1. Teopus npeaesion
IIpakTuyeckoe 3ansaTue Ne 9

HccnenoBanue pyHknmnii Ha HeMpPepbLIBHOCTH M TOYKH pa3pbiBa

Heab: Hayunthcst HAXOAUTHh TOYKK pa3pbiBa PYHKIIHA, ONPEISISITh UX POJI, HAXOIUTh ACUM-
NTOTHI TpaduKOB GHYHKITHIL.

Brinosinus padorty, Bl Oynere:

ymembp:

- HCCIIeIOBAaTh (DYHKIIMHU HA HETIPEPHIBHOCTb;

- HAXOJUTb TOYKH pas3pbiBa, OIPCACIATL UX PO,
- HaXOAUTh ACUMIITOTHI.

MaTtepuaibHoe ofecriedeHHe: WHIMBHIyalbHBIC 3a/IaHUS, KOHCIEKTHI JICKIIHMA, TaOJIHIIa
HpOH?;BOI[HI:IX.
3ananmue:

HccnenoBaTh (pyHKIIMM HA HETIpepbIBHOCTh. HaliTu TOUKM pa3pbiBa U ONpeeNuTh UX poa. Haltu
aCUMNTOTHI (PYHKINH.

1) y=z
2) y= :r;:—._t:;;m.

Kpartkne Teopernyeckne cBegeHus:
Toukamu paspwviea (hyHKyuu HA3BIBAIOTCS TOYKHU, B KOTOPBIX HAPYIIACTCS YCIOBHE HENPEPhIB-
HOCTU (PYHKLIUH.
Bce Touku pa3peiBa GyHKIUH pa3aesiOTCsS Ha TOYKH Pa3pbiBa MEPBOTO U BTOPOTO PoOJa.
Touka paspsiBa X Ha3bIBACTCS MOUKOU pazpviea nepeoeo pooa GyHkuuu y = f(x), eciau B 3TON
TOYKE CYIIECTBYIOT KOHEUHbIE IIpeieibl (PYHKIINU CleBa U CIpaBa, T €
limy o f(x) = Aym limy_, 40 f(x) = A,. IIpu oTOoM: eci A; = A,,TO TOUKa X HA3bIBAET-
Csl TOYKOM YCTPaHHUMOTO pa3phiBa; ecinA; # A,, TO TOYKAa X, Ha3bIBACTCS TOYKOW KOHEYHOTO
paspsbiBa.
Touka pa3pbiBa X, HA3BIBACTCS MOUKOU pas3pviéa 6mopo2o poda GyHkumu y = f(x), ecnu mo
KpaiiHe# Mepe OJIMH U3 OJJHOCTOPOHHHX MPEJIENIOB HE CYIIECTBYET WM PaBEeH OECKOHEYHOCTH.
Acumnmomoi zpajpuxa pynxkyuuy = f(x)Ha3pIBacTCs NpsAMas, 00JaIaroIIasi TEM CBOWCTBOM, YTO
paccrostHue ot Toukux: £(x)) 10 9TON MPSAMOM CTPEMUTCS K HYJIIO TP HEOTPAHUYEHHOM YIaleHUH
TOYKH Ipaduika OT Hayajaa KOOP/IHHAT.
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[IpsiMast x = a Ha3bIBACTCS 8epMUKAILHOU acumnmomoti Tpadpuka (QyHKIUU vy = f(x), €CIu
XOTsI OBl OJTHO U3 MPEACTbHBIX 3HAYCHUI lim, ., g f(x) WIu lim,_ .y fix) paBHO —0oo WK 400 .

3ameuanue. llpsimast x = a HE MOXET OBITh BEPTUKAIBHOW aCHMIITOTOM, eciu (yHK-
1[Ms HEeNpepbhIBHA B TOYke x = a. [103TOMYy BepTHKaJIbHBIE ACHMIITOTHI CJIEIyeT HCKaThb B TOYKaX

paspbiBa QyHKIHH.

[Ipsimast v = b Ha3BIBACTCS 20pU30HMANbHOU acumnmomot Tpaduka GyHKIMU ¥ = fx), ecnu

XOTsI OBl OJTHO M3 MPEACITbHBIX 3HAYCHUH lim, 5 f(x) WM lim,_,__ f(x) paBHO b.

3ameuanme. ['paduk QyHKIIMM MOXKET UMETh TOJBKO MPABYI0 TOPU3OHTAIBHYIO aCUMIITOTY
WU TOJIBKO JIEBYIO.

[Ipsimast v = kx + b HA3BIBACTCS HAKIOHHOLL acumnmomot Tpaduka byHK-
uH ,eciu lim, g | flx) — kx — B = 0
Ecnm s QyHKIME ¥ = f(x¥) CYIIECTBYIOT HPEIENBI lim, ,—— = k mlim,_.(f{x) — kx) = b, TO
x
(GyHKIIMS UMEET HAKJIIOHHYIO aCUMITOTY ¥ = kx + b 1pu x — @,
IMopsinok BbINoJIHEHUs PadOTHI:
1. Haiiti o6nactpb onpeeneHus: GyHKIUU U BBISIBUTh TOYKH Pa3phiBa.
2. Haiitu acumMnToTsl QyHKUIUU.
Xoa paGoThI:

HccnenoBaTh PyHKIMIO HA HEMPEPbIBHOCTh. HaliTh acuMNTOTHI PyHKITUH.

x

y=

O6nacts onpenenenns GyHkuuu D (f) = (—eo; 1)U (1; +0)

Touka x = 1 siBI€TCS TOYKOM pa3pbiBa 2 poja, T.K.

. x° 1 . x* 1
limy y g—— = |-| = —elimy g —— = |7| = +
&X k=i u

— !

[Ipsimast = = 1 — BepTUKaJbHAsg acUMNTOTAa (YHKIHMH. YpaBHEHHWE HAKJIOHHOM aCHMIITOTHI
UMeeT BUI, v = kx + b,

k=1 =) li il li al li ! L
T ae x _erx(E_r—E:Ix_rl—-rI:»]cEx:—Ex_rl—-n:»]c?_;_E
Tx
) xt 1 Coxt—x(x-1) | xt-xT4x x . 1 1
b\ 27 TR T oy iR a1y ARimon #2732
T X

Koneunsblit Bug npsiMoii cleayromuii

®opma npeacTaBiaeHus pe3yJbTaTa: BHIIOJHEHHAs paboTa.
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Kpurtepun onenkmn:

- «OTan4HO» - yMeHHUS c(OPMUPOBAHBI, BCE 3aJaHUsS BBINOJHEHBI NMPaBUIbHO, 0€3
apudmernueckux ommOOK, pernieHne oPopMIICHO aKKypaTHO, C HEOOXOJUMBIMUA 000CHOBAHHUSIMHU.

- «XO0pouio» - HEKOTOpble yMEeHUsI cHOPMUPOBAHBI HEOCTATOUHO, BCE 3aJaHUS BbI-
MIOJIHEHBI, HEKOTOPbIE BUBI 33JJaHUIl BBIMOIHEHHI ¢ omuOKkamMu. bezommbouno BeimonHeno 80-89
% Bcex 3a/laHui.

- «Y IOBIIETBOPUTEIBHO» - HEOOXOAHUMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/laHUi BBINOJIHEHO, HEKOTOPHIE W3 BBIMOJHEHHBIX 3aJaHUN COJIEP)KaT OLIUOKH.
bezommbouno BeIMoaHeHO 70-79 % BCcex 3amaHuii.

- «HeynoBneTBOpUTENBHO» - TEOPETUUYECKOE COJEpKaHUE Kypca HE OCBOEHO, HE00X0-
JIUMble YMEHHsI He C(POPMUPOBAHBI, BBHIIIOJIHEHHbIE YUeOHBIEC 3a/1aHUs COAEPKAT IPyOble OIINOKU.
bezommbo4yHO BEIMoaHEHO MeHee 70% Bcex 3aJaHuil.

Tema 4.2. IludgdepenuuanbHoe ucuucjienne GyHKIUM OHOM AeiicTBUTEILHON NepeMeHHOi
IIpakTnyeckoe 3ansTue Ne 10

Brruucienne npou3BOAHBIX C10KHBIX (pyHKui. IIlpumenenue npaBuia Jlonurans

Heab: HayunThcs HaXOAUTH IPOU3BOIHBIE CIOMKHBIX (DYHKIIHIA.

Boinosinus padorty, Bel Oynere:

ymems:

- IPUMEHSTH MpaBwiia TudGepeHITNPOBAHNS;

- HaXOJIUTh MPOU3BOHBIE CIIOKHBIX (HYHKITUH.

MaTtepuajbHoe ofecrieyeHHe: WHIMBHyalbHBIC 33/JaHUS, KOHCIEKTHI JIEKIHA, TaOiIuIa
MIPOU3BOTHBIX.

3ananue:

Haiitu npousBogHble QyHKIUI

1. y=(5x%—2x)"

2. flx) = 3sin(2x -7

3. f{.r] = arcsin4x + arccos"x
4, flx) =logs(7x* — 52T+ 1)
5

Flx) = In [Rree=x

v l-cosx

ITopsinok BbINOJHEHHS PadOTHI:

1. Onpenenute Bua ¢yHkuuu. Ecnu QyHKIMS SBIsETCS CI0XKHOM, TO BBEIUTE MPOMEXKYTOU-
HBII apTryMEHT.

2. Omnpenenute, KaKUMHU NpaBuiIaMu aAuddepeHnnpoBaHust HY>)KHO BOCIONIb30BaThes. [Ipume-

HUTE COOTBETCTBYIOLIEE MPABUJIO.

Wcnonb3ys Tabauily Npou3BOIHBIX, HAMIUTE MPOU3BOAHBIE (PYHKIIMMA.

4. PackpoiiTe CKOOKHM M IPUBEAUTE MOJOOHBIE, €CIIH ATO YIPOCTHUT 3aIHCh (DYHKIIHH.

w

Xox pa0doThI:
Haiiti mpon3BoaHbIe PYHKIIHIA:
1. gix) =(1—4xhe

@DyHKIMS ABISAETCS CI0XKHON CTENIEHHOW. BBeneM NpoMeXyTOUHBIM apryMeHT u =1 —4x”. s

naubepeHIMPOBaHUS HY)KHO BOCIIONB30BAThCS GOpMYIIOit (u™) = nut - u
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-
7

y =10(1 —4x%) (1 —4x%) =10 (1 — 42%)°(—8x) = —80x(1 — 4x)
2. flx) = sinéx *cos 2x

OyHKIMS TpeAcTaBiseT co00il MPOU3BENECHUE ABYX CIIOXKHBIX TPUTOHOMETPUUECKUX (PYHKIIHMA.
[TosTOMy cHavasia BOoCIoab3yeMcs paBuiioM auddepeHupoBanus (U - L’j' =UV+Uv
flx) = {sin;x ~cos 2x) = (sin ;x] cos2x + sin ;x{msEx]

v v L o
BBenem nmpoMeXyTOUHBIH apryMeHT: JUIsl TepBOM (PYHKIUH u = - x, JIs BTOPOH (PYHKIUH u = 2x,

[Ipu nuddepeHIpoOBaHUA HCIIOJB3yeM W (13% 1115 (S dbopMyIIb:
{sinu]' = cosu - u, (cosu) = — sinuwu.

Ve 1 1 ' .
flx) = {sin;x ~cos 2x) = (sin ;x] cos2x + sin ;x{msEx]

1 1 1 ) ., 1 1 1
= ros ;x- ;.r - ros2xy + s:'n;.r- {_—s:’nEx} . {_2_1'} = ;cus ;x ~rosix — 2sin ;x- sinix.

adxT 451"

3.y=

Ioga (3+10x)

OyHKIMSA npeAcTaBiIsier co00M yacTHOE JBYX CIOXHBIX (yHKui. [loaToMy cHayana BOCIosb3y-
oy-me

7

emcs npaBuiioM auddepeHInpoBaHUS G) =

(2545 Y log, (3 4 10x) — 2945 - (log, (3 + 10x))’
= (log, (3 + 10x))*

y

BBeneM mpoMexyTOUHBIN apryMeHT: Ajs HepBod (QYHKIUHM u = 3x + 3x°, [ BTOPOM QyHKUMU
u =3 + 10x,

1

[Tpu nuddepenmpoBanum ucnonb3lyeM ciaenyromme Gopmynsl: (a*) = a“lna - o', (log, u)' = —-u' .
a wlna
L @5 g, (3410802545 (log, (3+10m)) 23555 15 (304557) log, (3+410x) 235 ErerETmEe LY
y= |]:gi|3+1:.'l.'||£ - |]:gi|3+1:.'l.'||£ -
2'“':”3ir.Eu3+1:.1'|]=g£':3+1:.1':|—2'“':'Ti#:“m
|]:gi|3+1:.'l.'||i

4. flx) = nrcs:‘nix+ arccosdx

OyHKIUS MpeACTaBIIET COO0N CYyMMY JIBYX CIIOKHBIX OOpPATHBIX TPUTOHOMETPUYECKUX (YHKIIUH.
[TosToMy CHadaja BOCIIOJIb3yeMCs paBuIoM nudepeHtupoBanus (U +V) = U +V.

Flx) = (nrcs:'ng.r)l + (arccosSx)’

o o _12 o _
BBezieM IpoMeXyTOYHBIN apryMeHT: JUIs IEPBOM (PYHKIKMH u = | x, JUIs BTOPOH (yHKIHMH u = 5x.

[Ipn b hepeHIMpOBaHUH HCITOJIB3YEM CIeYIOIHNe bopMyIbI:
|.I:I |.I:I

{:nrcs:'nu] =

4 '
—\.-'i—l.i*' H {.EJ"CCEISH} = — N
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() = (aresinix) r_;(z)'_;- 3
f{_.r} —(nrcstnix) + (arccosdx)'= AR ”I.m{ﬁ-r} —5 [ N

I, 3 .
1‘I‘]J.—l:l.'l.l N T

S. flx) = arccosy1 — ™

OyHKUMS SIBISIETCS CI0XKHONW 00paTHON TPUTOHOMETpUYECKOW. BBeieM mpoMeKyTOUHBIH apryMeHT

-
u =1 —e>. Jlna quddepeHnpoBaHns HYKHO BOCIIONb30BaThesa Gopmynoit  (arccosu) = — \'ﬁ

F (&) = (arccosv1 - & }I =_ ﬁ (W1=&).

[TpomMeXyTOUHBIN apTyMEHT SIBJIIETCS TAKXKE CIIOXKHOW GyHKIMelH. BBenem u 1711 HEro HOBBIN IPO-
MEXYTOUHBIM apryMeHT u =1 — e,

g nuddepeHnnpoBanusi HY>KHO BOCTIONB30BaThCsl (opmyson

(o) =2

Wi

. = 1 — 1 1 : g
£G) = (nrcmsﬂ - e*-‘} = V=) s e - =

J L-14a®r 24
l

_ {71]_

g IWl—a*

Ve

®opma npeacTraBaeHus pe3yJbTaTa: BHIIOJHEHHAs padboTa.

Kpurtepun ounenku:

- «OTan4HO» - yMeHHS cOPMHUPOBAHBI, BCE 3aJaHMs BBIIIOJHEHBI MPABUIbHO, 03
apudmeTnyeckux ommoOOK, perieHrne oPopMICHO aKKypaTHO, C HEOOXOJUMBIMU 00OCHOBAHHUSMHU.

- «Xopo1Io» - HEKOTOpble YMEHHUsS C(HOPMHUPOBAHBI HEAOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 33/IaHUI BBIITOJIHEHBI ¢ ommOKkamu. be3ommbouno BemonaeHo 80-89
% Bcex 3aMaHui.

- «Y IOBNIETBOPUTEIILHO» - HEOOXOJAMMBbIE YMEHHUS B OCHOBHOM C(OPMHPOBAHHI,
OOJBITMHCTBO 3aJ]aHUN BBHITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJIHEHHBIX 3aJaHUN COJEPIKAT OIIUOKH.
Bbe3ommb6ouno BeimonHeHO 70-79 % BCex 3agaHuM.

- «HeynoBiIeTBOPUTENHEHO» - TEOPETUUECKOE COJIEp)KaHNE Kypca HE OCBOCHO, HE0OXO0-
JTUMBbIE YMEHHSI HEe CPOPMHUPOBAHBI, BHIMOJHEHHBIC YUYEOHBIC 3aJJaHUsI COAEPKAT IPyObIe OIMNOKH.
Bbe3ommb6ouyno BemoHEHO MeHee 70% BceX 3aJaHuii.

Tema 4.2. IludgdepenuuanbHoe ucuucjienne GyHKIUN OTHOM AeiicTBUTEILHON NepeMeHHoi
IIpakTuyeckoe 3ansitue Ne 11

HccaenoBanue GpyHKUMHA U IOCTPOeHUE rpa)uKOB
Heanb padotbl: HayuuThcs uccnenoBars GyHKIUU U CTPOUTH IpadUKK PYHKIIUHA.
Boinosinus padorty, Bel Oynere:
ymembp:
- IPOBOJIUTH UCCIIEI0BaHUE (DYHKIMI ¢ TOMOIIBIO IIPOU3BOTHOM;

- CTPOUTD IpaduKu QPYHKIUI.
38



MarepuajibHoe o0ecrnieyeHue:

I/IHZ[I/IBI/IZ[yaJIBHBIe 3aJaHusd, Ta6JII/IL[a IMPOU3BOJHBIX, KOHCIICKThI HeKHHﬁ, y‘-Ie6HI/IKI/I
3aganmue:

HccnenoBaTh QpyHKIHIO 110 001IEH cXeMe U IIOCTPOUTH €€ TpaduK:

1. flx) = 557 — 325,

2. flx) =

X
x2—4'
Kparkue TeopeTuyeckue cBeJeHHA:
Oobuwan cxema uccneoosanus QYyHKyui.
1. Haiitu obnacte onpeneneuus yukuuu D (y).

2. HaiiTu (ecnm 5T0 HE BBI3BIBAET 3aTPYAHEHUI) TOUKH IepecedeHus rpaduka ¢ OCsIMH KOOP-
mauHaT (pu X = 0 1 ipu y = 0).

3. UccrnenoBath PyHKIHUIO HA IEPHOAUIHOCTD, YSTHOCTh H HEYCTHOCTD.

4. Haiitn HHTCPBAJILI MOHOTOHHOCTHU, TOUKHU SKCTPEMYMOB U 3HAYUCHUSA (I)YHKI_[I/II/I B OTHUX TOY-
Kax.

5. Haiitn mHTEpBaJIbl BRITYKJIOCTH (BOTHYTOCTH) ¥ TOUKH Nieperuda rpaduka GyHKINH.
6. Haiitn acuMnToThI rpaduka QyHKIHH.

7. HaliT TOTIOMHUTENHHBIC TOYKH U TIOCTPOUTH TpaduK IO pe3ysIbTaTaM UCCIICOBAHMS.
8. HaiiTi o6nacTh 3HaYeHUH.

Anzopumm HaxoxncOeHUs IKCMPEMYMO8 PYHKUUU U UHMEPLAI08 e MOHOMOHHOCHU C
HOMOWbIO NEPBOIL NPOU3BOOHOTL

1. Haiftu o6acts onpenenenust GyHKIIMA U HHTEPBAIIbI, HA KOTOPHIX (DYHKIIHS HEMPEPHIBHA.
2. Haiitu nmpousBouyro ¢pyskumu f '(X).

3. Haiiti kputndeckue Touku GyHkuun Y = f (X), T.e. TOUKH, MpUHAUISKAIIHE 00JIACTH OIpe-
neneHus: pyHKIMHU, B KOTOPBIX Mpou3BoHas f'(X) oOpariaeTcs B Hylb HIIH HE CYLIECTBYET.

4. UccnenoBath xapaktep uameHnenus: pynkuuu f (X) u 3HaK npoussoHoii f '(X) B mpomexyT-
Kax, Ha KOTOpBIC HaliICHHbIC KPUTUYECKUE TOUYKH JACIST 00sacTh onpeaencHus Gyukuuu y = f (X).

5. OTHOCUTENBHO Kaxxgoi KpI/ITI/I‘{CCKOﬁ TOYKHU ONPCACINTD, ABJISACTCA JIM OHA TOYKOM MaKCH-
MyMa, MUHHUMYMa UJIK HE ABJIACTCA TOYKOM OKCTpEMyMa.

[TomHM: KpUTHYECKasi TOYKa Xg €CTh TOYKAa MHUHUMYMa, €CIIM OHA OTIEISAET MPOMEKYTOK, B
koTopoM f '(X)<0, ot mpomexxytka, B koTopom f '(X)>0, u Touka MakCUMyMma - B IPOTHBHOM cClTy4ae.
Ecnu xe B coceqHUX MPOMEKYTKaX, pa3AeI€HHbIX KPUTUYECKOW TOYKOW X, 3HAK MPOU3BOJIHON HE
MEHSIETCSI, TO B TOUKE Xo PYHKITHS SKCTpEeMyMa HE UMeEeT.

6. BoruncnuTh 3HaueHHs QYHKIUU B TOYKAX 3KCTPEMyMa.
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7. 3anucaTh pe3yibTaT UCCIEAOBAHUS (DYHKIMU: MPOMEKYTKH MOHOTOHHOCTH U SKCTPEMY-
MBI.

Anzopumm Haxoxcoenusn vlnyKaocmeil hyHKyuu u movexk nepezuoa:

1. HaxoauMm BTOPYIO MPOU3BOJIHYIO.
2. HaxonuM TOUKH, B KOTOPBIX f (x) = 0 MM He CyIIECTBYET.

3. Hccrnenyem 3Hak BTOpOI MPOU3BOIHON ClIeBa M CIIpaBa OT HAWIACHHBIX TOYEK U Jie-
JlaeM BBIBOJ] 00 MHTEPBAIAX BBIMYKJIOCTH U O HAIMYUU TOUYCK Tepernoa.
4. Haxoaum 3HayeHue GYHKIMHA B TOYKAX Ieperuoa.

Acumnmomeui.

Acumnmomotui epaguxa ynkyuuy = f{x)JHA3BIBACTCS TpsMas, 00JagaroIIas TeM CBOWCTBOM,
4TO PACCTOSHUE OT TOUKM(x: f(x)) 0 TOM IPAMON CTPEMUTCA K HYIIO IIPU HEOTPAHUYCHHOM YjIa-
JICHUH TOYKH rpaduka oT Havajaa KOOpAUHAT.

[Ipsimast x = a Ha3BIBACTCS 8epmuKaivHol acumnmomoti Tpadpuka QyHKIUU ¥ = fix}, €CcIu
XOTsI OBI OJTHO M3 MPEACITBHBIX 3HAYCHUM lim, _;_g f(x) WIH lim,_ .5 f(x) pPABHO —0OMIIH +22.

3ameuanue. [Ipsimas x = a HE MOXeT OBITh BEPTUKAIBHON AaCUMIITOTOM, ecinu (QyHK-
LIUs HETIpEphIBHA B TOYKE x = a. [103TOMy BepTHUKaJIbHBIE AaCUMMOTOTHI CIEAYeT MCKAaTh B TOYKAX

pa3pbiBa QyHKLIHUU.

[Ipsimast ¥ = b Ha3bIBACTCS 20pU30OHMANbHOU acumnmomou Tpaduka QyHKUIUU ¥ = fix), ecnu

XO0TsI OBl OJTHO M3 MIPEACIbHBIX 3HAYCHHH lim, 5 f(x) vun lim,_,__. f(x) paBHO b.

3ameuanmue. ['padux QyHKIHHE MOXKET UMETh TOJIBKO NPABYIO TOPU30HTAIBHYIO aCUMITOTY
WJIY TOJIBKO JIEBYIO.

[Ipsimast v = kx + b HAa3BIBACTCS HAKIOHHOU acumnmomot rpaduka GpyHkmu y = f(x),
eco lim, | flx) —kx — B = 0

Ecmu nns dbyHKmuM vy = f(x) CYUIECTBYIOT TpEACIb lim_l._,nfl% =k nlim,_,(f (x) - kx)=5b, TO

(GyHKIMS UMEET HAKJIIOHHYIO ACUMIOTOTY ¥ = kx + b IIpHu x — @,

ITopsinok BbINoJIHeHUs padoOThI:
1. IIpoBecTn ananu3 3a1aHHON (DYHKIIMH 1O OOIIEH CXeMe.
2. [loctpouts rpadux GyHKIUH.

Xon paborsr:

HccnenoBaTh PyHKIMIO U TOCTPOUTH €€ rpadukK.

-

x

¥y=

1. O6nacts onpeaenenns GyHkiun D(f) = (—oo; 1)U (1; +00)

2. Ilpu mojacTaHoOBKeE 3HaueHUs x = 0 moyyum y(0) = 0,
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Taxyto e TOUKy MOJy4uM, €CIIM IpHUpaBHsAeM QYHKIHIO K HyI0. Touka x = 0 - eIMHCTBEH-
Has TOYKa NEPECEUCHUsI C OCSIMU KOOPAUHAT.

3. [IpoBepsieM GyHKIHIO HA YETHOCTD

J.{_x] = (-x)? = — x

- tx+2

yil—x) = ylx);yl—x) £ —y(x).
Wrak, QyHKIMS HA YeTHAsl, HA HeYEeTHAs!, HEIICPHUOIUUCCKasl.

4.J1511 OTHICKaHUSI UHTEPBAJIOB MOHOTOHHOCTH BBIYHCIISIEM IIEPBYIO MPOU3BOAHYIO (PYHKIIUU

o 2x(2x —2) =2 4xt —4x — 20 22 —ax
YT @ -2 T @-2¢ (-2

[IpupaBHHBas ee K HYIIO, MOTYYHNM KPUTHUECKUE TOUKU x = 0; x = 2. OHHU pa3OuBaroT 00JIacTh
OIIpEAEIICHs Ha CIEAYIOIINE HHTEPBAIBI MOHOTOHHOCTH (—o2; 0 W (0 13U (1 2) U (2; +00)

I/ICCJ'IGI[yeM IIOBCACHUC HpOHSBOI[HOﬁ CJICBA M CIIipaBa OT HaﬁﬂeHHLIX TOYCK p336I/IeHI/I$I.

Fpa(bnqecm/l HHTCPBaJIbl MOHOTOHHOCTH 6y,I[YT HUMCTDb BHU]

p

Uccnenyemast pyHKIHs Bo3pacTaeT Ha MHTepBanax (—o; 0} U (2; +e) u yObIBaeT (0; 1) U (1; 2).

5.Touka x =0 TOYKa JIOKAIBHOTO MaKCUMyMa, ¥ = Z — JJOKaJIbHOr0 MUHUMyMa. Haiinem 3Ha-
yeHue GpyHkuuu v, =0y, . =2
6.. It OTBICKaHUS MHTEPBAJIOB BBITYKJIOCTH HalJIEM BTOPYIO IPOU3BOIHYIO

o B -d@-2P-@f-2@-2-2 8 8 1
e (2x — 2)* T2x-2 T 8(x-1)F (x—1)3

Takux HHTCPBAJIOB HCT, ITIOCKOJIBKY BTOPAaA MPOU3BOJHAA HE IPUHUMACT HYJICBbIX 3HAa4YCHUH B
00J1aCTH OTpeIeTICHUSI.

7. llpsimast ¥ = 1 — BepTUKaJIbHAs aCUMIITOTa (QYHKIUHU. YpaBHEHHE HAKJIOHHON aCHMITOTHI

UMeeT BUI v = kx + b,

k=1 ) li i li il li ! -
= _erx(E_r—E:Ix_rl—-rI:»]:Ex:—Ex_xl—-T:?_;_z
-3
. x’ 1 Coxt—x(x—1) xt-—x"4x x . 1 1
ATt R TN R - TN LR - T T S A
Toox
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8.Ha ocHOBe MpoOBEIEHHOTO aHAJIM3a BBHIMOJHAEM MOCTpoeHue rpaduka Gpynkmuu. [nsg storo
CHayaJla CTPOMM BEPTHUKAJIbHbIC U HAKJIOHHBIE ACUMITOTHI, 3aTEM HAaXOJUM 3HaueHHE (QYyHKIMH B
HECKOJIBKMX TOYKaX U I10 HUX IIPOBOJUM IIOCTPOECHUE.

y=(x+1)/2

®opma npeacTraBiaeHus pe3yJabTaTa: BHIIOJHEHHAs padoTa.

Kpurepun oneHku:

- «OTIU4HO» - yMeHHUs COPMUPOBAHBI, BCE 3aJaHUS BBIOJHEHBI MMPaBUIBHO, 0€3
apudmeTnueckux ommOOK, pernreHne oPopMIICHO aKKypaTHO, C HEOOXOUMBIMUA 000CHOBAHHUSIMH.

— «XO0pouIo» - HEKOTOpble yMEeHHsI CHOPMUPOBAHBI HEOCTATOUHO, BCE 3a/JaHUS BbI-
TMIOJIHEHBI, HEKOTOPbIE BUJBI 33JJaHUIl BBIMOJIHEHHI ¢ omuOKamMu. bezomubouno BeimonHeno 80-89
% Bcex 3aJlaHui.

— «Y IOBIIETBOPUTEIHHO» - HEOOXOAMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/IaHUi BBINOJIHEHO, HEKOTOPHIE W3 BBIMOJHEHHBIX 3aJaHUN COJEp)KaT OLIUOKH.
bezommbouno BeinonHEHO 70-79 % BCex 3amaHuid.

— «HeynoBneTBOPUTENBLHO» - TEOPETUUYECKOE COJEpKaHUE Kypca HE OCBOEHO, HE00X 0-
JIUMble YMEHHsI HE C(POPMUPOBAHBI, BBHIIIOIHEHHbIE YU€OHBIC 3a/IaHUs COAEPKAT TPyOble OIINOKH.
bezommbouno BeIOTHEHO MeHee 70% Bcex 3a7aHui.

Tema 4.3. UHTerpajibHOe HCUKCcIeHUEe (PYHKIIMU OHOM 1eliCTBUTEIbHOI NepeMeHHOM|
IIpakTnyeckoe 3ansitue Ne 12

HNHuTerpupoBanue 3aMeHOH NEePEMEHHOM U 110 YaCTAM B HeONpeaeJIeHHOM HHTerpaJe

Lean pa6oTsl: HayunThcst MHTErpUpOBaTh GYHKIMHU, UCTIONbB3YS PA3JIMYHbIE METO/IbI HHTET-
PUPOBaHUS.

Boinosinus padorty, Bel Oynere:
ymembs:

- HaxXoJuThb HCONPCACICHHBIC HHTCrpajibl MCTOAOM HETOCPCACTBCHHOTO HWHTCTPUPOBAHMNA,
METOJAOM INOACTaAaHOBKH,

- HAXOJUTh HCOMMPEACTICHHBIC HHTETPAJIBI MCTOAOM HHTCTPHUPOBAHUS 110 YACTAM.
MarepuanbHoe o0ecnieyeHme:

NunuBuayansHbIC 3a1aHMs, TAOIUIIA HHTETPATIOB, KOHCIIEKTHI JICKIIUNA, YI€OHUKH.
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3aganue:
HajinnTe HeonpeaeJeHHbIe HHTETPAJIbI:

1) (8x* — 65 + 2x — 3)dx
g e,

3)J cos(10x —5) dx

4) [ 3* xdx

5) J- Sdx

25+16x°

2.,
ITax

2
[1-2x4)

7) J- 2x* —-1.::_— dx-1 dix

VX
HOpﬂIlOK BbIIIOJTHCHU A paGOTLI:

3anucarh 3a/laHue U OIpPENEIUTb, KAKUM U3 METOJI0OB MHTETPUPOBAHUS HEOOXOJUMO BOCIOJIb-
30BaThCA.

Eciu mHTErpanm MOXHO HaWTH METOJOM HENOCPEACTBEHHOI'O MHTETPUPOBAHMS, TO, UCIOJIbB3Ys
CBOWCTBA MHTETPaJiOB, IPUBEUTE UHTErpal K TabIuuHbIM popmyiam. [Ipounterpupyiire.
Ecnu unTerpan MoKHO HalTH METOJIOM IIOJICTAaHOBKH, TO BBEUTE HOBYIO IIEPEMEHHYIO, HAUU-
Te ee quddepenunan. [Tocne BBeeHNs HOBOW NepeMEHHON 3a/laHHBIN MHTErpall MPUBOJIUTCS K
HOBOMY MHTErpajy, KOTOpBIH sBIseTcsl TabnnyHbiM. Hailinure mnomydenHslil uaterpan. B ciy-
4yae HEOIIPEAEIICHHOI0 UHTETpaia BEPHUTECH K CTAPOU IIEPEMEHHOM.

Ecnu uHTerpan Henb3st HAUTH BBILLIEYKa3aHHBIMHU CIIOCOOAMM, TO MPUMEHUTE (OpPMYITy UHTET-
pupoOBaHUs II0 YacCTIM f Udv = Uv — f VdlU. OTOT METOJ 3aKII0YaeTcs B TOM, YTO ITOJBIHTE-
rpajbHOE BBIPAXKEHUE MPEACTABIISAETCS KaKUM-THM00 00pa3oM B BUJE NMPOU3BEACHUS ABYX CO-
muoxureneit Un dV. 3atem, nocne HaxoxaeHus dUu V, ucnone3yiite GpopMylly HHTETpHPOBa-
HUS 110 4acCTsIM.

-Unrerpans: Buga | P(x)edx, [ P(x)sinkxdx, [ P(x)eoskrdx, rae P(X)- MHOrOUNeH, K- uncio.
VY no6no nonoxkutel = P(x),a Bce ocTaabHbIE MHOXKUTEH PHHATH 3a dV.

-I/IHTeraJ'IBI BUA _]"P{:x}nrcs:'nxdx. _]"P{:x}nrccusxdx. _]-P{:x}{nxdx. _]"P{:x}nrctg_rd_r

[ P(x)arcctgxdx.

VY 106HO0 100KKUTh Plx)dx = dV, a OCTa’bHBIC MHOXKUTENHU MPUHSTH 32 U.

- Unrerpamnst Buga | e sinbxdx, [ e cosbxdx, Te an buncna. 3a UMOXHO HPUHATH (YHKIIHIO

U=g%

Xon pa0dorei: Halitn nHTErpasnsl:

dx

6x*—5x%%+3x+4
) [—

x2
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UToObl HAMTH ATOT MHTErpaji, Hy>)KHO CHadalla MPUBECTU MOJBIHTErpaIbHOE BhIpAKEHUE K Ta0-
JUYHOMY BUy. JlJI TOr0 NPUMEHSIEM MTOWIEHHOE JEJICHUE!

J‘ﬁﬁ—Sx +3x+=1-

lfl.:r:'1 x4
-+ — |dx
l'. xl’.
j(ﬁx: —54- +=Lx-=)n’
J‘x:n’x— Ej

n’x G gyt . 4
— xidx = —Sx 4+ 3lnjx|+—4+C=2x" —Bx 4+ 3In|x|——+C
x 3 -1 x

+3
15x%dx
2) f(l—X3)4
9T10T HHTCrpajl MOXHO HalTH C IIOMOIIIBO METOAa ITOACTAHOBKH. BBeI[eM HOBYIO IICPEMCH-
HYIO.
1-2=t¢
J‘ 152dx |- =dtl gy SJ‘ L I 5 .
T LT “3xtdx=dt |5 | oz T tdt = — +C=——=+C= — +
(1—x") dt -3t -3 3t 3(1 — %)
rdr=——
3
3) _.”:.::3 — 4x)inx - dx

DTOT MHTErpajl MOYKHO HAMTH C MOMOIIBI0 METOJda HHTETPUPOBAHHUS 110 YACTSIM, OH OTHOCHTCS
KO BTOPOMY BUAY, TO3TOMY U = Inx, dV = (x% — 4x)dx.

1 . "
dlU = —dx, V:J‘{x!—‘lx]dx=——2x-
X 4

HCHOJ’IIBYH (I)OpMyj'Iy HHTCIpHUPOBAHUS 11O YACTAM, ITOJTyHacM

- x* . x* 11
(¥ —4x)inx - dr=Inx| —= 2+ | - — — 2y |—dx =
4 4 x
x4 3 x4 x4
— 2 = — 2 = — Pyt - —
{m(i- __r) f(q_ __r)n’.r {M(‘l- _.r) Lﬁ-l—.r +C

4) f(x? = 2x)cos4dxdx

OTOT UHTErpaJl MOKHO HAMTH C MOMOIIBIO METOJIa MHTEIPUPOBAHUS IO YACTSAM, OH OTHOCHUTCSA K
MEPBOMY BUAY, IOATOMY U = x* —2x, dV = cosdxdx.

1
U= (2x — 2)dx, V= J‘ cosdxdx = 3 sindx

. . 1 1 i
j{x‘ — 2x)cosdxdx = (x* — Ex} L—}s:’nﬂl-.r — J‘ ‘—1- sindx(2x — E}d.r =
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- 1 1 ) 1., 1 )
(«* — 2x) 2 sindx — Ej sindx(2x — 2)dx = 2 (x? — 2x) sindx — ;j sindx(x — 1)dx =

YroObl HAWTH OCTABIIMICS HHTErPaJl, CHOBA MPUMEHsIEM (POPMYITy HHTETPHPOBAHHUS IO YACTSIM.

UD=x—-1, dV = sindxdx.

1

dll = dx, V= J‘ sindxdx = — Ecusir

1. . 1 1 1
= E{I- — 2x) sindx — E{{x —1) (— Ecush’} - J‘ -3 cosdxdxy =
> (2 2x)sind ~ 13’(1 4) 1_" 4xdx =
4_:—_xstn.r—2{_x— —5 cosdx +4 cosdxdx =

1. . 1 1
= E{I' — 2x) sindx +§{{x — 1)cosdx) — gJ‘cusq-xrix =

1. . 1 ) 1
= (2 — 24)si ~((x -+ — —si
1 (xf — 2x)sindx + : ((x — 1)(costx) 27° ndx + C

(I)opMa NMpeaoCTaBJCHUA pe3yJjibTaTa: BbIIIOJHCHHAA pa60Ta

Kputepuu onenkmu:

— «OTan4HO» - yMeHHUS COPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIbHO, 03
apudmeTnueckux ommOOK, pernreHne oPopMIICHO aKKypaTHO, C HEOOXOJUMBIMUA 000CHOBAHHUSIMH.

- «XOopo1Io» - HEKOTOPbIe yMEHUsi c(hOPMUPOBAHBI HEJOCTATOYHO, BCEC 3aJaHUS BBI-
MOJTHEHBI, HEKOTOPBIC BUJIbI 3a/IaHUI BBIIOJIHEHBI ¢ ommoOKamu. be3ommbouno BeimonHeHo 80-89
% Bcex 3a/laHui.

— «Y IOBIIETBOPUTEIHHO» - HEOOXOAUMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/IaHUi BBINOJHEHO, HEKOTOPBIE M3 BBIMOJHEHHBIX 33aJaHUil coAepk aT OMIMOKH.
bezommbouno BeinoHEHO 70-79 % BCex 3amaHuil.

— «HeynoBneTBOPUTENBHO» - TEOPETUUYECKOE COJEpKaHUE Kypca HE OCBOEHO, HE00X 0-
JIUMble YMEHHsI HE C(POPMUPOBAHBI, BBHIIOJHEHHbIE YU€OHBIC 3a/IaHUs COAEPKAT TPyOble OIINOKH.
bezommbouno BhIOTHEHO MeHee 70% Bcex 3aaHui.

Tema 4.3. UuTerpajbHoe ucunciaeHue (PyHKIMU OHOI JelCTBUTEIbHOI MepeMeHHOii
IIpakTnyeckoe 3ansitue Ne 13

Borunciaenne ONPEACTCHHBIX HHTECIPAJIOB

He.]'lb paﬁoTbIZ HayLII/ITLCSI HaXOOUTb ONPCACICHHBIC HHTCIPAJIbl, UCIIOJIB3YS PA3JIMYHBIC MC-
TOJAbI HHTCTPUPOBAHUA.

Boinoinus padorty, Bl Oynere:

ymemb:

- BBIYUCIIATE OMPEACIICHHBIC HHTCTPAJIBI pa3JIMYHBIMU METOJAMMU,;
MarepuanbHoe o0ecnieyeHme:

I/IH)]I/IBI/IHyaHI)HI)Ie 3alaHusd, Ta6J'[I/IIIa HHTErpajaioB, KOHCIICKTBI HCKHHI)’I, y‘Ie6HHKI/I
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3aganue:

Brraucnure OIPCACIICHHBIC HHTCI'PAJIbI:
1. _]"_-1='|::‘1-.1r:3 + 32 + 2x + 1)dx

w
|
er
3
=
147
[

5. f:TLT

Ilopsinok BbINOJIHEHHS PadOTHI:

1. 3amwmcarn 3aaHuC U OIMPCACIINTDb, KAKMM U3 MCTOAOB MHTCIPHUPOBAHUSA H€O6XOI[I/IMO BOCIIOJIb-
30BaThCA.

2. Ecmu HHTErpajl MOXHO HauTH MCTOAOM HCHIOCPECACTBCHHOT'O MHTCTPUPOBAHMS, TO, UCIIOJIB3Yd
CBOIICTBa MHTETpPajOB, MPHUBECTH HHTErpaj K TabmudHbiM ¢dopmynaM. [IpouHTErpupoBarts.
BrerarcnuTh 3HaYCHHE OTPECIICHHOr0 HHTErpaia mo ¢popmyine HeroTona-Jleiionuma.

3. Ecnu uHTEerpan MoHO HalTU METOJOM IOJCTAHOBKH, TO BBECTH HOBYIO IIEPEMEHHYIO, HANTH

ee nupdepennnan. [Tocne BBeeHNsT HOBOW NMEPEeMEHHON 3alaHHBIN MHTETPal IPUBOIUTCS K HOBO-
My HHTErpaiy, KOTOpbIil siBisieTcs TabauuHbIM. Ecnu mHTErpan onpeneneHHbld, TO HE00X0IUMO
BBIYMCIINTH HOBBIE IIPE/IEIIbI MHTErpUpOoBaHus. HalTu nosydeHHbIN HHTErpall.

Xoa paGoTsI:
1) [ (4x3 —3x% + 2x + 5)dx

_]-_-11{:4.1'3 — 32" 4+ 2x + 5)dx = =1-_,r_-11_r3dx—3fjlx:dx+2f:lxdx+ 5_,['_-1l de=x* -2 422 £ 5203, =
2) 33 4+3° +5.3-(1+1+1-5)=81-27+9+15+2 =80

J-i-' 4 Sdr

0 442552

DTOT UHTETPa MOKHO HANTH C TTOMOIIIBI0 METO/Ia TOJICTAHOBKY. BBeeM HOBYIO IEpEeMEHHYIO.

- 5 -
—x =t
5
-dx = dt
J-:-l- Sax _EJI—:-I e 5 04 dx _ 2 * _
b ogpaser 290 g5 40 1+{3_1-}i n’_r:;ﬂ’t
i 2 5
.X'H:U thl=|:|
LxXg = 0.4 tE = 11
5 20l odr 1 1L _ L ®
==.2 [ — = Zarctgt|} = ~(arctgl — arctg0) ==+~ ==

=

4 5°0 14t

= sinxdr

3) I;

0 etz

DTOT UHTETrPaJl MOYKHO HAWTH C MOMOIIBIO METO/Ia MOJICTAaHOBKH. BBE1eM HOBYIO IEPEMEHHYIO.
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r cosx =t :

T deosx = dt -
sinxdx —stnrdx = dt T I 1 1
= sinvdx = —dt = — :——l":':—l":: ——=2—-05=1.5
cos x #3 -2 2£'L 2.p025 2

0 1

g =0ty =cos0 =1

=

WA

xg =— tg =rcos
- 3

I\I.'II

®opma npeacrabieHus pe3yJbTaTa: BbIIIOJIHEHHAs paboTa

Kpurtepun onenku:

- «O1nuyHO» - yMeHHS CHOPMHPOBAHBI, BCE 3aJaHUs BBIIOJHECHBI MPaBUILHO, 0€3
aprupMETHYECKUX OMMOOK, pemeHrne 0hOpMIICHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSIMH.

- «XO0pomIo» - HEKOTOphle YMEHHsI COPMUPOBAHBI HEIOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIbI 33/IaHUI BBIOJHEHHI ¢ ommOKkamu. besomubouno Bemonneno 80-89
% BceX 3aIaHUU.

- «Y IOBIETBOPUTEIILHO» - HEOOXOJAMMBIE YMEHHS B OCHOBHOM C(OPMHPOBAHHI,
OOJIBIIMHCTBO 3aJIaHUH BBIIOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 33JaHUI COACpKAT OIIMOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeynoBiaeTBOPUTENBEHO» - TEOPETUUECKOE COJIEP)KaHUE Kypca He OCBOEHO, HE00X0-
JTUMBbIE YMEHHSI HEe CPOPMHUPOBAHBI, BHIMOJHEHHBIC YUYEOHBIC 3aJJaHUsI COACPKAT IPyObIe OLIMOKH.
Beszommbouno BeimonHeHo meHee 70% Bcex 3aJaHui.

Tema 4.4. IndpdepenniuaibHoe 1 HHTErpajibHOe HCHHCIeHUE (PYHKIMU HECKOJIBKUX /IeiicCTBH-
TeJIbHBIX MepeMeHHBbIX
IIpakTuyeckoe 3ansaTue Ne 14

Brruucienne 4aCTHbIX MPOU3BOAHBIX H AH(PPepeHunaI0B PyHKIUI
HECKOJIbKHMX NepeMeHHbIX.
Heapb padoTbl: GopMHUpOBaHHE YMEHHI BBIYUCISATH YaCTHBIE MPOU3BOIHBIE U AU depeHna-
761 QYHKIIUN HECKOJIBKUX MEPEMEHHBIX.

Beinmosinus padorty, Bl Oynere:

ymemb:

- BBIYMCIIATH YaCTHBIE TPOU3BOIHbIE (PYHKINN HECKOJIBKUX NEPEMEHHBIX;

- BBIYUCIATH AU depeHnnansl QyHKIUN HECKOIbKUX MEePEMEHHBIX.
MarepuanbHoe odecneyeHue:

WuauBuyanbHble 3ajaHNs, TaOINIA MHTETPaJIOB, KOHCIIEKTHI JICKINH, y4eOHUKH.
3amanme:

1. Haiit yacTHbIe Ipou3BOAHBIE PyHKIHMH: a)z = e* Y - (2x — 1); 0)z = xe¥ + x7¥;
B)z = In(vx + /).
2. HaiiTi yacTHbBIC TPOU3BOIAHBIC BTOPOTO MOPSIIKA PYHKIIMU IBYX MEPEMEHHBIX

z = sin (x+\/§).

3. Haittu nuddepennman Gynkuuu asyx nepeMennbixz = In(1 + e* + y?).
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Kparkue TeopeTuueckue cBeIeHHA:

[TycTh MMeETCs N TIEPEMEHHBIX BEIMYUH, M KaKIOMY HA0OpY MX 3HAYEHHMH (X, X,, K, X,) U3
HEKOTOpPOr0 MHOXeCTBa X COOTBETCTBYET OJJHO BIIOJIHE OIPEIECICHHOE 3HAUEHUE NIEPEMEHHON Be-
JuuuHbI Z. Tora rOBOPAT, YTO 3a/1aHa (YHKYUSL HECKONbKUX nepeMennblx 7 = (X, X,, K, X, ).

[lepemeHnHbIE Xy, X,, K, X, Ha3bIBAIOTCS HE3AGUCUMBIMU NEPEMEHHBIMU WU apeyMeHmamu, 7 —
3a6ucuMotl nepemenHoll, a cuMBoJ f o3Hadaet zaxon coomseemcemeusi. MHOXKeCTBO X Ha3bIBACTCSI

obaacmuio onpeoenerus PyHKYuuU.
Yacmmuou npouzeoonot (pynkyuu z = f(x, y) 1o x Ha3bIBAIOT MPOU3BOAHYIO PyHKIMK z = (X, y)

10 X pH (PMKCUPOBAHHON MEPEMEHHOM ¥ M 0603HauaroT f;(X, y).
Yacmuas npouzeoonas ¢ynxyuuz=f(x, y) mo y npu GUKCUpOBaHHO MEPEMEHHON X 0003HA-
’
qaercst f)(x, y).

of of
HJ’ISI YaCTHBIX IIPOU3BOJHBIX HMCIIOJB3YIHOT TaKXKE 0003HaYEHHUS 8_ n a— .
X y

Yacmuvie npoussooHvle 6mMopo20  NOpAOKA  ONPENENSIIOTCS  CIEIYIOIIMM  00pa3oM:

o%f (o a(afj ot ., ofef) o°f , ofof
2 Tl Ay ’_2=fyy=__ ’_zfxyz__ '
OX OX\ 0X) oy oyl oy ) oxoy ox\ oy

Jugppepenyuanom Gyaxuun z=f(x, y) Ha3bIBAETCS CyMMa IPOM3BEIEHUI YACTHBIX IPOU3-
BOAHBIX OTOM (YHKIMHM Ha MPUPAINCHHS HE3aBUCHMBIX IIEPEMEHHBIX 0z = ZJAX+Z|Ay WK

dz = zjdx + z,dy uam dz :gdx+@dy .
OX oy
IMopsiiok BbINOJIHEHUS PA0OTHI:

1. Ilpoananu3upoBaTh YCIOBUE 3aJaUH.
2. BBITIOTHUTE pelieHne, TPUMEHSISI HEOOXOIUMBIC (POPMYITHL.
3. 3anucaTrh OTBET.

Xoa paGoTsI:

3amanuel. Haiitu yacTHble TpOW3BOJAHBIE (DYHKIMHA: a) 7=x%° +5x* -3y +1; 0) z:xzeyz, B)

z=xmy+l.
X

Pemenue. a) [Ipu nuddepeHiupoBaHuy 10 X CYUTAEM MOCTOSHHON BeIMUUHOHN y. Takum o6pazom,

oz o o
Z, = P = 3x2y5 +10x. ITpu nuddepeHnmpoBaHuM MO Y CUUTAEM MOCTOSIHHOW BEJIMYMHOM X, CIIe/I0Ba-
X

0z
TenbHO, 2, =—=5x"y* -3,
oy
6) Ilpu nuddepeHuupoBaHMM MO X CUMTAeM MOCTOSHHOM BenMuuMHOM ). Takum oOpazom,

, oL

2
L= = 2xe’ . Tlpn nuddepeHpoOBaHNH 110 } CYMTAEM MTOCTOSIHHON BEIMYHHON X, CJIe0BaTEIb-

oz 2 2
HO, Z, =— =x%' -2y =2x"ye”".

B) Ilpu nuddepennupoBanuu mo x cyuTaeM IOCTOSHHON BenuuuHOW y. Takum oOpazom,
’

oz 1 o o
Z, = P =lny+ y[;) =Iny —X—y2 . Ilpu muddepeHmpoBaHuH 10 Y CIUTAEM MTOCTOSTHHOW BETUYMHOU X,

CJICO10BATCIIBHO,

z! :@:x(lny)’jtl-y’:ﬁntE
Y X y X

48



3ajanne?. HaiiT YacTHBIC TPOM3BOJHBIE BTOPOTrO TOPsAKA (DYHKIHMH JABYX I[I€PEMEHHBIX
z=In(l+ x+2y).

1 2
Pemenue. YactHbie mpOU3BOAHBIC MEPBOrO MOPSAKA UMEIOT BUA: Zy = ———, z;, =
1+x+2y 1+x+2y
Cuutas ux HOBBIMU (YHKIUSIMHU JIBYX MEPEMEHHBIX, HAlJeM UX YacTHBIC mpou3BojaHbIe. [lomyda-
1 2 4
eM: Zpy=—"—, Iy =—————, I =—

P @ex+2y Y exe2yf

3ananue3. Haiitn muddepenruan GyHKIUM AByX MEPEMEHHBIX Z = X2y — y°X .

(L+x+2y

Pemenne. YacTHble HNPOU3BOHBIE MEPBOrO MOPAAKA MMEIOT BHI: Z, =2Xy—Y° u z, = x? —3y?x.

CrneoBaTenbHo, dz = (2xy - y3)dx + (x2 - 3y2x)dy .

3aganue:

1. BpuaucauTh 1BOMHON MHTETpA:

H(lezyz +16y3x3>ixdy

a) D ,rmeD:x = 1,y = x%;y = —/x;
”(36x2y2 —96y3x3)dxdy

6) P ,raeD:x = 1;y = —x3;y = Vx,.

Kparkue TeopeTnueckue cBeeHHA:

JIBoiiHBIM HHTETpasioM OT pyHkuuu z = f(x; y) no obnactu D Ha3pIBaeTCs KOHEUHBIH npeaen (ec-
JIM OH CYIIECTBYET) MHTETPAIBbHBIX CYMM Y=, f(x;; ¥;)AS; npumaxd; — 0, npudem 3TOT npeesn
HE 3aBUCHT HH OT crioco0a pa30reHus 00JIacTH Ha 3JICMEHTapHBIC YaCTH, HU OT BBIOOPA TOUEKB
Hux. UTak, ABOMHOIN HHTErpai onpeaesieTcs paBeHCTBOM

n
[ resraxay = Jim Y fexvons,
maxd;—0 j=1

B stom cinyuae pynkmmst f (x; y) Ha3pIBaeTcs MHTErprpyemoid B obnactu D, D- o6macts uHTErpH-
pPOBaHMUS; X U Y — TIEpEMEHHbIE HHTETPUPOBaHUs; dxdy — SJIEMEHT IJIOLIA/IH.

JIBoitHO MHTETpa 001a1aeT CIeAYIOMUMHA CBOMCTBAMHU.
I I do =5(G)
1. © , rie S(G) — mmomane obmactu G.

2. TTocTOSSHHBIN MHOXKUTEIb MOYKHO BBIHOCHTh 32 3HAK JBOMHOI'O UHTET pajia:

'U Af (x,y)do = Aﬂ f(x,y)Jdo
©) ©) _

3. I[BOﬁHOﬁ HUHTCrpaJl afIUTUBECH OTHOCUTCIIBHO HOI[LIHTCFp&J'ILHOfI (1JYHKI_[I/II/II

ﬁ(f1+ fz)dazﬂ flda+ﬂ f,do
G) G) G) ]
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4. JIBOWHOM MHTErpan aJINTUBEH OTHOCUTEIILHO 00JIACTH MHTETPUPOBAHUS: €CITU

” fda:ﬁ fdo + ﬂ' fdo
ST ) B N

G=G VG ppuyem G1NCG2=9 1 @

JIBOWHOM MHTErpall UMEET MPOCTON Fr€OMETPUUECKUI CMBICII: BEJIMYMHA JBOWHOTO MHTErpaia oT
HEOTPUIATENIbHON PYHKIINU paBHA 00bEMY LIMIUHAPUYECKOTO Tea.

Brrunciienne ABOMHOr0 HHTErpaia
[Tyctp obmacts D omnpenensercs: HepaBeHCTBAMH:
_ { a<x<b

o)<y <ylx) U [P 3TOM, BCsIKas npsimasi, napaiensHas ocu Oy nepecekaer rpaHuily o0aactu
D ne Gonee yem B ABYX TOUYKax (puc. 1), Toraa BEIYMCIEHUE JBOMHOTO UHTETpaja OT (DYHKIHH
f(x,y) B obnactu D cBOAMTCS K BHIYUCIICHUIO, TAK HA3bIBAEMOT0, IOBTOPHOT'O HHTErpaja 1o ¢op-
MyJe:

b v x)
H f(x,y)dxdy = Idx } f(x,y)dy
D a  o(x) (l)

B ¢opmyne (1) cHayana BeIYUCIAETCS BHYT-
pREs A PEHHUI MHTErpall 1Mo NepeMEeHHOU ), cuuTas

{ W ] Opd  5TOM X  BEIMYHHON  MOCTOSHHOM
II g rais 4 w(x)
= {x) f(x,y)dy. 3areM BbIYMCIAETCH BHEUIHMI
> (%)

MHTETpaJ M0 NEPEMEHHON X.

Ecmu 00J1acTh WHTETPUPOBAHUS ecTb

| c<y<d
' D'{g(y)ﬁxS t(y)

U TIPH 3TOM, BCSKast IpsMasi, mapaysiensHas ocu Ox
nepecekaer rpanuny obimactu D He Oonee uem B
JIBYX TOukax (puc. 2), Toraa JBOMHOW HHTErpan
BBIUUCIISIETCST 4Yepe3 TOBTOPHBIA HWHTETpajl TIo

bopmyse:

x=fy)

f(x, y)dx (2)
|

J.J. f(x, y)dxdy = j.dy
D (v)

f(y)
¢ gly
3ameuanue 1. Ecnu 06macts mHTETpupOBaHus O0Jee CII0KHAs, YeM B ONMCAHHBIX BBIIIE CTy4asXx,
TO €€ MOKHO pa30UTh Ha HECKOJIBKO HETIePECEKAIOIINXCS YacTel, YOBIECTBOPSIOMIUX YKa3aHHBIM

YCIIOBUAM, ITPH ITOMOIIHX INPAMBIX MapaJlJICIbHBIX KOOPAWHATHBIM OCAM. 3arem IIPUMECHUTH CBOMCT-
BO aAIUTUBHOCTH.
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Hanpumep, obnacts, n300pakeHHYI0 Ha pHUC.3, MOXKHO Pa3OUThb
Yo 1) Ha Tpu obnactu. Toraa

S | ”‘ foxdy = H fdxdy + H fdxdy +J.J- fdxdy
S T > D D, D, D,

Puc. 3

3ameuanue 2. [Ipeaenbl ”HTErpUpPOBaHUS BHEIIHETO UHTETpaJIa B IOBTOPHOM MHTETpaJie BCEeraa
nocTostHHBL. [Ipeenbl nHTerpupoBaHus BHYTPEHHETO HHTErpalia, B 001eM ciaydae, 0yayT GpyHK-
UHUSAMU TOW MEPEMEHHOM, IO KOTOPOW BBIYUCIISIETCS BHEITHUIA UHTETPaJ.

ITopsinok BbINOJIHEHHUSI PAa0OTHI:

1. [Ipoananu3upoBaTh YCIOBHUE 3aa4H.
2. BBITIOTHUTE pelieHue, TPUMEHSISI HEOOXOIUMBIC (POPMYITHL.
3. 3anucaTh OTBET.

Xoa pa6oTsI:

3ajanue. BeruncauTh ABOMHON UHTETpa

H (x—2yx )dxdy )
D . TIe D:x+y=2, y=x _
Pemenue. O6macts uaTerpupoBanust D orpannyena npsiMoit y+ x = 2 1 nmapadbosioit y = X2, POX0-
JSIIel Yyepe3 Hayallo KOOpJIMHAT, ¢ ocbio cummetpuu Oy (puc. 4). OnpeaenumM TOYKH MepecedeHust
rpadukoB GpyHKUMN. J[715 TOTO peium CUCTEMY:
{x +y=2
) — 2 =
\ b y=
AN [ £ X2 +x-2=0

\ \ / D=1-4-(-2)=9
AVE ), | 1-

| ‘... ‘ f sy /”. X, = ﬁ )
-\ \{ 2

H /' _

: t\ } y/4 = . — 1+3:1

2 ol 1 N 2

Puc. 4

Nwmeem nBe Touku nepeceuenusi: A(-2, 4), B(1, 1). JIro6as npsamas, npoxozsiias dyepe3 BHYTPEHHUE
TOUYKHU oTpe3ka [—2;1] napamnensHo ocu Oy nepecekaer rpanuily odiaactu D B 1ByX Toukax: B TOY-
ke BXoza "°", B KOTOpOH y = X° U B TouKe BbIX0za "x", B KOTOpoii y = 2-X. Takum 06pazom, 06-
-2<x<1

x2<y<2-x

JacTh UHTErpUpoBaHus D MOKHO 3a1aTh HEpaBEeHCTBAMH: { . Torga no ¢popmyne (1)

HOJTyYaeM:

2-x

ﬂ (x—2yx )dxdy = jdx I(X—ZyX)dy

CHayasia BbIUMCIISIEM BHYTPEHHUM UHTErpal Mo Y, CYUTas X MOCTOSHHOM BETUYHMHON
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2-X 2-X 2 x
J-(x—2yx)dy =X I(l—Zy)dy = x(y— yZIXZ = x(2— x—(2—x)* -x%+ x"'):
XZ XZ

= x(—2+3x—2x2 +x4):—2x+3x2 —2x3+x°.

[[anee BBIYMCIISIEM BHEIITHHI HHTCTpaI

1 a6\
J-(—2x+3x2—2x3+x5)1x= a3 XX 1,28
J 276 ), 3

H (x—2yx)dxdy =9
OtBet: P

®opma npeacTraBJieHUs pe3yJbTaTa: BHIIIOJTHEHHAs paboTa.

Kpurepun oneHku:

- «OTIU4HO» - yMEHHUs COPMHUPOBAHBI, BCE 3aJaHUS BBIOJHEHBI MMPABUIBHO, 0€3
apudmeTnuecKkux ommOOK, pernreHne oPopMIICHO aKKypaTHO, C HEOOXOJUMBIMUA 000CHOBAHHUSIMH.

- «XO0pomIo» - HEKOTOpble yMEeHHsI CHOPMUPOBAHBI HEJOCTATOUHO, BCE 3a/J1aHUS BbI-
MTOJTHEHBI, HEKOTOPBIC BUBI 3aJaHUI BBIITOJHEHBI ¢ OIMMOKaMu. bezommOouno BeimosHeHo 80-89
% Bcex 3aaHui.

- «Y IOBIIETBOPUTEIBHO» - HEOOXOAUMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJILIITMHCTBO 3aJ]aHU BBITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJIHCHHBIX 3aJJaHUK COJEpIKAT OIIUOKH.
Be3omnbouno BeimonHeHo 70-79 % Bcex 3agaHui.

- «HeynoBneTBOPUTENBHO» - TEOPETUUYECKOE COJEpKaHUE Kypca HE OCBOEHO, HE0OX0-
JTUMbIC YMCHHSI HE C(POPMUPOBAHBI, BBHIITOJIHEHHBIC YICOHBIC 3a/IaHUS COACPIKAT IPyObIe OIIMOKH.
Bbe3ommb6ouyno BeimoHEHO MeHee 70% BceX 3aJaHuii.

Tema 4.5. Teopus psinos
IIpakTyeckoe 3ansaTue Ne 15

Pa3jioxkenue dieMeHTapHbIX pynkuuii B psaa Teitiiopa
Lean: popmMupoBaHue yMEHUI packKiaibIBaTh JieMeHTapHble pyHKIMH B psin Teinopa.
Beimosnus patdory, Bel Oyaere:
ymemb:
packiiaibIBaTh dIeMeHTapHble GYHKIUU B psja Teitnopa.

MaTepnam,Hoe o0ecmeyeHue: HHAUBUAYAJIBHBIC 3a1aHU, KOHCIICKTBI JIEKITUI.

3aganme:
Pasznoxuts crnemyromue Gynkuuu B psn Teinopa npu 3aJaHHOM HauyadbHOM 3HAYEHHUU apTyMEHTa

Xo.

a) e*, a=-2;6) 3>, a=-1;8) In(3+2x), a=1.

Kparkne Teopernyeckne cBeaeHHs:
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Ecnu ¢ynkums f(x) B HEKOTOPOM MHTEpBajie PacKiIaJIbIBACTCS B CTEMEHHOM psJ MO cTeme-
HSIM X — Q, TO 3TO pasioxKeHne eIMHCTBEHHO " 3amaercs dbopmyoii:

Fx) =f(a)+@ x—a) +%{x—a}g +%(x—cx}3 +..+ Sa) (x—a) +...

Al

Psnpr Teisiopa HEKOTOPBIX 3JIEMEHTApHBIX (QyHKIHH. IMEIOT MECTO Clienyronme pas3ioxe-
HUS:

r 1‘2 1‘3 T

: : : 1
" =1 -_ —_ —_— —_— —50;, G0
' Tttty ottt #e e e

3 5 2n—1

T ) x
snr=0——+4—— o+ (=) 1—7m—+ | om0
3 TR TN T T rebeme)

r2 1‘4 2n
cosr=1——=+—— - +(=1)"—=+..., ref-ma)

ar o4l S (2n)! ’

- .. ol

arctgr = 1 — T + T + (=1Y ] + ..., rei-11]
I i .1‘2 J\S ) 1-n—1'rn
11|\1+-1_|=-f—T+?—"'+l— | T+....xe(_1;1]

Ot Qopmynbl UCHONB3YIOTCA I HPUOIMKEHHOIO BBIYMCICHUS 3HAYECHUH YKa3aHHBIX
byHKIHIA.

Ilopsinok BbINOJIHEHHS PadOTHI:

1) Haiitu npousBoansie hpynkuuu f(X) B Touke x =a: f (“)(a), YneN.
0 (n)

2) Cocrasuts pan Teiinopa Zf—l(a)(x ~a)".
n=0 nt

Xoa padoThl.

— i _ —
3aganue 1. Paznoxuts QyHKIUIO Jlay=x +4x —3x+2 4 pan Teinopa no creneHsm (x=1)

B nannom ciyuae ¥ = 1,

Fla)y=f)=1+4-34+2=4

A= 4t -3+ 2 =30 4+ 823
Sia)=F'=3+8-3=8

FMx) =G +8x—3) =6x+3
Fa) =" =6+8=14

FM X =(6x+8) =6 =const
Sy =7"D=6
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4 f_
S =(6)=0 , BCE MIPOU3BOJIHBIE, HAUUHAS C YeTBEPTON MPOU3BOAHON, OYAYT HYJIEBBIMHU.

Teneps mojcraBisieM HalIeHHBIC 3HaUeHUs B hopMyiy Teiopa:

Flx)=x" +4x° —3x+2=4+§(x—1)+§(x—1)2+%(x—1)3+0+0+0 +..=
=4+ x-D+7x-D*+(x-1°

y=In{1+2x) (x—3)l

3ananue 2. Paznoxuth QyHKIHIO B pan Teilsiopa o cTeneHsIm

B oannom cnyuae: a =3
Fix)=70C)=h7

S0 = (1422 = ——

Fim)=7"3)=

w2 Y 281
fm_[nzx] T ltza?

2 2
Fra) = F1(3) = 2 {%

B I SV

t

wen | 221 ) 212 22
4 (x:'_[ (1+2fo T d+za’ (d+2x)

3
fm}f@—zz

(_l:l:wl ] 2:! ] (Pﬂ —1:”
{1+ 2x)"
P i .
™M () = F™(3) 2
o obpazom:
2 23 23 El (— 1):“1 2 (=T}

In(1+2x) = 1n?+7(x 3+ 7 (x= 4+ L 3 (=3 +. + 7”: (x=3"+ . =
fdl

Sy =

22 3 _1:'!+1_2?¢
L (x—3)2+3_?3 (x—3]3—...+L

=]n?+$(x—3)— (x=3"+...

®opma npeacraBiaeHus pe3yJbTaTa: BHIIOJHEHHAs paboTa.
Kpurepum ouenku:

—  «OtnnyHO» - yMeHHUs chpOPMHUPOBAHBI, BCE 3aJJaHUs BBINOJHEHBI MPAaBUWIBHO, 0€3
apu(pMeTHYECKUX OIMOO0K, pelieHne opopMIIeHO aKKypaTHO, ¢ HEOOXOIUMBIMU 0OOCHOBAHUSIMH.
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- «XO0pomIo» - HEKOTOphle yMEeHHsI C(HOPMUPOBAHBI HEOCTATOYHO, BCE 3a/JaHUS BHI-
MTOJTHEHBI, HEKOTOPBIC BUBI 3aJaHUI BBITIOJIHEHBI ¢ omurOkaMu. be3zommboyHo BeimoaHeHo 80-89
% Bcex 3amaHui.

- «Y IOBJICTBOPUTEIBHO» - HEOOXOJHMMBIC YMEHHS B OCHOBHOM C(OPMHPOBAHBI,
OOJIBIIMHCTBO 3aJIaHUH BBIITOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJaHHHA COJIEPIKAT OIIUOKH.
Be3omnbouno BeinonHeHo 70-79 % Bcex 3agaHu.

- «HeymoBIeTBOPUTEIIBHO» - TEOPETHUYCCKOE COJICPIKaHUEe Kypca HE OCBOECHO, HEO0X O-
JTUMbIC YMCHHSI HE C()OPMHUPOBAHBI, BBHIOJIHEHHBIC YUeOHBIC 3aJaHUs COACPKAT IPyObIe OIMNOKH.
Be3ommbouno BeimonHeno Menee 70% Bcex 3amaHui.

Tema 4.6. O0bIkHOBeHHbIe TH( (PepeHInATbHbIe YPABHEHUS
IIpakTnueckoe 3ansaTue Ne 16

Pemienue nugpepeHnaIbLHBIX YPABHEHUI NIEPBOro MOPsAIKA.

Hean: Hayuuthes pemats quddepeHaibHble ypaBHEHUS IEPBOT0 MOPSIIKA

Boinosinus padorty, Bel Oynere:

ymemu:

- oIpeneNATh BUI AU GEPEHINATHFHOTO YPAaBHEHUS;

- HaXOJUTH O0IIee pereHue TUPPepEeHIIMATLHOTO YPaBHEHUS IEPBOTO TOPSIIKA;

- HaXOJUTh YaCTHOE pernicHue TU(GEepeHIINATHLHOTO YPaBHEHHUS, YIOBICTBOPSIONICE HEKOTO-
PBIM HaYaJIbHBIM YCJIOBUSM (pemaTh 3anauy Korm).

MaTtepuajbHoe o0ecniedeHue: HHIMBUIYaIbHbIC 3a/IaHUS, KOHCTICKTBI JICKITHIA.
3aganue:
1. Haiitu obiee penienue auddepeHnnaabHOro ypaBHeHUS

a) d_y— 3d_x
N
6) (y — D2%dx+ (1 —x3)dy =0

2. Haiitu yacTHOe penrenue quPepeHMATEHOTO YPABHEHHUS
a) y*+x%y' =xy-y" mpuy(l)=1
b) y'sinx—ycosx =1 npux=g,y:1

HOpﬂ}IOK BbIITOJTHCHU A paﬁon:

1. Onpenenute Buj quddepeHIaabHOro ypaBHEeHuUs.
2. Ecmu ypaBHEHUE SIBIISIETCS] YPABHEHUEM C PA30eNAIOUWUMUCS NEPEMEHHBIMIUL, TO
1) TlpuBenurte naHHOE ypaBHEHHE K YPAaBHEHUIO C Pa3JelICHHBIMHU IEPEMEHHBIMH, T. €. IPO-
W3BEIUTE Pa3/IeIICHNe TIEPEeMEHHBIX, ISl 3TOTO:
-IIpousBoanbie GyHKIMM 3aMeHHTE e€ TudepeHIaIaMu;
-CrpynnupyiTe 4WieHbl ¢ OJHHAKOBBIMU TU(depeHaTaMy 1 3aUIINTe UX B Pa3HBIX Yac-
TSAX PaBEHCTBA, BbIHECS AU(QepeHInabl 3a CKOOKH;
- Ilomenute unm yMHOXXbTE 00€ YaCTH PaBEHCTBA HA TAKUE BBIPAKEHHUS, YTOOBI BCE (PYHK-
UM CTOSUTH TIpH ,,cBoMX” auddepeHnmanax, T. €. npusectd K Buay: @(y)dy = @(x)dx

2) IpounTterpupyiite 00€ 4acTH paBEeHCTBA M HAWIUTE 00IIEee PeIICHHE.
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3) Jlnst BBIIEIEHUS YaCTHOTO PEIICHHUs U3 00IIEero 3agaetcs Touka (Xq: Vo), Yepe3 KOTOPyio
JI0JDKHA TIPOXOJUTh MHTErpaibHas kpuBas. Haxonum 3nauenue nocrossHHoM C ,a 3atem C mon-
CTaBIIsIEM B 00IIee PEIICHHUE U 3aIMChIBAEM YaCTHOE PEIICHUE.

3. Jns pemieHust 00HopooHo2o oughghepenyuanvrozo ypasnenusl mopsika TaHHOE ypaBHEHUE Y-

TEM BBEJICHHS HOBOW IIEPEMEHHOM HYKHO IIPUBECTU K YPABHEHUIO C pa3JIeIAIOIHUMUCH TIepe-

d dz
MEHHBIMU. 3aMEHUM Y = Z * X, ﬁ =x_ + z, Tie Z-HoBas HeM3BecTHask (QYHKIIHS OT X.

[Tonyumnock ypaBHEHUE € pa3aeisIOIMMU IEPEMEHHBIMU OTHOCUTENBHO Z. PemuB ero, Hayio Z

3aMCHHUTH Ha % H BBIPpA3UTL ).

4. Jlunetinoe nuddepenmansuoe ypapaenue | mopsiaka pemiaercs myTeM moAcTaHOBKH

dy _ dd du
_udx+8dx

yzu-ﬁ; dx

JuddepeHnnansHoe ypaBHEHNE CBOIUTCSA K PEIICHHIO ABYX AU depeHInaIbHBIX YPaBHEHHH, C
pa3eNIOIIMMH TEPEMEHHBIMH, CHaYajla OTHOCUTENBHO U , TTOTOM-V, I/ie U U 9 HEU3BECTHBIE
(GbyHKINH OT X.

Xoa padoTsl

1) Haiitu obmiee pemerne audphepeHInaIbLHOr0 YpaBHEHUS:
(6xdx + 3xy?dx) — (6ydy + 2x%ydy) =0
Crpynnupyem wieHsl ¢ dX u dy
3x(2 + y¥)dx — 2y(3+ x¥)dy =0
-Paznenum nepemeHHbIC
3xdx 2ydy

3+x2 2+y?

xdx d
31 =2f yay
3+x2 2 +y?

-Pemaem 1o OTACIBHOCTHU K&)K}IBI?I HUHTCErpaj METOA0M MMOJACTAaHOBKHU

-UnTerpupyem

3
Eln(S +x2) =In(2 +y2) +Inc

3
In3+x2)z=In2+y?) ¢
-IToreHnMpyem 3TO ypaBHEHHUE

JB+x2)3=02+y¥-c

(B+x)V3+x2
2+y? -

-3anuceiBaeM o011ee penieHue:

2. Haiitu yacTHOe perieHne OJHOPOAHOTO JTuddepeHnaTIbHOro ypaBHenue | mopsaka
) 2x+y . _
==, > ecm y=0 nmpux=1

2
dy. dy 2x+y
-3ameHuMm y'Ha —; — = ——

dx' dx = 2x
. dy dz
-IIpon3Benem NoACTaHOBKY Y = ZX; Pl et o4
dz 2x+zx dz x(2+z
X—+z= ; x L4 g =22
dx 2x dx 2x
dz 24z
X— = -z
dx 2
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dz_Z—Z

Yax T 2
dx
-Paznenum nepemeHHbIe 2— dz ==
-IIpouHTErpUPYEM BBIPAKEHHE: 2 f = %
-Perraem nannoe ypaBHeHHe —2 ln|2 | =In|x| +1Inc
11’1(2_—2)2 = ln(xc)
1
-IIponoTeHpyeM BbIpaKeHUE 7 xc
- . —7)2 = —
Bripazum z: (2 — 2) -
1
2—7z=——
xc
1
zZ=2—-——

Vxe

2xVxc—x
———— ofuiee perieHue

VvXxc
-IloncraBuM HayalbHbBIE YCIOBUS y—O X—l

0= 2\/—12\/——1—02\/——1\/— =2

-IToxcraBum CB oOIIIee pemieHne y = Z(x — 4/ X) 4acTHOE pelleHHe.

-3aMeHuM z = % Y BBIPA3UM Yy =

3. Haiiti yactHOe pemieHne TMHEHHOTo TuddepeHaIb-Horo ypaBaenus | mopsaka
xy' +y = 3, ecnu y=0, npu x=1

-HpI/IBeI[eM YpaBHCHHC K BUY IO OIIPCACIICHUIO

r Y
+===
Y X X
-Caenaem 3aMeHy
—uy Y ¥y g
y = ud; dx dx+0dx
-Crpynmnupyem 4jieHsl ¢, Moayqyum
du u _du __  u
9(E+3) =01k 0#0=>T =2
-PazenuM nepemeHHbIe
du  dx
U x
-IIpounTterpupyem
du dx
u x
In|u| = —In|x]|
-IIponorenumpyem
1
u=-
x
-IloncraBum U B ocTaBIiieecs: ypaBHEHHE
1 dd 3
xdx x
d9 = 3dx
-IIpounTterpupyem
Y9=3x+c

-IloacraBum y = ud
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1
y=3 (3x + ¢)- obmiee pemicHne
-IloxcTaBuM HavaIbHbIE YCIOBUS
0=34c=>c=-3

3
y = =(x — 1)- yactHoe pemenue

dopma npeacraBJieHUs pe3yJbTaTa: BhIIIOIHEHHAs padoTa.

Kpurtepun onenku:

- «O1nuuHO» - yMeHHS CHOPMHPOBAHBI, BCE 3aJaHUs BBITOJIHCHBI MPABWIBHO, 0€3
apruMETHYECKHUX OMMOOK, pemeHrne 0hOpMIICHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSMH.

- «XO0pomIo» - HEeKOTOpble YMEHHsI C(HOPMUPOBAHBI HEOCTATOYHO, BCE 3a/JaHUS BHI-
MOJTHEHBI, HEKOTOPBIE BUJIbI 33/IaHUil BBIOJHEHHI ¢ ommOKkamu. be3omubouno Bemonneno 80-89
% BceX 3aIaHUU.

- «Y TOBIIETBOPUTEIHHO» - HEOOXOJHMMBIC YMEHUS B OCHOBHOM C(OPMHUPOBAHHI,
OOJIBIIMHCTBO 3aJIaHU BBIIOJIHCHO, HEKOTOPHIC M3 BBIMIOJHEHHBIX 3aJaHHUI COJIEPHKAT OIIHUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeymoBIeTBOPUTEIIEHO» - TEOPETUUYECKOE COJIEpKaHue Kypca HE OCBOSHO, HEOOXO-
UMbl YMEHHSI HEe CPOPMHUPOBAHBI, BHIMOJHEHHBIC YUYEOHBIC 3aJJaHUsI COACPKAT IPyObIe OLIMOKH.
Beszommbouno BeImonHeHo MeHee 70% Bcex 3aJaHui.

Tema 4.6. O0bikHOBeHHBbIEe TH( (PepeHInATbHbIe YPABHEHUS
IIpakTuyeckoe 3ansaTue Ne 17

Pemienue nudpepeHnaIbLHBIX YPABHEHUI BBICIIHUX IOPHAIKOB.

Iean padorbi: HayunThes pemats quddepennuanbabie ypaBHeHus |l mopsaka u muHelHble oJ1-
HopoHbIe MU depeHnanbHble ypaBHeHus |l mopsijika ¢ mocToSHHBIMU KO3 UIIMEHTaAMH.

Beimosinus patdory, Bel Oyaere:
YMETh:
- pemiath AuddepeHnraIbHble ypaBHEHUS BTOPOT0 MOPsAKa, TOMYCKAIOIMe TOHWKEHHUE MTOPSIIKa;

- HaXOOUThb O6H.[CC " YaCTHOC PCUICHUC HpOCTCfIH.IPIX I[PI(I)(I)CPCHHI/IEU'ILHBIX ypaBHCHI/Iﬁ BTOPOTO I1O-
pszKa;

- HaXOJHUTb 061_1_[66 " YaCTHOC PCUICHUC JIMHENHOTO OIHOPOJHOTO ,[[I/I(l)(bepeHL[I/IaJ'ILHOFO YpaBHCHUA
BTOPOTIO nopsaaka ¢ mOCTOSIHHbIMU KOB(b(I)I/ILII/ICHTaMI/I.

MarepunanbHoe obecrnieyeHue:
WuauBuyanbHble 3aJjaHus , TAOJIUIbI, CIIPABOYHUKH, YIEOHUKHU, KOHCTIEKTHI JICKITUA.
3ananue:

1. Pemmrs muddepennunansubie ypasHenus |l mopsaxa:
d?y _
a) oz 5
b) y" =x,A(1;0); B(1;1)
2. HaiiTu yactHOe penieHne oJHopogHoro aupdepenuuansHoro ypasHenus |l mopsaka.
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d’y _dy dy
IxZ Zd——3y Onpux=0;y= OE—O

ITopsinok BbINOJIHEHHUSI PAa0OTHI:

1) Auddepenumansubie ypapaenus |l mopsiaka penratorcsi AByKpaTHBIM HHTETPUPOBAHUEM,

.. o o d
IIyTEM BBEJICHUsI HOBOW IIEPEMEHHON P = d_y
X

[IpuBoIMM K ypaBHEHUIO C pa3AeSIOUIMMH IEPEMEHHBIMU U peliaeM OTHOCUTENBHO .
[ToxcraBnsiem P U periaeM ypaBHEHHE pPa3AeliCHUEM MEPEMEHHBIX OTHOCHTEIBHO Y.
Ecnu nansl HauaabHbIE YCIOBHS, TO MOJCTABIIEM B 0o0lIee pelieHre, COCTaBIsIeM CUCTEMY JTMHEH-
HBIX YpaBHEHUH U pemaeMm oTHocuTenbHO C; U C,. [loactaBnss C; u C, B o01iee penieHne, Haxo-
JTIM YaCTHBIC PELICHUS.
2) Oxnopoanoe auddepennuansuoe ypasaenue |l mopsiaka.

IIyreM 3aMeHbl y = eK*

y’ = kekX

y" = k2ekx
CocrapiseM xapakTepuctuieckoe ypasaenue k? + pk + q = o u3 koroporo Haxoaum k1 k.
O6uee pemenue npu D>0 Gyner:

y = ¢, eK1X + ¢ ekeX

Ipu D=0 6ymet: y = e**(c; + ;%)
ITpu D<0 6yzer: y = e®*(cq cos bx + ¢, sin bx)
[Ipu 3a1aHHBIX HAYATBHBIX YCIOBUSIX COCTABISIEM CHCTEMY JIMHEHHBIX YPaBHEHUH U peliaeM eé
oTHOcuTenbHO C; U C,.

Xoa paGoTsI:

Pemuts nuddepennmanbHoe ypaBHeHHE 2 OpsiAKa

d?y
W =1-2x
day
-3aMeHuM p = . Oy nM:
dy
dty d() dp= 1— 2
dx? dx "dx

-Paznenum nepemMeHHbIe
dp = (1 —2x)dx

Jdp J(l —2x)dx

—x—x + ¢

-IIpounTterpupyem

-3aMeHHMM pPHa &y
dx d
Y 2

—=x—-x"+c

dx !
-Paznenum nepemensble

dy = (x — x% + ¢;)dx

-IIpounTerpupyem u nosy4yum ol1iee perieHme

fdyzf(x—x2+c1)dx
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x? x3

y=7—?+clx+cz

[l.  Pemmuts ogHOponnoe muddepenunansuoe ypasaenue |l mopsaka
a)y"'—-5y'+6=0
-CocTaBuUM XapaKTEPUCTHYECKOE YpaBHEHHUE

k? — 5k + 6 = 0, pemraeM KBajpaTHOE ypaBHEHUe, onyuum k; = 2,k, = 3
-O06mmee pemenue OyaeT:
y = cie? + c,e3*

b) y"+4y'+4y=o0
-COCTaBUM XapaKTEPUCTHUCCKOE YPaBHEHHUE

k2+4k+4=0, (k+2)*=0 k=-2
-3anumiem obmiee permenne s D=0
y =e % (cy + c2x)

c)y"—6y' +13y =0
-CocTaBUM XapaKTEpPUCTHYECKOE YPaBHEHHE

61+V16i%2 _ 6+4i
2 2

k?—6k+12=0;D =36—-4-13 = —16D<0 =>x,, =
-3anmmem od1iee pemeHne

y = e3*(c, cos 2x + ¢, sin 2x)

®opma npeacTaBaeHus pe3y/abTaTa: BHIIOJIHEHHAs padoTa.

Kputepun onenkmn:

- «O1nuyHO» - yMeHHsS COPMHPOBAHBI, BCE 3aJaHUs BBIIOJHEHBI MPaBUILHO, 0€3
apupMeTHYECKUX OMMOO0K, perieHrne 0hOpMIIEHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSIMH.

— «XO0pomIo» - HEKOTOpble yMEeHHsI C(HOPMUPOBAHBI HEOCTATOUHO, BCE 3a/1aHUS BbI-
TIOJIHEHBI, HEKOTOPbIE BUBI 3aJaHUIl BHIMOJHEHBI ¢ omuOKaMu. be3ommnbouno BeimoaHeHo 80-89
% Bcex 3a/laHui.

— «Y TOBIIETBOPUTEIHHO» - HEOOXOAUMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/IaHUi BBIOJHEHO, HEKOTOPHIE W3 BBIMOJHEHHBIX 3aJaHUN COJEp)KaT OLIUOKH.
bezommbouno BrimoHEHO 70-79 % BCex 3amaHui.

— «HeynoBneTBOPUTENBLHO» - TEOPETUUYECKOE COJEp)KaHUE Kypca HE OCBOEHO, HE00X0-
JTUMbIe YMEHHsI HE C(POPMUPOBAHBI, BBHITOIIHEHHBIC YU€OHBIC 3a/IaHUs COAEPKAT TPyOble OIMNOKU.
be3ommbouHo BrIOTHEHO MeHee 70% Bcex 3amaHui.
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