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1 BBEJAEHUE

BaxHyl0 yacTh TE€OpPETHYECKON U MpOo(hecCHOHATBHONW MPAKTHUECKOW MOATOTOBKU OOYYarOIIUXCs
COCTABJISAIOT MPAKTUYECKUE 3aHATHS.

CoctaB u cojaepKaHME NPAKTUYECKUX 3aHITUN HampaBieHbl Ha peanusanuio PDenepanbHOro
roCyJapCTBEHHOT0 00pa30BaTEIbHOIO CTaHAapTa CPEAHEro NPOoPEeCcCHOHATIBHOIO 00pa30BaHMsL.

Benymieid  qumakTU4ecKOM — IENbI0  MPAKTUYECKUX — 3aHATHH  sBisieTcs  (opMupoBaHue
poeCCUOHATBLHBIX NMPAKTUYECKUX YMEHHUH (YMEHMH BBIOJHATH OINpEJesIeHHbIE JeHCTBUS, Olepaluy,
HEOO0XO/JMMBIE B TIOCIEAYIOUIeM B MPO(GECCHOHATBHON NEATEIBbHOCTH) WM YYEOHBIX HPAaKTHYECKHX
yMeHuM (yMeHM#l pemare 3ajaud [0 MaTeMaTHKe), HEOOXOJUMBIX B IHOCIenyroued ydeOHOU
JESITEIbHOCTH.

B coorBerctBHM ¢ paboueld mporpaMMoi yuyeOHON AMCIMIUIMHBI «DJEMEHTHl BBICIICH
MaTEMaTHKU» [IPEAYCMOTPEHO ITPOBEIEHUE PAKTUYECKUX 3aHITHH.

B pe3ynbrare ux BBIIOJHEHUS, 00YYaIOLIUICS JOKEH:

ymemb:

- BBINOJIHATH ONEPaLMy HaJ MAaTPULIAMU U PEIIaTh CUCTEMbI JIMHEMHBIX YpaBHEHUH;
- NPUMEHATh METOJbI JUPPEPEHLINATBLHOTO U UHTETPAIbHOTO UCUUCIICHHUS;
- pewarh quddepeHaIbHbIe ypaBHEHUS.

ConepkaHye NPaKTUUECKUX 3aHATUN OPUEHTUPOBAHO Ha IOJArOTOBKY OOYYarOLIMXCS K OCBOEHMIO
po(heCCUOHATIBHOTO MOJIYJISl IIPOrpaMMBbl IOJTOTOBKHM CHELHAIUCTOB CPETHErO 3BEHA M0 CHELMAIBHOCTH U
OBJIAZICHUIO NPOGheccuonanbHbIMu KOMNEMEHUUAMU:

I1K 1.2 - . BeimonHsaTs TpeGoBaHMs TEXHUYECKOTO 331aHNs Ha POEKTUPOBAHKE LI (PPOBBIX YCTPOICTB;
1K 1.4 - OnpenensaTs moka3zaTeny HaIe)KHOCTH M Ka4eCTBA MPOSKTUPYEMBIX IIH(POBBIX YCTPOUCTB;
1K 2.2 — npou3BOIUTE TECTUPOBAHUE U OTIIAKY MUKPOIPOLIECCOPHBIX CUCTEM.

A Taxxe GOPMHUPOBAHUIO 0OUIUX KOMNEMEeHUULIL.

OK 1. IloHnmarh CyIIHOCTh M COLMATBHYIO 3HAYMMOCTh CBOEH OymyIieil mpodeccuu, MposBIsATh K Hel
YCTOWYMBBII HHTEPEC.

OK 2. OpranuzoBbIBaTh COOCTBEHHYIO AESTEILHOCTb, BHIOMPATH TUIIOBbIE METO/BI U CIOCOOBI BBINOIHEHUS
npoeccuoHabHBIX 33/1a4, OLIEHUBATh UX A3(PPEKTUBHOCTb U KaYECTBO.

OK 3. [IpuHuMaTh peleHns B CTaHJapTHBIX M HECTAHAAPTHBIX CUTYALIUSIX U HECTH 32 HUX OTBETCTBEHHOCTb.
OK 4. OcymiecTBasTh MOUCK M UCIIONB30BaHUE MH(DOpMaIy, He0OXoauMoi i1t 3((PEeKTUBHOTO BBIMOTHEHHUS
npogecCHOHAIbHBIX 3a/1a4, MPO(ECCHOHATBHOTO U JIMYHOCTHOTO Pa3BUTHSL.

OK 5. Hcnonb3oBate HMH(OPMALMOHHO-KOMMYHHMKAIIIOHHBIE ~ TEXHOJIOTMM B IMpodeccnoHaTbHOM
JEATEIbHOCTH.

OK 6. Paboratb B KoJUIeKTHBE M KOMaHne, 3(QEeKTUBHO OOMIAThCS C KOJUIEraMd, PYKOBOJCTBOM,
HOTPEOUTENSIMU.

OK 7. Bpatb Ha ce0si OTBETCTBEHHOCTh 3a pabOTy WICHOB KOMaH bl (IOAYMHEHHBIX), PE3y/IbTaT BBIIOIHEHUS
3aJaHuH.

OK 8. CamoCTOSITEIbHO ONpeneNaTh 3a/aud MPOPEeCCHOHAIBHOTO U JIMYHOCTHOTO PA3BUTHSI, 3aHHUMATHCS
caMO0Opa30BaHNEM, OCO3HAHHO IJIAHUPOBATH MOBBIILIEHHE KBUTU(PUKALIUH.

OK 9. OpueHTHpOBaTHCS B YCIOBHUSIX YAaCTOW CMEHBI TEXHOJIOTHI B MPO(EeCCUOHATBHOM AESTETHHOCTH.

Brinmonnenue o0ydJaronuxcsi NpakTHYeCKUX paboT 1Mo y4eOHOM JUCHUIUIUHE «DJIEeMEHTHI BBICIIECH
MaTeMaTHKU» HaIlpaBJICHO Ha:

- 000011IeHNE, CUCTEMATU3ALUIO, YIITyOJIeHUE, 3aKpEeIUIEHUE, pa3BUTHE U AETATU3AIMIO TOTYyYSHHBIX
TEOPETUYECKUX 3HAHUN IO KOHKPETHBIM TeMaM Y4eOHOM TUCIUIUINHBI;

- (hopMUpOBaHME YMEHHUH MPHUMEHATH MOJyYCHHbIE 3HAHUS Ha MPAKTHKE, pealu3alMio €IMHCTBA
MHTEJJIEKTYaJIbHOM U MPaKTUYECKON AESITeTbHOCTH;

- (opmHpoBaHHE U pa3BUTHE YMEHH: HaOII0AaTh, CPAaBHMBATh, COIMOCTABIATh, AHAIM3UPOBATH,
JenaTh BBIBOABI U O00OOIIEHHE, CAaMOCTOSITEIbHO BECTH MCCIEIOBaHMsS, MOJb30BAThCA Pa3IUUYHBIMU
preMaMy U3MepeHuit, opopMIIATh pe3ynbTaThl B BUAE TalOHIl, CXeM, IpaduKOB;

- BBIpaOOTKY MpU PELIEHUH MOCTaBICHHBIX 33/1a4 NPOo(eCCHOHAIBHO 3HAYUMBIX KaYeCTB, TAKHX KaK
CaMOCTOSITENIbHOCTh, OTBETCTBEHHOCTh, TOYHOCTh, TBOPUYECKAsI MHUIMATHBA.

[pakTiueckue 3aHATHS MIPOBOSTCS MOCIIE COOTBETCTBYIOIIEH TEMbI, KOTOpas 0OeCIeurBacT HAINYUE
3HaHUH, HEOOXOTUMBIX JUIS €€ BBIIOJHEHMSI.



2METOAUYECKHUE YKA3AHUS

Tema 1.1. MaTpuusbl 1 onpeaeauTeu

IIpakTnyeckas padora Ne 1 Boruuncijienne onpeneanresei

Heas: popMupoBaHne yMEHHI BEIYUCIATH ONPEICTUTEIIH.
Bbinosinus padory, Bel Oyaere:

YMETh:

- BBIYMCIIATD ONPEACIUTEIIN;

MarepunanbHoe obecrnieyeHue:

PaznaTounblii MaTepual (KapTOUKH C 3aJaHUSIMH).

TexHuueckue cpencTBa 00yUeHHUs: KOMIBIOTEP C JIMIIEH3MOHHBIM MPOrPaMMHBIM 00ECTICUEHUEM U
MYJIbTUMEANA IPOEKTOP

3aganmue:
1. Beryucnuth onpeaenuTesb BTOPOro mopsiaka |: 1 §|
. o -4 2x
2. HaiiTu 3HaueHHEe NEPEMEHHOM BETNYNHbI |_ 1 317 -6
3. Beraucnauts onpenenuTens TPEThEro NopsaKa METOAOM Pa3JI0KEeHHS 110
1 -3 2
nepBoui ctpoke |0 4 —2|.
3 1 4
4. BpluncauTh ONpPEIEIUTENb TPETHErO MOPSIAKA METOI0M TPEYTOJIbHUKA
1 -3 2
0 4 -2
3 1 4
5. BBINOJIHUTG JEHCTBUS:
1 -3 2
A)3*0 4 -2
3 1 4
1 -3 2 4 3 =2
b)y|jo0 4 =2|+|]1 -4 2
3 1 4 3 0 4
1 -3 2 4 3 =2
B)jo 4 -=-2{-[]1 -4 2
3 1 4 3 0 4

ITopsinok BbINoOJIHEHUs padoOThI:
3aaHus pelaroTcs B JII000M HOopsaKe
Xox padoThr:
1. TlomyuuTs y mpemnojiaBaTens 3aJ1aHusl.

2. OdopMuTh penieHre B TeTpaau A NPaKTHUECKUX padoT.

a B
Tabnuua Buna A= |c K| Ha3bIBAETCSI ONPEACIIUTENIEM BTOPOTO MOPSAAKA U BBIYUCIISIETCS 11O

b |a B|

opMYyIIe =a'K—B-'C
pMyne | . o

a, ap; as

Ta6muma Buna A= |by b,  b3| naswiBaercs ONPEJIETUTENEM TPETHETO MOPSAKA U BEIYUCIISIECTCS
i & @3
JIBYMsI CTIOCOOAMU: METOJIOM Pa3I0KEHUS 10 MEPBOM CTPOKE U METOAOM TPEYTOJIbHHKA.
Memoo mpeyeonvruxa

a a; as
A= bl b2 b3 =(al'bz'Cg+a2'b3'C1+a3'bl'Cz)—(ag'bz.cl+a2'b1'C3+a1'b3'C2)
€1 G G

Memoo pasznosicenust no nepeoil cmpoxe



a, az; 4as
A= by by b3l =aq-
C1 Cy C3
Onpedenumenu 1106020 nopsoxka 0o.1a0aom ciedyIouWUMU C80UCMEAMU.
1. OOmwmii MHOXHTEJh B CTPOKE MOXHO BEIHOCUTH 32 3HAK OMPEICITUTEIIS.
2 4 1 2
-3 B -3 B

b, b3
G C3

by b3
€1 C3

by b
()

9.

2. Ecnam KaxIbI 3JEMEHT B KAKOM-TO CTPOKE OINPEACIIUTEN PAaBEH CyMME [BYX CJIaraeMbIX, TO
UCXOJHBIN OINpPENEIUTENb PABEH CyMME JIBYX ONPEICIINTENEH, B KOTOPBIX BMECTO ATOW CTPOKHU
CTOSIT IEPBBIE M BTOPHIC CIIAra€Mble COOTBETCTBEHHO, & OCTaJbHbIE CTPOKH COBIIANAIOT C
UCXOJHBIM OIPEICIIUTENIEM.

b1+ 11 bie + 12 big + s bii bz g €11 €12 €13
21 ] ] =| a1 a2 a3 |+ | azx a2 asg
31 32 FRR a1 dgz  dag 31 daz  dan
3. ECJII/I IBEC CTpOKI/I OHpeI[eJII/ITCJISI IIOMCHATH ME€CTaMHU, TO OHpeI[eJII/ITCJIB IIOMCHJICT 3HAK.
I 2 3
2 3 1 1 ‘
4. Omnpenenurenb ¢ IByMsI paBHBIMH CTPOKAMH PaBEH HYITIO
1 2 3
1 0 =7 {=0
1 2 3
5. Omnpeznenurensd ¢ AByMs IPONOPLUOHAIBHBIMU CTPOKAMH PaBEH HYJIIO
1 2 3 1 2 3
-1 2 2|=| -1 2 2 =)
2 4 6 2-1 2.2 2.3

6. OmnpenenuTens, CoOAEpKAIINN HYIEBYIO CTPOKY, paBEH HYIIIO
1 -1 0
0o 0 0(=0

7. OmpenenuTenb HE HM3MEHUTCS, €CIIM K KaKOH-TO €ro CTpPOKe NpPUOABUTH JPYTyIO CTPOKY,
YMHO>KEHHYIO Ha HEKOTOPOE YHUCIIO
-1 0
0 -1

[lyctb 3aan onpeaenuTeNb TPETHETo MOpsiIKa 3 L] ko BTOPOU CTPOKE TPUOABUM
TPETHIO 3HAYCHHE OTPEACIIUTENS HE U3MEHUTHCS

d = =

1 -1 0 1 -1 0 I -1 0
1 0 -1 |=114+2 043 =141 |=|3 3 0
2 B 1 2 3 1 2 3 1

8. Ompenenutens BepxHEH (HWKHEH) TpPEyrodbHOW MATPHIBI paBEH MPOU3BEIACHUIO  €T0
JUArOHAIIBHBIX DJIEMEHTOB.
1 0

0
0 0
o0 0 -1

[
nop G
= =

=1-2-5-(—1) =-10

o
[

dopma npeacTaBJieHus pe3yJbTara:
[IpencTaBuTh BBHITIOJIHEHHBIC 3a/IaHUSI B TETPAHU I MPAKTHYECKUX pa0dOT MPENo aBaTelio.

Kputepun onenkmn:


http://www.webmath.ru/poleznoe/formules_6_1.php
http://www.webmath.ru/poleznoe/formules_6_2.php
http://www.webmath.ru/poleznoe/formules_6_1.php

3a Kax /bl MpaBUIIbHBIN OTBET — 1 Oan. 3a HenmpaBuibHBIM 0TBeT — 0 6ainsos. 90 + 100- oTiMyHO;
80 + 89- xopoo; 70 + 79- ynoBneTBopuTelbHO; MeHee 70- He yI0BIETBOPUTEIHHO.

Tema 1.1. MaTpuusbl 1 onpeaeauTeu

IIpakTnyeckas padora Ne 2-3 Onepauuu HaJ MATPULIAMH M HAXOK/IeHHe 00paTHOM
MaTPHUIBI.

Heab: popmupoBaHre yMeHUI BBINONHSITH ONEpalluy HaJl MATPULIAMHU.

Beinosinus padory, Bel Oyaere:

YMETh:

- BBIIIOJIHATH OIlEpalK HaJl MaTpULlaMH,

MarepuajibHoe o0ecnieyeHue:

PazgaTounslit MmaTepuan (KapTOUKH C 3aJaHUSIMU).

TexHuueckue cpeacTBa 00y4eHHsI: KOMIIBIOTEp C JTUIEH3MOHHBIM MPOTPpaMMHBIM 00eCIIeYeHUEeM U
MyJIbTUMEAHA ITPOEKTOP

3aganue:
Haiitu snauenue pynxiuu f(x) = 4x? — 5x + 2. Ecim x = (i :i)
1 2 3
Haiitu 3navenue Gynkmun f(x) = —2x% +3x — 6. Ecmx =(0 4 -1
5 1 -3

Haiitu matpuity, oOpatHyto JaHHOU

P 6 5 1 2
=3 1N en P WS EERE TS
A)A_(4 _1),B)B_ 3 4 —1kB)| 0
> 0 =3 4 3 -2 -2

ITopsinok BbINOJIHEeHUs padoOThI:
3aaHus pelaroTcs B JII000M MOopsaKe
Xon padoTsr:
1. TlomyuuTs y mpemnojaBaTens 3aJ1aHusl.

2. OdopMuTh pelieHre B TeTpaau A NPaKTHUECKUX padoT.

[IycTte nana xkBagpaTHas maTpuna 4 N-ro nopsaka.

Munopom Mij snemenma aij MaTpunbl N-TO MOPSAAKA HA3bIBACTCS ONMPENEIUTENb MAaTpHIs! (N-1)-ro
Mopsi/IKa, MOJYYEHHOM U3 MATPHUIlbl A BEIUEPKUBAHUEM I-i CTPOKH M J-TO CTOJIONA.

Hanpumep, MUHOPOM 351eMEHTa @12 MaTpUIlbl A TPEThEro nopsiaKa Oyaer:

a,, a, a
11 G 43

—|%21 Ya3

ay Gy Ay

M= =a;;.a33-a3;.a23.

Q3 Qg3
Q3 dgp dgg

Kaxiast MaTpuIia N-ro mopsika umeer nN° Muropos (N-1)-ro mopsika.

Anzebpauueckum dononnenuem Ajj diemenma aij MaTPUIBL N-TO TIOPS/IKA HA3BIBAETCS €0 MUHOD,
o i+
B3ATHI co 3HaKoM (-1)"™:



L
Aij=(-1)""Mjj, 1.e. anreGpandecKoe IOMOJHEHHUE COBMNAIAET C MUHOPOM, KOTJIa CYMMa HOMEPOB CTPOKH U
crosbna (i+])- 4eTHOE YKCIT0, U OTIIMYAETCS OT MUHOpa 3HaKOM, Korya (i+])-HedeTHOe YHCIIo.

1 -11
H[}I/IMC[[. Hatitu anre6panquKI/Ie JOIIOJJHECHH BCEX 3JICMEHTOB MaTPHIIbI 4=l2 1 1|

1 1 2
Pemrenue.

A11:('1)1+1'i ;=1; A12:(-1)1+2'i ;:_3; A13=(-1)1+3‘

2 =1;
1

1 -1 .
11

1-1=3.
2 1

Aneopumm evluucieHuss 00pamuol Mampuybl
1. Haxoaum omnpenenuTenb UCXOAHOW mMaTpullbl. Eciou |A| =(), To Matpuiia A — BBIPOXKJICHHAs U

00paTHON MaTpPHIIBI A1 me cymectByer. Ecnmn |A | #0, To Marpunia 4 — HEBBIPOXKJICHHAs M OOpaTHas

An=(-1)** _11 ;:3; Ag=(-1)**

L 1=1; Aps=(-1)**
12

Agi=(-1)*" _11 j:‘2; Ag=(-1)*"*

1 jzl; Ag=(-1)*"*
2

MaTpHlla CyIIECTBYET.
2. Haxogum matpuiy A", TPAHCIIOHUPOBAHHYIO K A.

3. Haxogum anreOpavyeckue [OMOJHEHHS JJIEMEHTOB TPAHCIOHUPOBAHHOM MATpUIBl U
*
COCTaBJISIEM M3 HUX IIPUCOEAMHEHHYIO MaTpuny 4 .

4. BerancisieM oOpaTHYIO MaTpully 1o gopmyme: ,1_1 ,-.

A

5. IIpoBepsieM MpPaBUIBHOCTh BBIYUCIEHHSI OOpaTHON MaTpUIIbI A'l, UCXOZs U3 ee ompezneneHus 4
Y4=441=E.

1 -1
[pumep. Haiitu maTpuily, oOpaTHYIO K TaHHOM: 4= 5

Pemenue.

1. Onpenenutens MaTpUIbL ‘ 4 |=5#0, T.e. Matpuua A — HEBBIPOXKACHHAsA U OOpaTHas MaTpHLA At

CYILIECTBYET.

2. Haxogum matpuiy A, TPaHCTIOHUPOBAHHYIO K A A= 1

1

3. Haxomum anreOpawdeckue OMOJHEHHUSI JJIEMEHTOB MAaTPHIIBI A" u COCTaBJIISIEM U3 HHUX
IIPUCOEIUHEHHYIO MATPULLY A

_1 j:_z;

1

11 :3; AT 13:(_1)1+3.
2

1 =1:

2

AT11:('1)1+1' :1; AT12:('1)1+2'_1 1
1 1 2

AT21:(‘1)2+1'i ;:'3; AT22:('1)2+2'1 L

=1’ AT 23=(_1)2+3.
2




2 jzl, AT 32=(_1)3+2.
1

1 _J_‘z_z; AT33=(_1)3+3_
1 1

1—:3’
2 1

1 -2 3
4. BoruncaseM o0paTHYI0O MaTpully o Gpopmyne ,1_1 ,-
A

4 (1 3 -2y (Y5 35 -25

A ‘% 3 1 1 |=|-35 15 15
1 -2 3 15 -2/5 3/5

5. IlpoBepsieM NpaBUILHOCTH BBIYMCICHUS 00paTHOW MaTPHIIBI 1O (GOpMyIIaM
AtA=A44"=E:

] 15 35 -2/5) (1
A" 4= ~35 s Y5 |'|2
Y5 —255 35 ) (1

N
+

Y5 35 -2/5) (1 00
1-35 15 Y5 |7|0 1 0f
Y5 -2/5 35 001

®dopma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuUTh BBIMOTHEHHBIC 33JJaHHS B TETPAIH JIUIS IPAKTHUECKUX PA0OT MPENOIaBaTEIo.

Kpurtepun onenku:
3a Kax[blid MpaBUIIbHBIN OTBET — 1 Oas. 3a HenpaBuiIbHBI 0TBET — 0 6aimoB. 90 + 100- oTnUYHO;
80 + 89- xopowo; 70 + 79- ynoBineTBopuUTenbHO; MeHee 70- He yIOBIETBOPUTEIBHO.

Tema 1.2. CucteMbl JTUHEHHBIX YPABHEHU

IIpakTuyeckasi pa6ora Ne 4 Pemienue cucremMbl JJMHEHHBIX ypaBHeHu no npaBuay Kpamepa

Heab: popmupoBaHre ymMeHHU peniath CUCTEMBI TMHEHHBIX ypaBHEHUH 1o npasuily Kpamepa.

Beimosnus padory, Bel Oyaere:

YMETB:

- Pemath cucteMsl TMHENHBIX YpaBHEHUH 110 npaBuity Kpamepa,;

MarepuanbHoe o0ecnieyeHme:

Pa3narounslii Matepuain (KapTOUKH C 3aJaHUSMN).

TexHnueckue cpeacTBa 00y4eHUs: KOMIIBIOTEP C JUIEH3UOHHBIM MPOTPaMMHBIM OO€CIieYeHuEM U
MYJIbTUMEAHNA IIPOEKTOP

3aganue:
PemmmTh cuctembl IMHENHBIX YPaBHEHUN ¢ IByMsI HEW3BECTHBIMU IO mipaBuily Kpamepa

2) {x+2y=—2 ){4x—3y=—1_ ){ 7x+3y=1

3x—y=8" Xx—5y=4 2x — 6y = —10

Pemute cucTembl JIMHEHHBIX YpaBHEHUH C TpeMsi HEM3BECTHBIMHU 10 npaBuity Kpamepa



X1 + Xy — 2X3 =6, 5X; +8X, + X3 =2, 2% —3X, + X3 =7,
a) 2% +3x, — 7x5 =16, 0) 3%, — 2X, +6%3 =—7, B) Xy + 4%y +2X3 =1,
5%, + 2X, + X3 =16; 2%y + Xy — X3 =-5; X, —4X, =-5;

PemmmTh cuctemsbl IMHEMHBIX YPaBHEHUH € YETHIPbMS HEM3BECTHBIMU 10 MpaBmiry Kpamepa

Xg + 3%, +4X5 — 2%, =2,
d) —3X; — TX, —8X3 +2X,4 = -4,
2% — Xy +3%3 =4,
2X; +4X, +4X%3 =3.

Xg + Xy + X3 + X, =10,
a) X +Xp —X3 = X4 =4,
Xp =X + X3 — X4 =2,

IMopsinok BbINOJIHEHHUSI PA0OTHI:
3aaHus pemaroTcs B JIIOOOM MOPSAKE
Xoxa padoTbI:
1. Tlomyuuts y npenojaBaTess 3a/1aHusl.

2. OdopmuTs pelieHne B TETPaIu I MPAKTHUSCKUX PadoT.

Memoo Kpamepa

Teopema Kpamepa. ITyctb A — onpenenuTens MaTpULbl CUCTEMBI A, a Aj — ONIpeAeaUTENb MATPHULBL,
MOJy4aeMoil U3 MaTpuilbl A 3aMEHOM J-ro cTodla cToia0oM cBoOOIHBIX WieHoB. Toraa, eciu A#0, TO
cucTeMa UMeeT €JMHCTBEHHOE pellIeHue, onpeaeseMoe 1o popmynam:

x,-:ﬁ (=1,2...n.).
A

®dopmyia norydnia HazBanue Gopmyiisl Kpamepa.

Aneopumm pewenus cucmemvl IUHeUHbIX ypasHenuti memooom Kpamepa.

1). BeluncnuTh onpenesnnTesb MaTpuLbl 4, COCTaBIEHHONW U3 KO3()(OUIIMEHTOB CUCTEMBbI IMHEHHBIX
YpPaBHEHUU.

2). CocraButh Marpuubl A1, Az, ..., An, IyTEM 3aMEHBl COOTBETCTBYIOIUX CTOJOLIOB CTOJOIIOM
CBOOOJTHBIX YJIEHOB, U BBIYHUCIUTDH UX OIPEIEIUTEIH.

3). BoruncnuTs 3Ha49eHUsI IEPEMEHHBIX 110 popmynam Kpamepa: x — 2 X, = 2 X, = 2 .

X — Xo+ Xg=3,
IIpumep. Pemnts cuctemMy ypaBHeHuid MeTooM Kpamepa: {2x, + x,+ xg =11,
X+ X+ 2%X3=8.

Pemenue. CoctaBum Matpuily U3 KO3(QQGUIMEHTOB CUCTEMbl YPAaBHEHUM 1 BBIUMCIMM €€ OINpeIeIUTEeNb:

1 -11
acls 1 1D A =5=0. Tak kak A#0, To 10 Teopeme Kpamepa cucremMa UMEET €IMHCTBEHHOE PEIIECHHE.
1 1 2

Beruucnum onpenenurenu mMatpuil A1, Az, As, TONyYE€HHBIX W3 MaTpHIbl A, 3aMEHOW COOTBETCTBEHHO
MEPBOr0, BTOPOTO U TPETHETO CTOJIOI[OB CTOJIOIOM CBOOOIHBIX UJIEHOB:

3 -11 1 3 1 1 -1 3
A4=11 1 1=204,=[2 11 1|=10;4,=2 1 11=5"
8 1 2 18 2 1 1 8

Teneps o popmymnam Kpamepa Haliziem 3HaU€HUS TEPEMEHHBIX:

_Al_20_, 1Al _10_, _|Al_
CTATE TETA T s T

OtgerT: (4; 2; 1).

oot

®opma npeacraBiaeHus pe3yJbTara:

[IpencTaBuTh BBHITIOJIHEHHBIC 3a/IaHUSI B TETPAIU JJI MPAKTHYECKUX pa0dOT MPENo aBaTelo.
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Kputepun onenkmn:
3a Kax bl MpaBUWIIbHBIN OTBET — 1 Oam. 3a HenpaBwiIbHBIM 0TBET — 0 6atoB. 90 + 100- oTaUYHO;
80 + 89- xopomio; 70 + 79- ynoBieTBOpUTENbHO; MeHee 70- He yIOBIETBOPUTEIHHO.

Tema 1.2. CucreMbl JTHHEHHBIX YPABHEHU

IIpakTnueckas padora Ne 5 Pemmienune cucrembl JTUHeHBIX ypaBHeHHi o npasuiay ["aycca

Leas: popmMupoBaHne YMEHHIA pelIaTh CUCTEMBI JTMHEHHBIX YpaBHEHMI 10 paBuity ['aycca.

Bbinosinus padory, Bel Oyaere:

YMETB:

- Pemiath cucTeMbl JIMHEHHBIX YpaBHEHUM 1O npaBuiy ['aycca;

MarepunanbHoe obecrnieyeHue:

Pa3znarounslit MaTepuan (KapTOUKH C 3a/IaHUSIMU).

TexHuueckue cpencTBa 0OyueHHs: KOMIBIOTEP C JHUIIEH3MOHHBIM MPOrPaMMHBIM 00eCIieueHHEM U
MyJIbTUMEANA IPOEKTOP

3aganue:
PemmmTh cuctembl IMHEMHBIX YpPaBHEHUH ¢ JBYMsI HEM3BECTHBIMU 1O MpaBuily ['aycca

2) {x+2y=—2_b) {4x—3y=—1_ ){ 7x+3y=1
3x—y=8" x—5y=4" 2x — 6y = —10

Pemuts cucTeMbl TUHEHMHBIX ypaBHeHI/Iﬁ C TpEMs HEU3BCCTHBIMU I10 IIPABUITY Faycca

X; + X, — 2Xg =6, 5%, +8X, + Xg =2, 2% —3Xy + X3 =T,
a) 2X%y + 3%, — 7X5 =16, ) 3%, — 2X, + 6X3 =7, B) Xy +4X, +2X3 =-1,
5%, + 2X, + X3 =16; 2% + Xy — Xg ==5; X; — 4%y =-5;

PemmTe cuctemsbl IMHENHBIX YPAaBHEHUN € YETHIPbMS HEM3BECTHBIMHU MO MpaBuily ['aycca

X1 +3Xy +4X3 —2X%, =2,
d) = 3% = TXy —8X3 +2X,4 = —4,
2X; — Xy +3X3 = 4,
2%, +4X, +4X3 = 3.

Xp + Xy + X3 + X4 =10,
a) Xy + Xy — Xg — X, = —4,
X — X + X3 — X4 =2,

ITopsinok BbINOJIHEeHUs padoOThI:
3aaHus pelaroTcs B JII000M MOpsaAKe
Xon padoTsr:
1. TlomyuuTs y mpemnojaBaTens 3aJ1aHusl.

2. OdopMuTh penieHre B TeTpaau A NPaKTHUECKUX padoT.

Memoo I'aycca (MemoO uckirouerus Heu38ecmHulx)

Memoo ['aycca sBasiercs HanOosiee OOMIMM TOYHBIM METOJOM PEIICHHS M MCCIEIO0BAHUS CHCTEM
JUHEUWHBIX ypaBHeHHMU. CyIIHOCTL €ro COCTOMT B TOM, 4YTO MOCPEICTBOM 3JIEMEHTApHBIX
peoOpa3oBaHuil CHCTEMa TPUBOANUTCS K CTYTIEHYATOMY BH/IY, U3 KOTOPOT'O BCE PEIIEHUS CHCTEMBI MOT'YT
OBITh HalICHbI HETIOCPECTBEHHO.

DnemenmapHuimu npeodbpazo6anusMiU CACTEMBI SIBIISIOTCS:
MEPECTaHOBKA JIFOOBIX JIByX YPaBHEHUH CHCTEMBI;
YMHOXKEHHE JTF000T0 YpaBHEHUS CHCTEMbI Ha Yrciio A70;
BbIUEPKHBAHNE YPaBHEHUS, Y KOTOPOTO BCe KOID(DUIIMEHTHI K CBOOOIHBIN WIEH paBHBI HYJIIO;
CITO’KEHHE JIBYX YPaBHEHHUI CHCTEMBI.
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JIro6oe areMeHTapHOE MpeoOpa3oBaHUE CUCTEMBI HE MEHSET MHOKECTBO €€ PEIICHHIA.
Yamre Bcero mpeoOpa3oBaHus BHITOIHSIIOTCS HE C CAMOM CUCTEMOM, a ¢ €€ pacIIMpEeHHON MaTpUIIEH,
OpU O3TOM BJEMEHTapHble MpeoOpa3oBaHMUsA CHUCTEMbl JIETKO TPEBpAlalOTCS B  AJIEMEHTapHbIE
npeoOpa3oBaHKs MaTPHIIBI.
X, +2Xy +3X3 =6,
Ipumep. Pemuts cructeMy ypaBHEHHI METOIOM laycca: | 2x, +3x, — x; =4,
3% + Xy —4%3 =0.

Pemenue.
X +2X% +3% =6, | — | (3 X, + 2X, + 3%, = 6,
2X + 3%, — X, =4, | (-2 — X, —TX, =8, | (5
3% + X, —4%, =0; —5X, —13x, = —18;
X, + 2X, + 3%, = 6, X, =6—2X, —3X;, X =1
—X, = TX, =-8, xzz%, X, =1,
22X, = 22, X =1 X, =1.

Otger: (1; 1; 1).
2X% + Xo — X3 =5,
IIpumep. Pemnts cuctemy ypaBHeHuid MeToaom laycca: Jx —2x, +2x, = -5,
X — Xy — X3 =0.

Pemenue. BeimonanM npeoOpa3oBaHusi ¢ TOMOIIBIO PACHIMPEHHON MaTPHUIIBL:

2 1 -15 (7) 2 1 -15
1 -2 2|-5 ;—' ~|o 5 515 (9)

7 -1 =10 (-2 0 9 -535 (-5
2 1 -1]5
—lo 5 -5|15
0 0 —20-40

2% + Xy — X5 =5,
IlosrydeHHOI MaTpHIlE COOTBETCTBYET CUCTEMA 15)(2 _25x33: 15, KOTOpasi UMEET €IMHCTBEHHOE PEILIEHNE
— 20%, = —40,
X =1
X, =5,
Xy = 2.
Ortgert: (1; 5; 2).

Ecnn cucrema HecoBMeCTHa (T.€. COCTAaBIISIIOIIME €€ YpaBHEHMsI NPOTHUBOPEYMBBI U CHUCTEMA HE
MMEET PEeLIeHMs]), TO B pe3yJIbTaTe MPUBEIACHUS K CTYIIEHYaTOMY BUAY MOJydaeTcsi abCyp/IHOE paBEHCTBO
tuna 1=0. OGpaTtHO: eciu Mbl NOAY4YHIH paBeHCTBO 1=0 (BMeCTO eIUHMIIbI B JIEBOW YaCTH MOXET CTOSATh
m000€ YKCIio, HE paBHOE HYJI0), TO CHCTEMa HECOBMECTHa.

2% —Xo + X3 — X4 =3,
Ipumep. Pemuts cucreMy ypaBHeHHI METOIOM ['aycca: Jax, — 2x, — 2x, +3x, = 2,
2%y — Xy +5%5 — 6%, =1.
Pemenue. Boimonnum npeoOpa3zoBaHus C MTOMOIIBIO PACIIMPEHHON MaTPHUIIB:
2 -1 1 -13) (-2 (-1 2 -1 1 -13
4 -2 -2 32 4_—| =10 0 -4 5|-4
2 -1 5 —6|1 <« 004—5—2:|
2 -1 1 -133

=|0 0 -4 5|-4]
0 0 0 O0|-6

2% — Xy + X3 — X4 =3,
ITomydueHHoOM MaTpHIlE COOTBETCTBYET CUCTEMA ) _4x. +5x, =—4. 1 peThbe YpaBHEHUE CUCTEMBI HE NUMEET
3 4 ’
0x, =—6.
PELIEHHH, CIIEI0BATENBHO, CUCTEMA PEILICHUN HE UMEET.
12



OTBeT: cucTeMa HECOBMECTHA.
2% + Xy +3X3 + X, =5,
[pumep. Peruts cucteMy ypaBHeHHI MeTogoM [aycca: | *i+3X; +5%; = 2%, =3,
X + 5%, —9%3 +8x%, =1,
5% +18X, +4x%3 + 5%, =12.
Pemenue. 3anuiiemM pacuIMpeHHYIO MAaTPUILy U BBIIIOJIHUM IIE€PBBIN LIar rayCCOBBIX UCKIIIOUEHUM:
2 7 3 115 2 7 3 115
135—2330—17—51.
1 5 -9 8|1 0 3 -21 15|-3
518 4 5 |12 0o 1 -7 5 |-1
Pazgenum TpeThro cTpOoKy Ha 3 ¥ BBIIIOJHUM BTOPOM XOJ] TayCCOBBIX MCKIIFOUECHHIA:
2 7 3 1|5
0_17_51:273 1 5.
0 0 -1 7 -5]|1
0

0 0 0 O
0 0 0 O

. oo [2X% +TXy +3X3 + X4 =5,
[Tocnenneir MmaTpue COOTBETCTBYET CUCTEMA YPABHEHUM:

— X, +7X3 —5%, =1.

N3 BTOpOro ypaBHEHHsS HAXOAMM: X, =-1+7X3—5X, W, NOJCTaBHB B IMEPBOE YpPaBHEHUE, IOJIYyUYHUM:
Htak, X =6-26%3 +17X,, X, =—1+7%X3 —5X,, X3, X4 — JTFOOBIC YKCIIA.
OTBeT: cucTeMa HeolpeAesieHHass U UMEEeT 0ECKOHEUYHOE MHOKECTBO PEIICHHIA.

(I)opMa NMpeacraBjJacHus pedyjabTara:
HpeI[CTaBI/ITI) BBITTIOJTHCHHBIC 3aJaHW B TCTpaan AJId IMMPAKTUYCCKUX pa60T mpenoaaBaTeiito.

Kputepun onenkmn:
3a KaxJplii MpaBUIIbHBIN OTBET — 1 Oasl. 3a HenpaBuiIbHBIN 0TBET — 0 6aioB. 90 + 100- oTIMYHO;
80 + 89- xopomo; 70 + 79- ynoBneTBOpUTENbHO; MeHee 70- HE yI0BIETBOPUTEIHHO.

Tema 1.2. CucteMbl JTUHEHHBIX YPABHEHU

IIpakTnyeckas padora Ne 6 Pemienne cucremMbl JIMHEHHBIX YPABHEHHH MATPUYHBIM METO/I0M

Hean: popmMupoBaHue yMEHHN peliaTh CUCTEMBbI TMHEHHBIX YPAaBHEHUH MAaTPUYHBIM METOJIOM.

Boinoainus padorty, Bel Oynere:

YMETh:

- Pemate cucreMsl TMHENHBIX YPaBHEHUN MAaTPUYHBIM METO0M;

MarepunanbHoe obecnedeHue:

Pa3znarounslif Matepuan (KapTOUKH C 3a/IaHUSMU).

TexHuueckue cpencTBa 0OyueHHUs: KOMIBIOTEP C JHUIIEH3UMOHHBIM MPOrPaMMHBIM OOecrieueHHEeM U
MyJIbTUMEANA POEKTOP

3aganme:
Pemmts cucTeMbl TMHENHBIX YpaBHEHUH C IBYMsI HEM3BECTHBIMMU 110 npaBuiy Kpamepa

{x+2y=—2_ {4x—3y=—1_ {7x+3y=1
) 13x—y=8"2 x—5y=4 9 l2x—6y =10

PemmTh cuctembl IMHEMHBIX YpPaBHEHUN ¢ TpEMs HEM3BECTHBIMU MO npaBuity Kpamepa

Xy + Xp — 2X5 =6, 5%, +8X, + Xg =2, 2% — 3%y + X3 =7,
8) 12x, +3%, ~Txy =16, 0) 3 2, +6x, =7, B) |x, +4x, +2x =1
5% +2X, + X3 =16; 2% +X; — X3 =-5; ¥ — 4% =5

Pemmts cucTeMbl TMHENHBIX YPAaBHEHUH € YETHIPbMs HEU3BECTHBIMU 110 IpaBuiTy Kpamepa
13



X1 +3Xy +4X3 —2X, =2,
d) — 3% —7Xy —8Xg +2X, =4,
2%, — Xy +3X3 =4,
2%, +4X, +4%3 = 3.

Xg + Xy + X3 + X4 =10,
a) Xy + Xy — Xg — X, = —4,
Xg —Xg 4+ X3 — X4 =2,

IMopsinok BbINOJIHEHHUSI PA0OTHI:
3aaHus pemaroTcs B JIIOOOM MOPSAKE
Xoxa padoThI:
1. Tlomyuuts y npenojaBaTes 3a/1aHusl.

2. OdopmuTh pelieHne B TETpaau 1 MPAKTHIYECKUX padoT.

®opma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuTh BHIOTHEHHBIC 33JJaHHS B TETPAIH JIUIS IPAKTHUECKUX PA0OT MPENOIaBaTEIo.

Kpurtepun onenku:
3a Kax bl MpaBUIIbHBIN 0TBET — 1 Oat. 3a HenpaBwiIbHBIM 0TBET — 0 6atoB. 90 + 100- oTaUYHO;
80 + 89- xopowo; 70 + 79- ynoBneTBopUTeNbHO; MeHee 70- HE yI0BIETBOPUTEIBHO.

Tema 2.1. Anre6pa BeKTOpPOB.
IIpakTuyeckas padora Ne 7 Onepanuu HajJ BEKTOPpaMHu

Hean: dopmupoBaHue yMEHMH BBINOJHATH OINEpPALMM HaJl BEKTOPAMH; BBIUUCIATH MOIYJIb U
CKaJISIPHOE MPOU3BEJICHUE BEKTOPOB.
Brinosinus padorty, Bel Oynere:

YMETb:
- BBIIIOJIHATD OIIEPALMM HAJl BEKTOPAMH,

= BBIYUCJIATH MOZIy.]H) BCKTOpa;

- BBIYUCJIATH CKAIIPHOE TIPOU3BECHUE BEKTOPOB,;

MarepuajibHoe o0ecnieyeHue:

Pa3znarounslit MaTepuan (KapTOUKH C 3a/IaHUSMU ).

TGXHI/I‘-I€CKI/I€ CpeI[CTBa O6yT~I€HI/I$II KOMHBIOTep C JIMOCH3UOHHBIM HpOl”paMMHI)IM 06CCHC‘-I€HI/I€M 158
MyJIbTUMEANA IPOEKTOP

3aganue:

1. JlaHbI BEKTOPHI a=(4, -2, 4) U b=(4,—2, —4). Haiitu: a) BEeKTOpHI E:%gl u d=2a+b; 0) yron

MEX/Ty BEKTOpaMH ¢ u d.

2. Haiitu KOOpIMHATHI M JUIMHY BeKTopa AB, ecim A(2, -3), B(4,-2).

3. JlaHBI BEKTOpBI a=(3-1), b=(@-2), ¢=(-17). Haiiru: a) JUIMHY BEKTOpa p=a+b+c; 0)
PAa3oKHTh BEKTOP p IO BEKTOpaM a u b.

4. TlocTpouTh B CUCTEME KOOPAMHAT BEKTOP p=a+2b+cC, B3sB KOOPJMHATHI BEKTOPOB a, b, ¢ u3
3ajaHus 3.

5. Haiitu yron mMexay BEKTOpaMu m=3a-4b u n=-a+2b , €CIIH a=(3, -6, -1), b= @ 4,-5).

6. HaiiTn KOOpAWHATHI U JJTUHY BEKTOpa MN ,eciu M(3,2,-7), N(-3,4,2).

7. Haiitu mepumetrp TpeyronpHuka ABC, ecnm W3BeCTHBI KOOPAMHATHI €0 BEPIIHH A(—4,1),
B(-2,4), C(0,1).
IHopsiaok BbINIOJIHEHHS Pa0OTHI:

3aaHus pemaroTcs B JII0OOM MOPSAKE

Xoa pa0dorsI:
1. Tlomyuuts y npenojaBaTens 3a/1aHusl.

2. OdopMuUThH perieHre B TeTpaau s MPAKTHIECKUX PadoT.
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Bexmopom Ha3bIBaeTCsl HANIPABJICHHBIM OTPE30K AB C HAYaJILHOM TOYKON 4 M KOHEYHOM TOYKOU B.
BekTophl MOTYT 0603HaYaThCS: a = AB .

B
e
A

Bekropsl, Jexamue Ha OAHOW IPSAMOM WIM Ha [ApAJUICNIbHBIX IPAMBIX, Ha3bIBAIOTCS
KOJIUHeapHuIMuy, 1 0003HAYAOTCS QHB. BeKTOopsI Ha3BIBAXOTCSA KOMNIAHAPHBIMU, €CIU OHU JIEKAT B OJHOU

IIJIOCKOCTH.

Ecnu Havyano m KOHeI BEKTOpa COBIAIAIOT, HAIPUMED, AA, TO TAKOH BEKTODP HA3BIBAIOT H)/€GbIM U
0003HaYal0T 0 = AA. JlJIMHa HYJIEBOTrO BEKTOpA paBHA HYJIIO: ‘6‘ =0.

JIBa BEKTOpa Ha3bIBAIOTCS PAGHbIMU, €CIUM OHU KOJUIMHEApHbI, OJMHAKOBO HAIpPaBJIEHbl U UMEIOT
OJIMHAKOBYIO JITUHY:

__ def 1)5TTB,
a=>b -
2)\a\:\b\.

IIpouseedenuem eekmopa a Ha 4ucio A HA3BIBACTCSA BEKTOP b — 4 a, AMCIOIIUHA JUTHHY ‘5‘ =14 ‘5

HaInpaBJICHUE KOTOPOTO COBIAJAET C HANpaBlIEHUEM BEKTOpa a, eciit A>0, U IPOTUBOMOJIOKHO EMY,
eciu A1<0.

IIpomueononodxcuvim 6eKmopom -a Ha3bIBAeTCS MPOU3BEICHUE BEKTOpa a Ha yucio (-1), T.e.
—a=(-Da. B

Cymmoul JBYX BEKTOPOB a U b Ha3bIBaeTCs
BEKTOP ¢—a+b, Ha4daJo KOTOPOTO COBIAIAET C

HAYyaJioM BEKTOpa a, a KOHEI[ - ¢ KOHIIOM BEKTOpa b

IpHU YCIIOBHH, YTO HA4YaJO0 BEKTOPAa b COBIATAET C
KOHIIOM BEKTOpa a (Npasuio mpey2oibHUKos).

O4eBHIHO, YTO BEKTOp ¢ B OJTOM clydae TMPEACTaBIsAET AWAaroHajdb MapaienorpaMmma,
MTOCTPOEHHOTO HA BEKTOPaX a U b (MpABUNO NAPAIIEN0SPAMMA).

[IpaBmiio TpeyroiabHIUKa MOXHO 00001muTh. Eciau umeercst N BEKTOpOB «;, a,, ..., a, , TO UX CyMMa

HaXOJUTCA MOCJICI0BATCIIbHBIM MPUMEHCHUEM IIpaBUJIa TPCYTOJIbHUKA (HpaBI/IJ'IO 3aMbIKaHU .]'IOM&HOfI).

[Mpsimast | ¢ 3a7aHHBIM HaIPpaBIEHUEM, IPUHUMAEMbIM 32 TIOJIOKUTEIBHOE, HA3BIBACTCS OCHIO.

Ilpoexyueti eexmopa a Ha ochb | HaspiBaeTcs 4YHCIO, O0O3HAa4aeMoe npja H PaBHOE
‘a‘ s, 20¢ @ <[0,7z] — yrom Mexay BEeKTOPOM a M MOJIOKHUTEIBHBIM HanpasiIeHneM ocH |.

nm&zMN,OS¢<%

M N % npya=-MN,

NN
IN
AS)
IN
N
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[lepenecemM BEKTOp a MapajuieTbHO caMOMy ce0e Tak, YTOOBI €ro Hayajo COBMAJ0 C Ha4ajJoM
KOOpJWHAT.

Koopounamamu eexmopa a Ha3bIBaIlOT
KOOpJIUHAThl €ro KOHEYHOW Touku. Tak,

KOOpJAMHATAMH BEKTOpa a=0M Ha
- IUIOCKOCTH Oxy SIBIAIOTCS IBa YKCIA X U ).
X
BekTop a—(x,y,z) MOXET ObITb NPEICTAaBICH B BUAe a=Xi+yj+zk, rae i, j, K — e1uHU4YHbIE

BEKTOPHI (OPTHI), COBNAIAOIINE C HAapaBiIeHneM oceit coorBerctBenHo OX, Oy, Oz; ‘iH j‘+‘k‘ =1

ﬂﬂuna 6eKmopa paBHa KOPHIO KBAJIpaTHOMY U3 CYMMEI KBaApPaTOB €0 KOOPpAMUHAT:

H:‘W‘:JXHW wi ‘5‘:‘W‘:1/x2+y2+22- (1)

|

Jluneiinble omepanyu Haj BEKTOpaMM B KoopauHaTHOW ¢opme. IlycTh BEKTOp a=(x,y,,z) H
_ =a+h=(X+%, Yy + Y, 2, +2)),
b= (X21 y2, Zz) R Torﬂa (XZI. 2 yl y2 1 2)

Q|

25-_6=(X1_X2! Yi— Yo 21_22)!

a IPOM3BEICHUE BEKTOPA a = (x,, y,, z) Ha YHCIIO A €CTb BEKTOP f = (ix, Ay, Az,) -

Ecnu pgaHel TOYKH M(Xl,yl,zl) u N(Xz,yz,z2), TO BEKTOP MN Oyzler WMeTh KOOPJAMHATHI:
W=(X2 =X Yo =Y. 2y —21)-

JlBa BekTOpa a U b KOJLIUHEAPHbI

b@ﬁ:ﬁ:i
X Yo Iy

TOTIa M TOJBKO TOT/A, KOTJAa UX KOOPJAMHATHI
IPONOPLUOHAIBHBL: a

Jlenenue oTpe3ka B JaHHOM OTHOIIEHMH. [IyCTh TaHBI TOUKH A=(X,,y;,2;) U B=(X,,Y,,2,), @ TOUKA
M onpenenena ycnosuemM AM=AMB, 1>0.

AMMB=4:1

M B

Tornma KoopaAUHATHI X, Y, Z TOUKU M ONPEEstOTCS paBEHCTBAMU

X_xl+/1x2 it Ay, L +lz,
1+4 1+4 1+4

B yactHoM ciiyuae A=1 u Touka M Oyzner cepeanHoil oTpeska AB.

Cranspuvim  npousseoenuem (a,b) JIBYX BEKTOPOB a H b
MPOU3BECHHUIO JUTUH STHX BEKTOPOB Ha KOCHHYC YIJIa (0 MEXKY HUMH:

Ha3bIBACTCA YHUCIIO,
(a.b)=ab =[dfblcos -

paBHOE

Bripasum ckaisipHOE MPOU3BEICHHUE Yepe3 KOOPIHUHATHI BEKTOPOB a U b .
Cranspnoe npouseedenue (a,b) ABYX BEKTOPOB a

a W b PpaBHO CyMMe MPOU3BEIACHUI
COOTBCTCTBYIOIIUX KOOPAHUHAT 3TUX BCKTOPOB:
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(5, 5): ab= ‘EHB‘ COSQ = XX, + V.Y, + 2,2, - 2)
Cranspuviii K6adpam BEKTOpPa PaBeH KBAIPATy €ro JUTHHEL

— =\ =2 |7 2 2 2

(a,a)=a =‘a‘ =x‘+y’+z’ (3)
VTOJ MEXy BEKTOPAMH a M b OTPEENAETCS MO POpMyIIE

@,k:)) _ XX + ViY, + 47, ) 4)
‘a‘b‘ \/X12 +y +2 \/Xz2 +Y, +2,

Cosp =

J71st IBYX HEHYJIEBBIX BEKTOPOB a = (x,,y,,z) U b =(x,,Y,,2,) YCI06UE OPMOLOHANLHOCHY UMEET BUL:

5J.5<:>xlx2 + V1Y, + 2,2, =0.

[Ipumep. JlaHbI BEKTOPBI a=(2, -1, -2) U b=(8, —4, 0). HaiiTu: a) BeKTOpBI c=2a u d=b-a; 0) IIMHBI
BEKTOPOB cud; B) CKaJIIPHBIA KBaJpaT BEKTOpa d; I') CKAJIAPHOE IPOM3BEIEHHE BEKTOPOB (¢, d); X)

YroJ MEX/Ty BEKTOpaMH ¢ u d .

Pemenue. a) I1o onpeneneHuto ¢=2a=(4,-2,-4); d=b—-a=(6,-3, 2).
6) Io hopmyse (1) HaifaeM ATHHBI BEKTOPOB ¢ u d

= (2 (4 =6, [i- T o7 7.

B) [To popmyne (3) ckanspHbIii KBagpaT paBeH KBaJpaTy MOAYJIs BEKTOpa, T.€.

(d.d)=d >=[d =72 =49.

r) [1o popmyne (2) ckanspHOE IPOU3BEIEHUE PABHO:
(c.d)=4-6+(-2)-(-3)+(-4)-2=22.

1) To hopmyne (4) yron Mex 1y BeKTOpaMu ¢ u d OIpeeIAeTcs paBeHCTBOM:

cosg = cd) 22 _ 0,52 OTKYZa ¢ =arccos 0,52 ~ 58°.
‘d‘ 6-7

®opma nmpeacTaBJieHUs] pe3yJbTaTa:
[IpeacTaBuTh BBHITIOIHEHHBIC 331aHUS B TETPAH JJIS IPAKTUYECKUX paOOT MpernoaaBaTelIro.

Kputepun onenkmn:
3a KakJblii MpaBUWIIbHBIN OTBET — 1 Oast. 3a HenpaBwiIbHBIH 0TBET — 0 6aioB. 90 + 100- oTIMYHO;
80 + 89- xopomio; 70 + 79- ynoBieTBOpUTENbHO; MeHee 70- HE YyIOBIETBOPUTEIBHHO.

Tema2.1. AnreGpa BeKTOpOB.
Ipakruyeckas padora Ne 8 Pemmenne 3agau

Leas: popMupoBaHue yMEHHUI pelIaTh 3aauu 10 TEOPUH aareOpbl BEKTOPOB.
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Beinosinus padory, Bel Oyaere:

YMETB!

- BBIUUCIIATH BEKTOPHOE M CMEIIaHHOE MPOU3BEICHHS BEKTOPOB;

MarepuajibHoe o0ecrnieyeHue:

Pa3narounsblii Matepuai (KapTOUKH C 3a1aHUSMU).

TexHuueckue cpencTBa 0OyueHHs: KOMIBIOTEP C JMIIEH3UOHHBIM IIPOrPaMMHBIM 00€CIIEYCHUEM U
MyJIbTUMEAHA ITPOEKTOP

3aganue:

1. Jlanbl BEKTOpHI a=4i+4k, b=-i+3j+2k, c=3i+5j. Beimognure ciuenyroume ACHCTBUA: )
BBIUUCIIUTE CMEIIAHHOE IIPOM3BEIEHUE BEKTOpOB a, b, 5C; 0) HailiuTe MOIyJIb BEKTOPHOI'O
npou3BeAeHUs 3¢ u b; B) BBIYMCINTE CKAIAPHOE MPOU3BEICHHE BEKTOPOB a U 30; I') mpoBepbTe, OyayT

JIM KOJUIHHEAPHBI WM OPTOTOHATIBHBI BEKTOPBI @ M b ; JT) poBepbTe, OyIyT M KOMILIAHAPHE BEKTOPHI
a, b, c.

2. Bepmmuusl nmupamuasl Haxomatcs B Toukax A(2, 3, 4), B(4, 7, 3), C(1, 2, 2), D(-2, 0, -1).
Beraucnuts: a) mmomans rpanu ABC; 6) o6bem mupamuast ABCD.
IMopsanok BbINOTHEHHS] PAGOTHI:

3aaHus pelaroTcs B JII000M MOpsAKe
Xoxa padoThI:

1. TlomyuuTs y mpenoaaBaTeis 3adaHusl.

2. OdopmuTh perieHue B TeTpaau A MIPaKTUIECKUX padoT.

Tpoiika BekTOpoB a, b, ¢ ¢ oOmmM HagasioM B Touke O Ha3bIBACTCS MPABOM, €CIIM KpaTYaWIIi

IIOBOPOT OCH BEKTOpa a K BEKTOpPY Db €O cTOpOHBI BEeKTOpa C OCYIIECTBISETCS IPOTHB YaCOBOM CTPEIIKH
(puc. a). B npoTuBHOM ciyuyae Tpoiika BEKTOPOB Ha3bIBaeTcs JeBoi (puc. 0).
= "

e

0w o\ a_»

Bexmopnvim npoussedenuem BEKTOPOB a u b HaspBaercs BEKTOP E, 0003HauaeMblii (_::c_le:_),
KOTOpLIfI YAOBJICTBOPSACT TPEM YCIIOBUAM:
1) |d=[alp[sina.b);
2) cla clb;
3) 5, 5, c— IpaBasi TPOMKa BEKTOPOB.

W3 onpenenenrs BEKTOPHOTO MIPOU3BEIEHUS ClleayeT, uto axa=0, axb=-bxa.

Ecny u3BeCTHBI KOOPIAMHATBI BEKTOPOB a = (x,v,,z) YU b= (X, Y, 2,) TO KOOPJMHATE UX BEKTOPHOIO
MIPOM3BEICHNUS BBIUUCISIOTCS O hopmylie

oo 4l X 4l on
C=axb= , — ,
Yo Zo| (X2 Zp] X2 Y2
— I'eomerpuuecknii CMBICI BEKTOPHOI'O

[
MPOU3BCACHUA COCTOUT B CIICAYIOIICM. ,Z[J'II/IHa

b

& BEKTOpa c=axh aBHA ILIOLIA A
p p

[
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Chmewannbim npoussedenuem TPeX BEKTOPOB b, b, ¢ Ha3bBaeTCs 4HCIO, KOTOPOE nosydaeres,
eCI BEKTOPHI b M b yMHOXHTH BEKTOPHO, a 3aTeM pE3y/IbTAT YMHOXHTH HA BEKTOp C CKAJISPHO.
OGo3HayaeTcs cMeIanHoe mpousBeieHne abc . MiTak, 1o onpeieieHHIo abe = (axb)c

HyCTB HU3BECTHBI KOOPJAUHATEI BEKTOPOB a = (x,Y,,2) s b= (%, ¥, 2,) X c=(X3,¥3,25) - Torna

X Y1 4
abc=x, Yy, 1.
X3 Y3 I3

Ycnosue komnnanapnocmu Tpex BeKTopoB b, b, ¢ umeer BUI;

o L T 1 4
b, b, ¢ — kommianapuel < abc=0 < |x, Yy, 7,/=0.
X3 Y3 I3

FGOMeTpI/ILIeCKI/II/I CMBICJI CMCIIAHHOI'O0 IIPOU3BCACHHUA COCTOUT B CICAYIOIICM. CwMmemranHoe
IMPOU3BCACHUC TPCX BeKTOpOB b b C paBHO O6’beMy V mapajuiCICIMtIIiCia, ITOCTPOCHHOI'O Ha 3THUX

BEKTOpax, eciu b, b, ¢ — mpasas Tpoiika. Ecim ke 9Ta Tpoiika JieBas, TO CMEIIAHHOE IIPOM3BEICHNE
OTpPHULATENILHO U PaBHO 00BbEMY MapajliesIenuIea ¢ IPOTUBOIOIOKHBIM 3HAKOM:

npaedas mpouka,

,C—
-V, a, b, ¢ — zesas mpoiixa.

®opma npeacTaBiaeHus pe3yJibTaTa:
HpeI[CTaBI/ITI) BBITTIOJIHCHHBIC 3aJaHu B TCTpaan AJI NPAKTHYCCKUX pa60T npenoaaBaTeiIto.

Kputepun onenkmn:
3a Kax /bl paBUIIbHBIN 0TBET — 1 Gamn. 3a HempaBuibHBINA 0TBET — 0 6amioB. 90 + 100- otnuuno; 80 +

89- xopomo; 70 + 79- ynoBieTBopUTEIbHO; MeHee 70- HE YAOBIETBOPUTEIIBHO
Tema 2.2. YpaBHeHMe IPAMOIi HA IVIOCKOCTH U B MIPOCTPAHCTBE

IIpakTnuyeckas padora Ne 9,10 CocTaBiieHne ypaBHeHUI NMPSAMBIX U pellleHue 32124

Hean: hpopMupoBaHre YMEHUM COCTABISATh YPABHEHUS MPSMBIX.

Boinoainus padorty, Bel Oynere:
YMETh:
- pemaTth 3aa4u, UCTIOIb3Ysl YPaBHEHUS MPSMBIX;
MarepunanbHoe obecrniedeHue:
Pa3znarounslii Matepuan (KapTOUKH C 3a/IaHUSMU).
Texuuueckue cpencTBa 0OyueHUs: KOMIBIOTEP C JHUIIEH3UMOHHBIM MPOrPaMMHBIM OOecrieueHHEM U
MYJIbTUMEAHNA TPOEKTOP
3aganme:
1. Hawwr Bepmmnbl A(3, 1), B(-13, -11), C(-6, 13) tpeyronsauka ABC. CocTaBUTh ypaBHEHUS
CTOpPOH TpeyrojapHuka ABC u HalT! yroy Mexay npsamseiMu AB u BC.

2. Haiitu TOUKy mepeceyeHusl MpsIMbIX, 33JaHHBIX YPAaBHEHUSAMHU: a) 2x—y+3=0 U 4x+8y+17=0;
0) 2x—y+3=0 U 4x—8y—-11=0.

3. Hanst Bepmunsl A(4, 3), B(-3, -3), C(2, 7) tpeyronbauka ABC. HaiiTu: a) ypaBHEHUE CTOPOHBI
AB; 6) ypaBuenue BoicoThl CH; B) ypaBHeHHe Meauanbl AM; ) Touky N mepecedeHus: meauanbl AM u
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BbicOTBl CH,; n1) ypaBHEHHE MNpsIMOW, Mpoxoxsied uepe3 BepmMHy C mapamielbHO CTOPOHE AB; e)
paccrogaue oT Touku C 10 npsAMoit AB.
ITopsinok BbINOJHEHHsI padOThI:
3agaHusl pelaroTcs B JIF000M MopsiaKe
Xon paboThI:
1. Tlomyuuts y npenojaBaTesns 3a1aHusl.

2. OdopMuTh penieHre B TeTpaau A MPaKTHIECKUX padorT.

B nexapToBoii mpsiMOyToJIbHOM crcTeMe KoopauHat OXY Ha TUIOCKOCTH JIt00asi mpsiMasi MOXKET OBbITh
3aJlaHa YpaBHEHHEM MEPBOM CTENICHU

Ax+By+C=0, Tae A, B, C — onpenenennsie uncna, A?+B? 0. M oOpaTtHO, BCKOe ypaBHEHHE BHJA

AX + By +C =0 ONpPENENAET NPAMYIO Ha INIOCKOCTH.

JlanHO€ ypaBHEHUE HAa3bIBACTCA O00WUM YpaeHeHuem NpsAMOU Ha TUIOCKOCTH, KO3()(UIIMEHTHI

ypaBHeHus A, B onpenensior KoopAMHATHI BEKTOpA fi, MEPHIEHAUKYIISIPHOTO 3TOM NMPSAMOM. DTOT BEKTOP
Ha3bIBAETCS HOPMANbHBIM EKMOPOM TIPSIMOM.

VkakeM OCHOBHBIE CIIOCOOBI 3aJaHusg HpHMOﬁ Ha IIJIOCKOCTHU U COOTBETCTBYIOINEC YPAaBHCHUS.

1. IIpsmast IPOXOIUT YEPE3 TOUKY M, (x,,y,) TEPIEHAUKYISAPHO BEKTOPY A =(A,B). B aToM ciyuae
HpHMaH OIIUCHIBACTCA O6H_[I/IM ypaBHeHI/IeM
A(x—x,)+B(y—y,)=0-

2. IIpsiMasi TIPOXOMHUT HYepe3 TOUKY M, (x,,y,) MAPAILIETBHO BEKTOPY § —(m,n). B 9ToM ciydae
pr{Maﬂ 3a4aC€TCA KAHOHUYECKUM ypa6H6Hu6M
X=X _ Y=Y,
m n

WA napamempudecCKumu ypaeHeHUAMU

X =X, +mt,
y =Yy, +nt,

roet— napameTp, HpI/IHI/IMaIOH_[I/Iﬁ JIIO0BIE YHCIIOBBIC 3HAUCHUS.

3. IIpAMas POXOAUT YEPE3 TOUKY M, (x,,y,) C 3aJaHHBIM YIJOM HAaKJIOHA ¢, ONPEACTIEMBIM
yenosvim Koagpduyuenmom k=tgee (puc. 1). B >TOM ciydae ypaBHeHHE TNPSAMOH HMEET BHJ

Y= Yo =k(x=X%,).
A

Sa
(TA

ot . -
x

LR

Puc. 1. A Puc. 2.

4, Hp}IMaH OTCCKACT Ha KOOPAWHATHBIX OCAX 3addaHHBIC OTPE3KU (pI/IC 2) B »tom cjrydac

UCTIOJNIB3YIOT ypasHeHue npsmou 6 ompesxkax * Y _q.
b
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5. IlpsMas 3amaHa YIJIOM HAKJIOHA ¢, ONPEAEISEMBIM YIJIOBBIM KO(Q(GUIMEHTOM k =tga, U
otpe3koM b, orcekaeMbiM Ha ocu (Oy. B 3TOM ciydae HCHONB3YIOT ypasHeHue NpsSMou ¢ Y2l08blM
KO puyuenmom y = kx+b -

Paccmosnue d om mouku M,(x,,y,) A0 HPSIMOH Ax+By+C=0 BBIUNCIAETCA IO (QopmyIe
g |Ax, + By, +C]|

JA? +B?

®opma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuTh BHITOTHEHHBIC 33JJaHUS B TETPAIU JIUIS IPAKTHUECKUX PA0OT MPETOIaBaTeIo.

Kpurepumn oueHku:
3a KaKIbIi MpaBUIIbHBIN OTBET — 1 Oasur. 3a HenpaBmwibHBIA 0TBET — () 6ayumoB. 90 +~ 100- oTinuuno; 80 +

89- xopoio; 70 + 79- ynoBieTBopUTensHO; MeHee 70- HEe yI0BIETBOPUTEIHLHO
Tema 2.2. YpaBHeHHe MPSIMOI HA MJIOCKOCTH U B MPOCTPAHCTBE

IIpakTuyeckas padora Ne 11,12 CocraBiieHue ypaBHeHUIi KPUBBIX U IOBEPXHOCTEl BTOPOIo
nopsiAka

eab: popmupoBanne yMeHHI COCTaBIATh YPaBHEHUS KPUBBIX U TIOBEPXHOCTEH 2-T0 MOpSIKA.

Boinoinus padorty, Bul Oynere:

YMETh!
- pelarh 3aa4u, UCIOJIb3Ysl ypaBHEHUS! KPUBBIX BTOPOTO MOPsJIKA HA IUIOCKOCTH,

MatepuajibHoe obecnieyeHue:

Pa3znarounslii Matepuan (KapTOUKH C 3a/laHUSIMU).

TexHuueckue cpencTBa 00yueHHs: KOMIBIOTEP C JIMIIEH3UOHHBIM IPOrPaMMHBIM 00€CieYeHUEM U
MyJIBTUMEAHNA TPOEKTOP

3aganue:

1. Onpenenutb KOOPAUHATHI LIEHTPA U PAANYC OKPYKHOCTH x2 4 y2 —4x+3y=0-

2. CocTaBuUTb ypaBHEHHE OKPY)KHOCTH, HMPOXOAAIIEH depe3 TOUKy .(6,-1) C LIEHTPOM B TOUKE
NEePECCUYCHUS NPAMBIX 3Xx—-4y—-5=0 U 4x+3y-15=0.
3. Haiitu nomyocu, koopJuHaTHl (POKYCOB M SIKCLHEHTPUCUTET IUTUICA 4x? + 25y —100=0.
4. OrnpenenuTs BUJ U pacloioKeHNe KpUBOH (10IyocH, KOOpAUHATH! (DOKYCOB U SKCLIEHTPUCHUTET)
5x% +16y% +10x— 96y +69=0.
5. TlapaGona ¢ BepIIMHOW B Hayale KOOPAWHAT IPOXOIMT 4Y€pe3 TOYKY 4(1,-3) U CHMMETPHYHA
otHocuTeNbHO ocu Ox. Haiitu hokyc 1 ypaBHeHUs apalboibl U €€ AUPEKTPHUCH.
[Tapabona ¢ BepIIMHOM B TOUYKE O(2,1) HPOXOAUT 4Yepe3 TOYKY 4(63). COCTaBUTH ypaBHEHHE
napaboIIbl
IHopsiaok BbINIOJIHEHHS Pa0OTHI:
3amaHusl peraroTcs B JJI000M MopsiIKe

Xoa pa0dorsI:
1. TlomyuuTs y mpemnojiaBaTens 3aJ1aHusl.

2. OdopMuUThH perieHre B TeTpaau s MPAKTHIECKUX PadoT.

OO1m1ee ypaBHEHHE KPUBBIX BTOPOTO MOPSAKA UMEET BU
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Ax? + Bxy + Cy? + Dx+Ey + F =0, B KOTOpOM 4, B n C HE paBHbI HYJIIO OTHOBPEMEHHO, T.€. A2 +B?+C? = 0.

Dnaunc u OKpyHcHOCMb
Onnuncom Ha3bIBAETCS TEOMETPUUYECKOE MECTO TOUYEK IUIOCKOCTH, CyMMa PacCTOSIHUM OT KOTOPBIX

70 IBYX JaHHBIX To4ek F1 u F», Ha3piBaeMbIxX OKycaMu, €cTh BEIMUMHA TIOCTOSIHHAS, pPaBHAs 2d, IPUYEM

3Ta BeIMYMHA 0OJIbIIE paccTOSIHUA 2¢ MEXy (hoKycamu.

Ecimu 3a ock Ox mpuHATH NpsSMY0, Mpoxonasiryto depe3 ¢okycel F; u Fp, a 3a oceb Oy —
nepneHauKyisip Kk ocu Ox, NpoxXoasuiuil uepe3 cepenuny orpeska FiF, (puc. 1), To ypaBHenue smimrnca

X2 y2
npumeT Bug = 4 1.
a? b’

910 YpaBHCHHUE HA3bIBAKOT KAHOHUYECKUM YpAGHEHUemMm JIJIuUnca. HpI/I 9TOM a — OoJjbluas IMOJIyOCh

anmica, b — ero Manas momyocs, ¢ =va’—b?, F(-c,0) ¥ F,(c,0) — GpoKycsl dmmnca.

YA
b I,‘
— | A
S NS a— | T
-\ 'i; ) F? @« ’r
» Puc. 1.

OrHomieHue &= < <1 Ha3BIBACTCA OKCYEHMPUCUMENTIOM IJTUNCA.
a

[Tpu a<b ypaBHeHHE TaKKe 3aaeT AIUIMIIC, HO y TAKOr0o AIUIHICA (POKYCHI PACIONIOKEHBI Ha OCH
Oy, mapametp b 3amaer OoJbLIYIO TONYOCh, & @ — Myl MOJyoch. IlapaMeTp ¢, paBHBI TOJOBUHE

paccTosiHusT MEXIy (OKycamMu, MOXKHO HaitH 1o ¢dopmyne c=+b’—a’?, a IKCHEHTPUCHTET — IO

dopmyne . _C.
b

[Tpu a=Db ypaBHeHMe 3a1aeT OKPYKHOCTD C ICHTPOM B HayaJie KOOPAUHAT U PATUYCOM d.

2

OxpyXHOCTb paguyca R ¢ IIeHTpoM B Touke C(XO, YO) 3ajiaeTcs ypaBHeHHEeM (X — X, ) +(y -y, |

T'unepbona

I'unepbonoti Ha3bIBAETCSI TEOMETPUUECKOE MECTO TOYEK IUIOCKOCTH, MOAYJIb PAa3HOCTH PACCTOSHUMN
OT KOTOPBIX JO JIBYX JaHHbIX Todek Fi m F,, Ha3biBaeMbIX (pokycamu, eCThb BEIMYMHA MOCTOSHHAS,

paBHas 2a, IpUYeM 3Ta BEJIMYMHA MEHbIIIE PACCTOSIHUS 2¢ MEXy (pokycamu.

Ecmm 3a ocb Ox mpuHATH mpsiMyro, mpoxonsmiyio 4depe3 ¢okycsl F1 m Fy, a 3a oce Oy —
nepneHauKyisip Kk ocu Ox, TPOXOIAIINN dYepe3 cepenuHy otpeska FiF, (puc. 2), To ypaBHeHme

2 2
runepOosIbl IPUMET BUA X~ _ Y~ _4.
a? p?

DTO ypaBHEHHE HA3BIBAOT KAHOHUYECKUM YpasHeHuem eunepbonvi. Ilpm 3TOM a — NelcTBUTENbHA

IOJTyoCh THIEpOOIBI, b — ero MHMMast moiyocs, ¢ =+a” +b?, F(-c,0) u F,(c,0) — Gpokycsl smmmca.

22



"

Puc. 2.

Otnomenue . - C .1 Ha3pIBAaETCA OKCYyeHmpucumemom 2unepbonsl. Ilpsamele y = igx, K KOTOpPBIM
a

runepOosia HEOrpaHUYCHHO MPUOIIKACTCS Ha OECKOHEYHOCTH, NPEACTABISIOT COOOHW aCHMIITOTHI
rUnepOoJIbL.

2 2
YpaBHeHue _L2+L2 =1, ONpeAensieT TUIepooIy, HO y 3TOW runepOoIbl POKYChI PACIIOIOKEHBI Ha
a-~ b

ocHu Oy, mapamMeTp b ectp ﬂeﬁCTBHTeHBHaﬂ IMOJIyOCh, IapaMCTp a — MHHUMaAsA I10JYOChb, 4 SKCOCHTPUCUTCT

BhIYHCIISICTCS 110 hopmyrie - C.
b

Ilapabona
Ilapabonot Ha3bIBaETCS TEOMETPUYECKOE MECTO TOYEK IUIOCKOCTH, PaBHOYIAJICHHBIX OT JaHHOU

TOYKH, Ha3bIBa€MOU (POKYCOM, U JaHHOU MPSAMOM, Ha3bIBAEMOI TUPEKTPUCOI.

Ecnu 3a ocb Ox npuHATH OPAMYIO, IPOXOAAIIYIO uyepe3 POoKyC MepneHAUKYIIPHO TUPEKTPHCE, a 3a
ocb Oy — MpsAMYI0, MPOXOMSIIYI0 4Yepe3 CepeauHy MEepHeHIuKYNsIpa, OIMYyIIeHHOro u3 (oKyca Ha
aupeKTpucy (puc. 3), To ypaBHeHHe napabosibl IpUMET BUJ y? = 2px, IJIe p — pacCcTossHuE OT oKyca A0

JTUPEKTPHUCHL. JTO YpaBHEHUE HA3BIBAIOT KAHOHUYECKUM ypaeHeHuem napabonvi. Ilpu stom y__P —
2
ypaBHEHHE AUPEKTPUCHI, a HOKYC F(p,Oj-
2

YA

B
=¥

Puc. 3.

VYpaBHeHue x°=2py 3amaerT mapaboiy, CUMMETPUYHYIO OTHOCUTENIbHO ocu Oy. B stoM ciyuae

qupekTpuca napabossl y—_ P, a pokyc F(O, p} .
2 2

®opma npeacraBiaeHus pe3yJbTara:
[IpencraBuTh BHIMOTHEHHBIE 3aJJaHUS B TETPaIH Ul IPAKTHUECKUX Pa0bOT MpEenoaBaTeio.

Kpurepum ouenku:
3a Kax/bIil MpaBWIbHBIN 0TBET — 1 Gam. 3a HenpaBuibHBINA 0TBeT — 0 6amioB. 90 + 100- otuuHo; 80 +

89- xoporo; 70 + 79- ynoBIeTBOPUTEILHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO
Tema 3.1. IIpenen n HenpepbLIBHOCTH (PyHKIIUU

IIpakTuyeckas padora Ne 13 BeruncieHnue npeaesioB pyHKIuii.
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. ,0 o0
PackpbiTHE Heonmpe/eJeHHOCTel (6) u(—)
o0

eab: GpopmupoBanne yMeHHI BHIYUCISITH TPEICIbI (OyHKITHA.

Bbinosinus padory, Bel Oyaere:
YMETh:

0 o0
- packphIBaTh HeonpeaeaeHHoCTH tuna (—) u (—) ;

MarepuajibHoe o0ecnieyeHue:

PazpgaTounslit MmaTepuan (KapTOUKH C 3aJaHUSIMU).

TexHuueckue cpeacTBa 00y4eHHs: KOMIIBIOTEp C JUIEH3MOHHBIM MPOTpaMMHBIM 00ecriedeHueM U
MyJIbTUMEANA POEKTOP

3aganue:

- 0
Beraucinte npenens yHKIUN YA OT HEONpeIeIeHHOCTH (6)

2x%4x—15 x34x42

li 61i li 2x3-54x Vx+i-1
a) lmxa;m Mimye, 33 e 8 M1 =50 T

r) lim, 4 il A) lim, 4

o o o0
Beraucinth npenens! GyHKIUH yilas oT HeonpeaeaeHHoCTH (—)
o0

. —3x+7 2+x3 . x4 +x° . 12x5-3x3+2x . 2
)hmx_mw 0) lim,_,.. T B) llmx_,mm; r) llmx_,xm. a) )!l_)rgx VXT+1-x|
a

IMopsinok BbINOJIHEHUS PadOTHI:
3ajaHus peuarTces B JII000M HOpsiIKe
Xon padoTsi:
1. TMomyuwTh y mpernoaBaTens 3a1aHusl.

2. OdopMuUTH penieHre B TeTpaau s MPAKTHIECKUX PadoT.

Packpuimue neonpedenennocmeri paziudHolX Munos

JIi1st TOro uTOOB! HAWTH MPE/EN 2IEMEHTAPHOM (PYHKIIUHU, KOT1a apTyMEHT CTPEMHTCS K 3HAYEHHIO,
NpUHAIIeKAIIEMY O0JIACTH ONpeeeHuss 3TOH (DYHKIMH, HYXHO B BBIp@KCHHC (DYHKIUH BMECTO
apryMeHTa MOJICTABUTh €ro TpeiebHOE 3HAUCHHE.

Jlasieko He BCSKasl TMOJICTAHOBKA MPEACIBHOTO 3HAYEHHWsS B (YHKIMIO BMECTO HE3aBHCHMOM
IepEMEHHOM MOMKET cpa3y NPMBECTH K HaxoxkaeHuro npenena. Ciaydad, B KOTOPBIX I10JCTAaHOBKA
HpelleJ'II)HOFO 3HAYCHUSA B q)yHKHI/HO HC JacT 3HAUCHUS HpeI[eJIa, HaA3bIBAIOT HeOHpeﬂeﬂeHHOCTﬂMI/I; K HUM
OTHOCSATCS HEONPEIEIEHHOCTH BUIOB [zj, (%), (0-0), (;0—c0), (1‘*’), (ooo), (00). PaccMOTpUM HECKOIBKO

TUIIOB MPUMEPOB, KJIACCUPUIMPYSI UX TIO BULY HEOPEEIIEHHOCTH U PEIEIIbHOMY 3HAUYEHHIO X.

1-it mun. PaccmoTpum npumeps! Buaa lim—— )
X~>oo X

C HEOIPeIEeTIEHHOCTHIO BH/IA (gj, rae f(x) 1 ¢(x)
B O0IIeM ciIy4ae — CIIOKHbIE CTETICHHbBIE WM MOKa3aTenbHbie QYHKIMU. B ciydae cTeneHHBIX QyHKINUN
HEOOXOIMMO BBIHOCHTH 32 CKOOKY B YHCIIHTENC ¥ B 3HaMeHarTesne ApoOu X ¢ HAMOOJBIINM ITOKa3aTelleM
CTETIEHH CpelU BCEX CllaraeMbIX JpoOH; B CiIydae IMOKa3aTeNbHBIX (YHKIUN 3a CKOOKY BBIHOCHUTCS
HanOoJiee OBICTPO BO3pacTarollee CliaraeMoe Cpen Bcex ciaraeMbix apodwu. Ilocie cokpamenus apoou
HEOMpeAEeNIEHHOCTh YCTPAHSIETCS.
[Tone3Ho 3anmOMHUTH MPABUIIO:

. 0, eciu N<m,
lim X" + X" +...+a, X +a, :(fj 13 emn—m
x>0 boX™ +bx™ L+ +by, x+b, \o) |by’

0, ecii N > M.
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2-1i1 mun. PaccMOTpUM NpUMeEpHl BHIA XIinx10 % C HEOIPEACICHHOCTBIO BUIA (%j B sTom ciyuae
—>

HEOOXOMMO DA3JIOKUTh HA MHOXUTEIW M YHCIUTENIb, W 3HAMEHATENb JIpOOM WIM JOMHOXHUTH H
YUCIUTENb, U 3HAMEHAaTeldb JApOOM Ha OAHO U TO XK€ BBIpAXKEHHE, NpHUBOAsiLEe K (opMyaam
COKpAIIEHHOr0 YMHOeHHs. [ocie cokpaiienus 1poobu HEONpe1eIeHHOCTh YCTPAHAETCS.

3-ii mun. PaccMOTpUM HpHMEpHI C HEONPEAeIeHHOCThI0 BHaa (w0—o0). Ecim dyHKIms, cTosmas
0] 3HAKOM IIpeniena, MpPEeACTaBisieT co0oil anredpanmueckyro cymMMmy apoOeil, TO HeolpeneleHHOCTh
yCTpaHsAEeTCsl WIM IPUBOAUTCS KO 2-My TUITY TOCJIE NPUBEAEHUsS Ipobei k oOumeMy 3HaMmeHarento. Eciu
yrnomsiHyTasi QyHKIHUS NPEACTaBIsieT co00i anredpandecKyo CyMMy UppalMOHAIBHBIX BBIPAKCHUN, TO
HEOIIPEICJIEHHOCTh YCTPAHACTCS UM NPUBOJUTCA K 1-My THUIY ITyT€M JOMHOXKEHMS U JIeJIeHUs] GYHKLUU
Ha OJIHO M TO ke (CONPSHKEHHOE) BBIpaKEHUE, TPUBOAAIIEE K (DOpMyIaM COKPALICHHOTO YMHOKEHUSI.

(I)opMa NMpeacraBjJacHusd pedyjabTara:
HpeI[CTaBI/ITB BBIIIOJITHCHHBIC 3aJaHus B TETpaau AJId NIPAKTHYCCKUX pa60T mpenoaaBaTciito.

Kpurepuu onenku:
3a Kax/blil IpaBWIbHBIN 0TBET — 1 Gamy. 3a HenpaBuibHBINA 0TBET — 0 6amioB. 90 + 100- otuuHo; 80 +

89- xopoo; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO
Tema 3.1. Ilpeaes u HenpepbIBHOCTH PYHKIMH

IIpakTnueckas padora Ne 14 BoiunciieHue npejiesioB ¢ NOMOIIbIO 3aMeYaTe/ILHBIX MpPe/1esoB,
pacKpbITHE HeolpeaeJeHHOCTEH.

Heab: GpopmupoBanne yMeHHI BEIYUCISTE MPECIbl (OyHKITHHA.

Beimosnus padory, Bel Oyaere:

YMETh:

- pacKpbIBaTh BBIYUCIATH Mpeaenbl PYHKINA TPUMEHSSI 3aMeuaTeNbHbIE TPEebl,

MarepuajibHoe o0ecnieyeHue:

Pa3narounsblit MaTepuan (KapTOUKH C 3a/IaHUSMU).

TCXHI/I‘-IGCKI/IG CpeI[CTBa 06yT~I€HI/I$[I KOMHBIOTep C JIMOCH3UOHHBIM HpOFpaMMHI)IM O6€CH€'—I€HI/I€M 158
MyJIbTUMEANA IPOEKTOP

3aganue:

Boruncnuth mpenensl (QYHKIMA TpUMEHSAS TEPBBIA 3aMedaTeNbHBIA Mpeaen WM CBOMCTBO

S3KBHUBAJICHTHO MaJIbIX BEJIINYNH

sin3x . 4sinx3 .
—, C lim —_—, d lim
sin22x’ ) x>0 9 _cos2x’ ) X0 gretg 4x

Beruucnuth npenens! GyHKIUN NIPUMEHss BTOPON 3aMedaTeNbHbINA peaesn

3\ 21 4\ 6n 3 n?
8) limyeo (14+2) 5 D) limyo (1= 2) 5 ©) limyoe, (14+2) ; d) lim,,, (
IHopsinok BbINIOJIHEHHS PA0OTHI:
3amaHus peraroTcs B JJI000M MopsiKe
Xoa pa0dorsI:
1. Tlomyuuts y npenojaBaTens 3a/1aHusl.

. 4sin2x . Sarcsin 2x
a) lim,_g g b) lim,_, —

5+3n)n

4—-2n

2. OdopMuTh pernieHre B TeTpaau A NPaKTHUECKUX padoT.

3ameuamenvhvie npedeﬂbl.

o . . sinx
HepBBII/I 3aMeUYaTeIIbHBIU IIpedei: lim—-—=1.
x—0 X
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. . . 1Y\ . 1
BTOpOI/I 3aME€UaTCIIbHBIN IPEOCIT (‘H/ICJ'IO e). liml+=| =e WIX I|m(1+ y)y =e€.
X—>00) X y—0

Jlnst Toro 4to OBl M30aBUTHCA OT HEOMPEACICHHOCTH BHJIA (1°°) HEOOXOAMMO BBIJICTUTH IETYIO

npobu (KoTopas MOJKHA ObITh paBHA 1) B BBIPAKEHUU, CTOSIEM IIOJ 3HAKOM IIpenaeia ,KOTOpoe
npeacTaBisier co0oil  CTEeNeHHO-TOKa3zaTenbHylo (yHKIHMI0. HeompeneneHHOCTh ycTpaHSETCs TpU
MTOMOIIH BBIJICJIEHUS BTOPOTO 3aMeYaTeIbHOr0 Mpeena.

Hanpumep:
fex—
. LA . 1
lim (1+—> =lim(1+0)*=0")=1lim|1+-— =
X —00 X X >0 X —00 ({)
k
1\ oy 1\ k .
= lim (1+—) - lim(1+—) = ¢
y —00 y X —00 y
4
M\ NT " 4
1) lim (1 - —) = (1%) = lim (1 - =am=ey
n-—-oo n n—oo n
3 3n .2
3 \"+2 3 4?" ann+2) 3(n+2) i 372 rlliin%,:—"
i I — ) = | [ — = 4 = S0 4 = ® T =
2 hm(1-3) =) =lim (1 s
lim 340 3
fnlgloo 4 = fZ
. x+3\* o
3) lim (n) ;JJaHHBII Ipeienn MOYKHO BBIYUCIUTH JIBYMS CLIOCOOAMU:
X —00 -
1 coco0:
Paznenum uncnurens Ha 3HAMEHATEN b BBIJCIUB LIETYIO YacTh:
_x+3x2 3 c
_ 1 X+
x—2 => =1+ ;
5 X —2 x—2
x=2 > *X
, +3\% _ . 5 \F _ . 5\ | 5L it g
lim, CTZ) = lim, o (1 + xTZ) = lim,_,, (1 + xTZ) i = frz=f Mg =
5x
lim x—>oo_x2_ . 5
¢ FEsfMmeowio=gS:
2 cnoco0:
[Togenus yncnuTeNs U 3HAMEHATENH APOOH Ha X, CBEJIEM JAaHHBIHN Mpee K YaCTHOMY IPEIeIOB:
X X . 3 X
x + 3" 43 143 11m<1+;) 3 ;
im( ) =lim| Z—5 | =lim > === s =—=1{.
x—w \X — x—o \ 2 _ 2 x-o\ 1 -2 hm<1_£) V4
x X x X =00 x

Hpe,Z[CJ'IBI OT HCKOTOPLIX TPUTOHOMCTPHUYICCKUX (I)yHKL[I/Iﬁ HCO6XOI[I/IMO peuiaTb NPpUMCHSIA HepBBIfI
3aMevaTeabHbIN IpeacI NI 3aKOH OKBUBAJICHTHBIX BEJIMYWH IIPU YCIIOBUH X — 0.
OKBUBAJECHTHEIMH HA3BIBAIOTCSI OSCKOHEUHO MaJjkIe BCJIMYHHBI, IPCACIT OT MOHATHUA KOTOPBIX PABCH
CANHUIIC.
B KypCC MATECMATHYCCKOI'O aHalin3a JOKa3bIBACTCA, UTO IIPHU OTBICKAHUU ITPCCiIa OTHOIIICHUI ABYX

OCCKOHEYHO MaJIbIX BEJIMYMH MOKHO 3aMEHHMTh Ha MpeaciI SKBUBAJICHTHBIX UM BCIIMUUHAM.
2

(sin xX~x; sin? g ~ (g) ; tgx~x )

. 2X
sin “=

x2

1) lin(l) ; TaK Kak sinx u x npu X — 0 SKBUBaJIEHTHbIE OECKOHEYHO MaJble BEIMYMHBI, TIOITOMY
X—
. X X
B JaHHOM BI:Ipa)KCHI/II/I MO>KHO SlnE 3aMCHUTH €Io apI‘yMCHTOM E Tor;[a pemeHI/Ie BBITJIAOUT
CJIETYIOIM 00pa3oM:
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1
= =lim|-— ) =1lim -
x—0 xZ x—0 xZ x—0 xZ x—0 4-x2 x=0 4

. sin ax sinax ~ ax
2) lim = =|.
x—0 sin bx sinbx ~ bx

=lim= = lim==2;
x—0 bx x—=0b b’

(I)opMa NnmpeacraBjJacHusd pedyJjbTara:
HpeI[CTaBI/ITB BBITIOJITHCHHBIC 3aJaHus B TETpaau AJId IPAKTHYCCKUX pa60T mpenoaaBaTeciito.

Kpurtepuu onenku:
3a KaxIbIi paBUIbHBIN O0TBET — 1 Gayut. 3a HempaBwibHBINA oTBEeT — 0 6amtoB. 90 + 100- otnuuno; 80 +

89- xoporo; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIEHO
Tema 3.1. Ilpenes u HenmpepHLIBHOCTH PyHKIMH

IIpakTuyeckasi pa6ora Ne 15 Boruncjienue 0THOCTOPOHHHUX MPeJIeI0B, KiIaccuPUKAHNS TOYEK
pa3pbiBa

Heab: dopmupoBaHre yMEHHIN BBIYUCISATH OJHOCTOPOHHHE MPENEibl U KIACCU(PUIIMPOBATH TOYKU
pas3pbiBa.

Boinoainus padorty, Bol Oynere:

YMETh!

- KJ1accu(pUUUPOBATh TOUKU Pa3pbIBa;

MatepuajibHoe o0ecnieyeHue:

Pa3znarounsblii Matepuan (KapTOUKH C 3aJIaHUSMU).

TexHuueckue cpencTBa 0OyueHHs: KOMIBIOTEP C JMIIEH3UOHHBIM IPOrPaMMHBIM 00€CIIeYeHUEM U
MyJIbTUMEAHNA TPOEKTOP

3aganue:

1. MHccnenosaTh Ha HEMIPEPHIBHOCTD U MOCTPOUTH rpaduK (HyHKIUU:

W3 41 1 X, X<0,
a) y= 1 ;0) y=3%1+1;8) y(x)=41-x, 0<x<1,

L, x>1.
1-x

IMopsinok BbINOJIHEHUS PadOTHI:
3agaHus pelaroTcs B JJF000M MopsKe
Xon padoTsi:
1. TMomy4wTh y mpernoaBaTess 3aaHusl.

2. OdopMuUThH perieHne B TeTpaan sl MPAKTHIECKUX padoT.

HerpepbIBHOCTE (DYHKIMU OIpPEACNIACTCS B TOYKAX, NPHHAUICKAIIUX OOJIACTH OMPEICICHUs
¢byukuuu. Ilycts ¢ynkims f(X) ompenmeneHa B OKpPeCTHOCTH TOUYKH Xo. OTa (DYHKIHS HAa3bIBACTCSI
HenpepvieHOUl B TOUKE X, ECITHU:

1) cymecrByer npenen lim f(x) ¢ynakuuu f(X) B Touke xo;
X=X
2) 9TOT mpejielt paBeH 3HAYCHHIO (PYHKIIUH B TOUKE Xo.
def
WHuaue roBops, f HempepbIBHA B TOUKE X, <> lim f(x)= f(x,). (1)
X

—>Xp
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HenpepoiBHocts  ¢GyHkmmm f(X) B Touke Xxp oO3HA4aeT, 4YTO B OTOH TOYKE CYIIECTBYIOT
OZIHOCTOPOHHHME TIPEIETIbl, PABHbIE 3HAYEHHIO (DYHKIIMU B ATOU TOUKE, T.€.

lim f(x)= lim f(x)="f(x,), )
X—>%—0

X=X +0
roe  lim f(x)=f(x,+0) — mpaBocToponHuii mpeaen ¢yukuuu f B Touke xo; lim f(x)=f(x,-0) —
X—>Xo+0 X—>X—0

naeBocTopoHHuit mpeaen pyukuuu f B Touke xo; f(Xo) — 3Hayenue Gpyukuuu f B Touke xo.

Eciu ycnosust (1) uim (2) B TOUKE Xo HE BBIMOJIHAIOTCS, TO TOYKA Xo HA3BIBAETCS MOUKOU PA3PblEd
byuknuu f(x).

Ecnu cymiecTByoT KoHeuHble ogHOCTOpoHHUE nipeaensl f(Xo+0), f(Xo—0), mpuyuem He Bce Tpu uucia
f(Xo+0), f(Xo—0), f(Xo) paBHBI MKy COOOI, TO Xo HA3BIBAIOT MOUKOLU PA3PHIEA NEPEO2O POJA.

Ecimu B TOuke paspbiBa Xxp XOTs Obl OfauH u3 oaHocTopoHHHX mpenenoB f(Xo+0), f(Xe—0) He
CYILECTBYET MM OECKOHEYCH, TO Xg HA3bIBAIOT MOYKOU PA3Pbled 6MOp0O20 POOd.

(I)opMa NnpeacraBjJacHud pedyjabTara:
HpeI[CTaBI/ITI) BBIITOJITHCHHBIC 3aJaHW B TCTpaan AJI NPAKTHICCKUX pa60T npenoaaBaTeiIro.

Kpurepuu onenku:
3a Kax/blil IpaBWIbHBIN 0TBET — 1 Gami. 3a HenpaBuiabHbINA 0TBET — 0 6amioB. 90 + 100- otuuHo; 80 +

89- xopomro; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.2. luddepennuanbHoe ucHucjaeHue PyHKIMU OTHOM NelCTBUTEILHOI MepeMeHHOM
IIpakTnyeckas padora Ne 16 Beruncienne npou3BoAHbIX dj1eMeHTapHbIX pyHkuui. [IpaBuia

Au(ppepeHuupoBaHNA

Henab: ¢opMupoBaHne yMEHHH BBIUMCIATH IPOU3BOJHBIE 3JIEMEHTApHBIX (QYHKIMHA C
HCIOJIb30BaHNEM IPaBII AUPPEpEeHIPOBAHHUS.

Boinosinus pa6orty, Bl Oynere:

YMETB:
- BBIYMCIIATH IPOU3BO/IHBIE DJIEMEHTAPHBIX (QYHKIUH;

MarepunanbHoe obecniedeHue:

Pa3znarounslii Matepuan (KapTOUKH C 3a/laHUSIMU).

TexHuueckue cpencTBa 0OyueHUs: KOMIIBIOTEDP C JUIIEH3MOHHBIM IIPOrPAaMMHBIM 00ecrieueHHueM U
MYJIbTUMEAHNA TPOEKTOP

3aganme:

3aganue 1: Haiitu npou3BoaHble PYHKIMIA HCIIONB3YS PAaBUIIA BEIYMCICHUS U TaOIUIY
MIPOM3BOJIHBIX 3JIEMEHTAPHBIX (QYHKIUH.

1) y=7x*-4x3+5x2-2;
2vx | x4

2) y=5vx- = T 5

3) y=3ctgx+5Inx-3%;

4) y=(9+x2)(2x-1);

%3
5) y_ ﬁ )
3aganue 2: BoruncnuTh Npon3BOAHYIO QYHKIIUU B TOUKE.
6) f(t)=0,5t+0,6t*+0,8t+8; f (1)-?
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7) f(x)=ctgx-tgx; f G) -?

8) f(x)=2-5*+3-e%; f (0)-?

9) f(x)=cosx:(1+sinx); f (g) -?
10) (=2 F()-?

ex-1’

IMopsinok BbINOJIHEHHUSI PAa0OTHI:
3aiaHus pemaroTcs B JIIOOOM MOPSIKE
Xoxa padoThI:
1. Tlomyuuts y npenojaBaTens 3a/1aHusl.

2. OdopmuTh penieHue B TeTpaau A MIPaKTUYECKUX padoT.

HMana ¢ynkuust y =f(X) koTopast ompenmerneHa B HEKOTOPOW OKPEeCTHOCTH TOYKH X.IIycTh X3 M Xp —
3HaueHne aprymenTa, a y1 = f(X1) u y2 = f(X2) —cooTBeTcTBYMOIINE 3HAUCHHE () YHKIIHH.

Pa3zHocTh AX =X-X1 — Ha3bIBaCTCs MPHUPAIICHHEM apryMeHTa, a pasHocth Ay = yr-y1 = f(X2)-f(X1) —
npupaiieHue GyHKIUU Ha [X1; Xa].

Jf: mpomsBognoit ¢yHkimu y =f(X) 1Mo aprymeHTy X Ha3bIBalOT KOHEYHBIA MPEIeS OTHOIICHUSI
npupanieHust yHKINUU K IPUPALIEHUIO apIyMEHTa, KOT/1a MOCIIEHUI CTPEMUTCS K HYIIIO

!

y'= lim Ax _ lim f(x+Ax) - f(x) :ﬂ;
M——0 Ay A0 AX dx

Onepanyst  HaXOXIEHUS  TPOM3BOJHOM  HasbpiBaeTcss  auddepeHiupoBanueM. | eoMmerpuyeckas
MIPOU3BO/IHAS MPEICTABIACT COO0H YrioBoi KO (UITMEHT KacaTeIbHOH K rpaduky pyHKINU

y=f(X);re y="Ff(x)=k=tge.
Du3NUECKUil CMBICT TPOU3BOAHON MOXKET OBITH ONPEJIEIICH Yepe3 MTHOBEHHYIO CKOPOCTh:

J171s1 BBITIOJTHEHUS TAaHHOM paboThl HEe0OXoaMMa TabIuIa
Tabnuia mpou3BOAHBIX OCHOBHBIX JIEMEHTAPHBIX (DYHKIIUH.

nyr _ n-1 X\! _ AX X\ __ AX
(x") =nx () =e (@) =a*lna (Inx)'l (log, X)' = 1
X xlna
(sin x)" = cos x (cos x)" =—sin x 1 , 1
tgx)' = tgx)' = x) =—=
(1) cos? x (tgx) cos? x 2x
.c =0,c— const; x =1; (cu) =c-U
(uUxv) =u'+v (u-v) =uv+uv Y uv_uv (¢ o'
, —| =20 | =] ==, v(x)=0
(Uvw) = u'vw +uv'w + uvw’ v v -V v

Pemenue THIIOBBIX 3a7au:
3ananme 1: Haiitu npousBoHble GYHKIMN HCHONB3Ys MPaBUiIa BEIYUCIEHUS U TaOIUIly MPOU3BOJHBIX

3NIEMEHTaPHBIX (YHKIIUH.
1 y=6x*-8x*+2x*-4
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y' = (6x* —8x° +2x* —4)' = 24x° — 24%* + 4x;
2 y=(5x-4)*(x+2)

u=>5x-4; u'=5
y' =(Bx-4)(x+2) =v=x+2; v'=1 |=
(u*v) =u'v+uv'
=5(X+2)+1(5x—4) =5x+10+5x—4=10x+6

_x+1

3. X

r u=x+L u' =5

. (x+1 o, 1.2x-2(x+1) 2x-2x-2

y = :V:ZX’ V :2 = 2 = 2 =
2X , (2x) 4x

Taxt

u) _uv-u
v v
2x*’

3aganue 2. BpuuciuTh Npon3BOAHYIO (PYHKIIUH B TOUYKE.
1) y =3x>-8x" +9x* -4
Y (-1)=3- (-1)° = 8- (-1)*+9(-1)? —4=-3-8+9—4 = —6.

—2 1

) V= 5sin x cos x

y' (%) = 5((sinx) - cosx + sinx(cosx)) = 5(cos?x — sinx) = 5(cos2x) = 5(cos2 g) = 5cosm =

5-(=1) =5

®opma nmpeacTaBJieHUs pe3ybTaTa:
[IpeacTaBUTh BBHITIOIHEHHBIC 33/1aHHSI B TETPAIH IS MPAKTUYIECKUX pabOT MPEnoaaBaTero.

Kpurtepuu onenku:
3a Kax/blil MpaBWIbHBIN 0TBET — 1 Gamy. 3a HenpaBuibHBINA 0TBET — 0 6amioB. 90 + 100- otnuuHo; 80 +

89- xoporo; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.2. IludgdepenuunanbHoe ucuucjienne GyHKIHUM OHOM AeiiCTBUTEILHON NepeMeHHOi
IIpakTuyeckas padora Ne 17 BorunciieHue Npou3BOIHBIX CJI0KHBIX GyHKIMIA

Heab: popmupoBaHre yMEHUIN BBIYUCIATH IPOU3BOIHBIC CIIOKHBIX (PYHKITHA.
Bbinosinus padory, Bol Oyaere:

YMETh:

- BBIYHCIISATH IPOU3BOIHBIE CIIOKHBIX (DYHKIINH;

MarepunanbHoe obecrnieyeHue:

Pa3znarounslit Matepuan (KapTOUKH C 3a/IaHUSIMU).

TexHuueckue cpencTBa 0OyueHUs: KOMIIBIOTEP C JIMIIEH3HOHHBIM NPOrPaMMHBIM 00€CIIeYeHUEM U
MYJIbTUMEAHNA TPOEKTOP

3amanmue:
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3ananue 1: Haiitu npou3BoHbIe PYHKITUH, UCIIONIB3YsI MPABHIIA BBIYUCICHUS U TaOIUITY POU3BOTHBIX
CIIOKHBIX (PYHKITUH.

3apanue 2: BurauciauTh NpOU3BOAHYIO (PYHKITUH B TOUKE.

«BapuaHThbl 3a1aHUI»

3ananueNel 3ananueNe2
1)y = (mx* +4)° 2)y=m*cos(pxk—m); y(1)=2
3)y=(e™ +kx) 4)y = ktg(mx"). y(-1)=?
5)y =12 ™ 6)y = ctg (px* —mx) L ()=
7)y = In(x" + px™) 8)y =/mp* +kx . y(-2)=2
9)y = log, (mx +k) 10)y = (e px+k)*m L G
11)y = p*sin(kx+m) 12)y = % ; y'(-3)=?

I'me p —uucio OyKB B UMEHHU; M — YMCIO OYKB B aMHIIMH;, K — YHCIIO OYKB OTYECTBA.

ITopsinok BbINOJIHEHUs padoOThI:
3aaHus pelaroTcs B JII000M MOpsaAKe
Xoxa padoThI:
1. TMomyuwTh y mpernoaBaTens 3a1aHusl.

2. OdopmuTh perieHue B TeTpaau A MIPaKTUYECKUX padoT.

[Tycte y=f(u) u u=u(x) — muddepeHmpyembie (QYHKIMH U ONpPEACICHA CIOKHAsS (QYHKIUS
y=f(u(x)). Torna cioxuas Gpyukiusa quddepeHnupyemMa 1 paBHa MTPOU3BEACHUIO MPOU3BOAHON (HYHKIIUU
y=f(u) B Touke U=U(X) 1 TPOM3BOAHOI ByHKIHH U=U(X) B Touke X, T.e. Y = f'(u)-u’.

Ecmu y=f(x) — muddepeniupyemas ¥ CTPOro MOHOTOHHas (GYHKIMS Ha MPOMEXYTKE X, TO
¢byHkuus, obpaTHas K JaHHOM x=¢(y), Takxke nuddepeHupyeMa U ee MPOM3BOJHAS OIpeeseTcs

! 1 !
COOTHONIEHUEM: X, =—-, Y, # 0.
!
X
JU1g BBIIOJTHEHUS TaHHOM paboThl HeoOxoauMa Tabnuna JudGepeHInPOBAHUS CIOKHBIX (YHKIIHIMA
®opmyisl AU hepeHINpOBaHUS

No Crnoxxnabie QyHKITHT
L@y =nu" 6 (sinu)’ =cosuu’
2 | (@) =e'u 7 (cosu) =-sinu-u’
3 | (@) =a"lnau’ 8 ' 1, v
( ) (th) = 2 u = 2
Cos” X cos” u
4 (|nu)'=1 =4 d (ctgu)' =-— .12 u'=-— Li_
u u sin‘u In“u
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> | (og,uy =——u'=" 10 Wy = L= Y
ulna ulna

Pemenne THIIOBBIX 3aJa4

Haiigure mpou3BOIHYIO CIEAYIOMUX (PYHKITHIA:

) y=(2x%>—4x)7;
2) y=+/x*-1;
3) y =sin(2x—x*)

4) y=6In5x

1) Jns pemenus ucnonb3yem popmyiy Ne 1
y = ((2x3 —4x)7) = 7(2x3 — 4x)® - (2x3 — 4x) =

= 72x3 — 4x)® - (6x% — 4) = (42x% — 28)(2x3 — 4x)°.

2) Pemenue nposeaém mo ¢popmyiae Nel0

2x
= (Vx?% — x2—1) = ——.
y = D= \/— (P -1)' = Wi
3) Ipumenum popmyiy Ne 6:
y'(sinf2x — x2))" = cosifRx — x%) - (2x — x?) = (2x — x) * cosifRx — x?).

4) Bocnonb3yemest Q)opMynoﬁ Ne4:

y'=(6In5x)’'=6(In5%)'=6- - (5x) _5—'5=§.

®opma nmpeacTaBieHus pe3yJbTara:
[TpeacTaBUTh BBHITIOIHEHHBIC 33/1aHHSI B TETPAIH IS MPAKTUYECKUX pabOT MpPErnoaaBaTesro.

Kputepun onenkmn:
3a Kax /bl paBUIIbHBIN 0TBET — 1 Gamn. 3a HempaBuibHBINA 0TBET — 0 6amioB. 90 + 100- otnuuno; 80 +

89- xopomo; 70 + 79- ynoBneTBopUTEIbHO; MeHee 70- HE YAOBIETBOPUTEIIBHO

Tema 3.2. Ilu¢gdepenuunanbHoe ucuucjienne GyHKIHUM OHOM AeiiCTBUTEILHON NepeMeHHOi
IIpakTnuyeckas padora Ne 18 IIpousBoanbie u fuddepeHnnaibl BoICIIUX nopsiakos. [IpaBuio

Jlonurans
Heab: popmupoBaHre yMEHUI BBIYUCIATH TPOU3BOIHBIC (DYHKIIUN BBICIINX MOPSIIKOB .
Boinoinus padorty, Bel Oynere:

YMETh!

- BEIYUCIIATH TIPOU3BOTHBIE (PYHKITUI BBICIINX MTOPSAKOB U IPUMEHSTH IpaBuiio Jlomurans ;

MarepunanbHoe obecrniedeHue:

Pa3znarounslit Matepuan (KapTOUKH C 3a/IaHUSMU).

TexHuueckue cpencTBa 0OyueHUs: KOMIIBIOTEP C JIMIIEH3HOHHBIM NPOrPaMMHBIM 00€CIIeYeHUEM U
MYJIbTUMEANA IPOEKTOP

3amanmue:

1. Haiigure Y" or cnemyromux QyHKIuUiA
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1)y = (mx* +4)° 2)y = m*cos(px* —m)

3)y = (™" +kx) 4)y = ktg(mx”)

5)y =12°"™ 6)y = ctg (px* —mx)

7)y =In(x* + px") 8)y =/mp” +kx

9)y = log, (mx+Kk) 1o)y:(epx+k)*m
11)y = p*sin(kx+m) lz)y:%

rae p —4ucio OykB B UMEHHU
M — gncio OykB B haMHIUU
K — unciio OykB oTyecTBa
. ef+e -2
\/1+x+ln(1+x); 6) lim . B)

2. Haiitn mpenensl, uicnonb3ys npaBwio Jlomurans: a) lim 5

x—0 X x—0 X
2

. X
lim —-
H("’In‘ex +1,

3. BbIuBCIUTH MPHOIMKEHHO a) /11 6) O,
IlopsiI0K BHLINOJHEHHsI PA0OThI:
3aaHus pelaroTcs B JII000M MOpsAKe
Xoxa padoTbI:
1. Tloay4uTs y npenogaBaTens 3aqaHus.

2. OdopmuTh perieHue B TeTpaau A IPaKTUIECKUX padoT.

[Ipown3BoHOIM BTOpOro nopsiaka (BTOpoi Mporu3BOJHON) HYHKIIUU

y = f(x)Ha3pIBAIOT TPOU3BOAHYIO OT €¢ MPOU3BOJHOW. BTOpyr0 NpOM3BOAHYIO 0003HAYAIOT TaK:
2

ww f"(x). Ecom S = f(t) — 3aKkoH NPSAMOIMHEHHOrO MABMKEHUS TOYKH, TO BTOpas

yn’ Wil ,
dx?

d*s
OpOU3BOAHAA IMYTH 110 BPCMCHU W €CTh YCKOPCHHUE 3TOI'O ABHMIKCHMA.

[TpousBoaHas TpeTbero nopsaka pyHkuuu y=Ff(X) ecth mpor3BoIHAasT OT MPOU3BOHON BTOPOTO MOPSIIKA:
y”l — (y”)l'
Boo6iue, nmpon3BoaHoi N-ro nopsaaka GyHKIUN ¥y = f(x) Ha3bIBalOT MPOU3BOIHYIO OT IPOU3BOIHOM

n

d
(n — 1)-ro nopsxa: y™.0603HauaroT N-20 npousBoanyo Tak: Yy, mm 5 2/, T ™ (x).
X

[Tpon3BoHBIE BRICITUX TOPSIKOB BRIYUCIISIIOT TTOCIIEIOBATEIBHBIM (G epeHITMPOBAaHUEM JTaHHOU

GbyHKIMH.
Pemrenye THIOBEIX 3a/1a4:

Brruuciure MPOU3BOJHYIO TPETHCTO MOPAJAKa OT CICAYIOIMIUX (byHKHHﬁ:
1) y=6x*-8x*+2x"—4;
2) y=05Bx—-4)*(x+2);

X+1
3) y=—-,
X

1) y' = (6x" —8x% +2x* —4) = 24x° — 24x* + 4x;
y" = (24x% — 24x% + 4X) =T2x* —48x+ 4; y" = (72x* — 48x + 4)' =144x — 48.
u=5x—4; u' =5
2)y'=(bx—-4)(x+2)) =v=x+2; v =1 |=
(u*v) =u'v +3u3v’
—5(x +2) +1(5x —4) = 5x +10 + 5x — 4 = 10X + 6.




y = (10x+6) =10

"

y" =10 =0.
1y T = a(xa1)  2x 2% 2
y,:(X-F j =|V=2X; v =2 = X (2X+ )= X~ ;(_ =
2x , (2x) 4x
[Ej _u'v—uv’
v v?
_—2__ 1
4x2 2x?’
" 1 1 241 1 -3 -3 1
= — —— =——.(X :__._2.X =X = —
N R B, X3
m 1 - — 3-
(5] o =met -

IIpasuno Jlonumana coctout B cienyromem. Ilpeaen oTHOImIEHUs ByX OECKOHEUHO MaJbIX WM
O0eckOHeyHO OoNbIMX (QYHKIUH paBeH Mpeaeny OTHOIICHUS WX IPOU3BOAHBIX (KOHEYHOMY WIIH

OECKOHEYHOMY), €CIIM MOCIEIHMUI CYLIECTBYET B YKa3aHHOM CMbICIE: lim 0 _ lim f’(x) :
X—%g(0) g(x) x—%o() g (x)

o 0
Takum o6pazom, paBmiio JlonmuTalls HCIIONB3yeTCs TSl PACKPBITHS HEOIPEICICHHOCTEH BHIa (aj

2)
wid | — |.
o0
Touamue ouggepenyuana ynkyuu
ITycte ¢ynkuus y=Ff(X) onpenenena nHa mpomexytke X u auddepeHnupyeMa B HEKOTOPOM

. A
OKpecTHOCTH TOYKH x € X. Toraa cyniecTByeT KoHEe4UHast IpOU3BOAHAs lim A_y = f'(x).
Ax—0 AX

Ha ocHoBanum TCOPEMBI O CBA3U OCCKOHEYHO MAaJIbIX BEJIMYHMH C npeacjiaMmunu (I)YHKI_[I/II‘;I MOXKHO

A
3amucarhb Eyzf'(X)-i-a(AX), rne  a(AX)— OCECKOHEYHO Mayas BeIMYMHA TpH Ax—0, OTKyJa

Ay = f'(X) - AX+ a(AX) - AX.

Takum oOpa3oMm, mnpupamieHue (QyHKIUM Ay COCTOUT M3 JIByX CcJaraembix: 1) JHMHEHHOro
OTHOCHUTENIBHO AX ; 2) HEJIMHEHHOro (MpeACTaBIIsAIONIEro OECKOHEYHO Mallyl0 00jee BHICOKOTO MOPSIKa,
geM AX ).

Huppepenyuanrom ¢ynxyuu Ha3pIBaeTCs TIaBHAas, TUHEHHAs OTHOCUTEIBHO AX YaCTh MPUPALCHUS
GyHKIMK, paBHAas TPOW3BEICHHUIO IPOW3BOJHOW HA TpPHUpAIICHWE HE3aBHCUMOW TIEPEMEHHOI:
dy = f'(x)-AX.

[pumep. Haiiti npuparenne u quddepeniman GyHKunu y=2x? —3x mpu x=10u Ax =0,1.
Pemenue. [Ipupamenue pyHkiun

Ay = £(x+AX)~ £ () = [2- (x-+ AXP ~3- (x+ Ax)|= Ax (4x + 24% ~3)

Juddepernman pyaxmum dy = f'(x)-Ax = (4x-3)- Ax.

IMpu x=10 n Ax =0,1 umeem Ay =372 u dy=3,70.
Huppepenyuan nezasucumoii nepemernoll paBeH MPUPAIICHUIO ITOM MEPEMEHHOM: dx = AX.

[Tostomy opmyny mis auddepeHpoBanus GyHKIUH MOKHO 3aucaTh B BUje dy = f'(x)-dx.
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Ceoticmea oughgepenyuana B OCHOBHOM aHAJIOTHYHBI CBOWCTBAM MPOU3BOIHOM.

1 dc=0, z0e c=const. 4, d(uv)=v du-+u dv.
2. d(cu)=c du. 5. d(EJZVdu—u dv

v V2
3. d(u+£v)=du +dv.

Ipumenenue ougppepenyuana 6 nNPUOIUNCEHHBIX BLILUCTEHUSX

W3 135105)k€HHOTO BBILLIE CIEAYET, UTO NMpUpalieHrne QyHKIUu Ay oTiandaercs ot e€ nuddepenuana
dy Ha OECKOHEYHO Majyl BeluuuHy Oosiee BbIcOKOoro mnopsaka, uem dy=f'(x)-Ax. Ilosromy mpu
JOCTaTOYHO MaJIbIX 3HAYCHUIX AX Ay =~ dy NI f(X+AX)— f(X) = f'(X)- AX, OTKyJa
f(x+AX) ~ () + £'(X)-Ax.

Uem MeHblIIe 3HAU€HUE AX , TEM TOuHee (hopMyIa.

Hannayio GopMyiny MOKHO MUCIONIB30BAThH AJISI BEIYUCICHUS MPUOIIKEHHBIX 3HAYCHHI HEKOTOPBIX
BBIPQXCHUI, HAIpUMEpP: a) BBIYMCIIEHUE KOpHS N-if CTEreHH; 0) BO3BEJIEHUE YHUClia B N-0 CTENEHbB; B)
BBIUHCJICHHE 3HAUCHUSI TPUTOHOMETpUYECKO QyHKINU, U T.1.

[Ipumep. Beraucnute npuOIMxeHHO 416,64 .

Pemenue. PaccmarpuBas Bblie 3anucanHyio GopMmynny f(x+Ax) = f(x)+ f'(x)-Ax, B KaueCTBE X BO3bMEM

4mcIio, Haubonee 61u3Kkoe K 16,64, HO YTOOBI ObIT H3BECTEH 4/x , TIPH ATOM AX JIOJIKHO OBITH JOCTATOYHO
ManbiM. OueBUIHO, ciieyeT B3sTh x=16, Ax =0,64.

{16

4
Uraxk, 416,64 ~4/16 + ﬁ .0,64=2,02.

(I)opMa NMpeacraBjJacHusd pedyjabTara:
Hpe)ICTaBI/ITB BBITIOJTHCHHBIC 3aJaHWA B TETpaan AJI IMPAKTUYICCKUX pa60T nmpenoaaBaTeiito.

Kpurtepuu onenku:
3a Kax/ablil MpaBWIbHBIN 0TBET — 1 Gamy. 3a HenpaBuibHBINA 0TBET — 0 6amioB. 90 + 100- otuuHo; 80 +

89- xopomro; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.2. IludgpepenunanbHoe ncuucjienue GyHKIHM OHOM AeiicTBUTEILHON NepeMeHHOI
IIpakTnueckas padora Ne 19 IlosiHoe uccienosanue pynkuuu. Ilocrpoenne rpadpuxon

Heab: popmupoBaHre yMEeHUI BBIYUCIATH IPOU3BOIHBIE (DYHKIUN BBICIINX MOPSIIKOB .

Bbinosinus padory, Bol Oyaere:

YMETB:
- BBIUMCIIATH POU3BOIHBIE (PYHKIUI BHICIINX MOPSAIKOB U IPUMEHSTH IpaBuiio Jlonurans ;

MarepuanbHoe o0ecnieyeHmne:
PaznaTounblif MaTepual (KapTOUYKH C 3aJaHUSIMH).
TexHuueckue cpencTBa 0OydeHHUs: KOMIBIOTED C JMIIEH3UMOHHBIM MTPOTPAMMHBIM O0ecTieueHHEM U
MYJIbTHUMEINA TPOEKTOP
3aganue:
1) HUccnenyiite pyHKIHIO U IPOCTPOUTE €€ rpaduK.
f(x)=x*—2x* +2;

2) [IpoBeauTe momHOE KccienoBaHne QYHKIIMN U IMMOCTPOUTE UX TpaduKu
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y:ix5 _2y3 4 x
10 6

3) [TocTpotite rpadguku 1poOHO- pallMOHATBHBIX (DYHKITHI
_x=25

x2—-4

IMopsinok BbINOJIHEHHUSI PA0OTHI:
3aaHus pemaroTcs B JIIOOOM MOPSAKE
Xoxa padoThI:
1. Tlomyuuts y npenojaBaTes 3a/1aHusl.

2. OdopmuTh pelieHne B TETPaIH I MPAKTHUECKUX PadoT.

[ToHATHE TPON3BOAHOI MMO3BOJISET MIPOBECTH MOIPOOHOE HcciIeaoBaHNe (DYHKIHI ¢ 11enbio Ooee
TOYHOTO MTOCTPOCHUS UX Ipa(uKOB.
PaccMoTpuM pacuiMpeHHBIN aaropuT™ UCCIeOBaHUS (QYHKIUIH:

1) naiitu obnacth onpeaeneHus QyHKINY,

2) uccienoBath PyHKIUIO HA YeTHOCTh U HE YETHOCTH;

3) HalTH BEPTHKAIbHBIC ACHMIITOTHI;

4) uccnenoBath MOBeIeHUE (YHKIUH B OECKOHEYHOCTH, HAUTH TOPU3OHTAIBHBIC WM HAKIOHHBIC
ACHMIITOTHI;

5) HaiiTH SKCTPEMYMbI U HHTEPBAJIBI MOHOTOHHOCTH (DYHKIIUH;

6) HalTH MHTEPBAJIbI BBITYKJIOCTH (QYHKIIMU U TOYKHU Teperuoa;

7) HAWTH TOYKU MEPECEUYCHHs] C OCSIMH KOOPIMHAT M, BO3MOXHO, HEKOTOPHIC JOIMOJIHUTEIbHBIC
TOYKH, YTOUHSFOIINE rpaduk GpyHKINH;

8) mocTpouth rpaduK GUKIHH.

"Ecnmu s GyHKIMKM BbIMOIHSIETCS paBeHCTBO f(—x) = f(x), To nmaHHas (GYHKIMS SBISETCS
yetHOU. CrenoBarenbHO, rpaduK GYHKIUU CHMMETPUYEH OTHOCUTENbHO ocu (OY).

»Ecmu Ui GYHKIUU BBIMONHSETCS paBeHCTBO f(—x) = —f(x),, To naHa QyHKUUS sBIsETCS
HedeTHOH. CrieoBaTeNbHO IrpauK (GYHKIUU CHMMETPUYEH OTHOCUTENBHO Havana koopauHat (0;0)

»Ecmu f(—x) # f(x), u f(—x) # —f(x),, To nanHas QyHKIHMS sABIsETCS PYHKIUEH 00IIero Buia
Y CBOMCTBOM CHMMETPUYHOCTH JaHHAs QYHKIUS HE o0agaer

* YT0OB! HAWTH BEPTUKAIbHBIE ACUMIITOTHI HY>KHO:
a) HaifTu 3HaveHune X He IpUHAAJISKAIINE 00JIACTH OTIPENICICHNUS, T.€. YCTAHOBUTH TOYKH pa3phIBa.

lim « lim
0) Beruuciaure X0 XX+
(cnesa)  (cnpasa)

U €CITH XOTs OBl OJIMH U3 HUX PABEH 00, TO MPSIMas X = Xy— BEPTUKAJIbHAs aCHMIITOTA.
* Y100BI HAMTH FOPU3OHTAIBHBIE ACHMIITOTHI HYXKHO:
a) Beruucauts lim f(x); Ecau lim f(x) =b, 1o
X—>00 X—0

Y = b —TOpU30HTaIbHASI ACUMIITOTA.
= YTOOBI HAUTH HAKJIIOHHBIE ACUMIITOTHI HY)KHO:

a) Berauciuts k = lim M;

X—>+o0 X

0) Borumcnurs b= Iirp (y —kx)

B) 3ammcaTh ypaBHeHHe Y = kx + b
r) [loctpouts rpadux nanHoM npsmoit
= [IpaBuiio Jlonurans:

Ecnu umeewm, 4ro, IimM = (gj Wi (fj, mo lim f) _ lim f’(X) ;
X g(X) 0 00 x—0 g(x) -0 (X)

x—0 X—>0 X—>0
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Pemrenye TMIOBEIX 3a1a4y:

3
1) Vccnenyiite hynkuuto u noctpoiite €€ rpadguk y =

4-x2
DI y=4-x2 £0= x# 12 = x e (~0—2) U (<2;2) U (2;+0).
)t __ X

() ae f(X) = nannmas ¢yHkums HeyetHas u ee rpaduUK CUMMETPHYEH
OTHOCUTENBHO Hauana koopauHar (0;0).
3) Tak Kak x=2;x=-2TOYKH Pa3pbiBa, TO BBHIYUCIUM CIEAYIOIHE MPEeNbl.

3 X3
lim, 7 = % lim, 7 1™
a) 272X 27 4 =X CIICIOBATENBHO, IIPsIMast X=2 — BEPTUKAIbHAsI ACHMIITOTA.
3 3
&) IIm = +o0; lim —* — CJIEIOBATENBHO, MpsiMasi X= — 2 — BepTUKAJIbHAs ACUMIITOTA.
) x—27 4 — X2 x>-20 4 — X2
4) Haiinem HakJIOHHBIE ACUMIITOTEI
X X
) L lay ] X o]
P LA 0 O S LS N Y S
X—>tn X oo | X X x(4_x ) o0 d—X5 x0 4 XE wow (=1
XX
3
: . X : 4x
b= lim (f(x)—kx)=lim >+ X = lim >=0
X—>—+00 X—>00 — X—>-+00 4 —X

3anumeM YpaBHCHUC HpHMOﬁ y=- X+O, T.C. y=-X —HAKJIOHHas aCUMIITOTA.

5) Haiiiem unTepBaIbl MOHOTOHHOCTH U SKCTPEMYMBI (DYHKIIUH.
!

F1(%) = x> ) _x(12-x7) _ x2(24/3=X)(2V3+X) |
4 — x* (4—x%)° (4-x%)° ’
Haiinem nynu ¢pyHkumu.
X*(24/3 - X)(2V3+x) _ 0 x2(243=x)(2v/3+x) =0
(4-x%)° 4-x2 20
X=0 — KOpeHb YETHON KPAaTHOCTH, CIIeJ0BaTEIbHO, X=0 TOUuKa rnepernda QyHKIuu.

X =23 x=-23
— .+ |t —

\_4_2%5/_1 0 /m\l

min I,

f(24/3) =33 ~-5.2; f(—2+/3)=3/3~5.2.

CoctaBum Ta0nHILy.

Tabmuma 1
Bospacranue, yosiBaHNe QyHKIIHH
X (~ci—2+/3) -243 (-2+/3;0) 0 (0:24/3) 23 (2V3;+00)
() i 0 ¥ 0 ¥ 0 i
f(x) YoriBaer 33 BO3pacTaeT 0 BO3pacTaer -3J3 yObIBaeT

6) OnpeieuTL MHTEPBAIB! BBHITYKIOCTH.
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’

!

) 3 x2(12 — x? 8x(12 + x?
O B P I
4—x (4-x (4-x7)
2 8x(12+ x> x=0
£7(x) =0, 8x(12+2x3):O:> x(12+x°  x
(4-x%) 4-x*#0 x#+2
+ + — y
-2 0 .
Tabnuna 2
BBIyKIIOCTH, BOTHYTOCTh (DYHKITUH
X (—0-2) 2 (-2.0) 0 ©;2) 2 (2;+ )
f'(x) + 0 + 0 + 0 -
f(x) Bemykna | He cym. | Beimykia | Hecym. | Bemykna | Hecym. | Beimykina
BHU3 BBEpX BHU3 BBEpX

7) Hoctpoum rpaduk GyHKIHH.

<I)0pMa NMpeacraBjJacHusd pedyjabTara:
Hpe)ICTaBI/ITB BBITTIOJTHCHHBIC 3aJaHWA B TETpaan AJI IMMPAKTUYCCKUX pa60T nmpenoaaBaTeiito.

Kputepun onenkmn:
3a KaxIbli paBUIbHBIN OTBeT — 1 6ayut. 3a HempaBwiIbHBINH oTBEeT — 0 6amtoB. 90 + 100- otnuyuno; 80 +

89- xoporro; 70 + 79- ynoBIeTBOPUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.3. UuTerpajbHoe ucunciaeHue GyHKIUU OHO¥ 1eliCTBUTEIbHOI MepeMeHHO
IpakTnyeckas padora Ne 20 UHTerpupoBaHue 3aMeHOii mepeMeHHOIi B HeolpeaeJIeHHOM

WHTerpase

Hean: dopMupoBaHre yMEHUH BBIUMCIATH HEONMPEIACIEHHBIC MHTETPATbl 3aMEHOM MEePEMEHHOM.
Boinosnus padory, Bel Oynere:

YMETh!
- BEIYUCIIATh HEOTIPeICIEHHBIC MHTETPAJIbl 3aMEHOH ITepeMeHHON;
MarepunanbHoe obecrnieyeHue:
PazgaTounslit MmaTepuan (KapTOUKH C 3aJaHUSIMU).
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TexHuueckue cpencTBa 0OyueHHUs: KOMIBIOTEP C JHMIIEH3UMOHHBIM MIPOrPaMMHBIM 00eCIieueHHEM U
MyJIbTUMENA TIPOSKTOP

3amanmue:
BrrauciuTs MHTETpasIbl KCIOIB3YST METOJ MTOJACTAHOBKH

1
! f(S + 5x)*dx; 6 L;
0o V3x+1
1
2 J.\/x+2dx; ! f V1 = x dx;
0
3 f dx 8 3 2xdx
Gx+1)?’ o V6t 22
4 3dx . 9 f% cos xdx
4 ’  ——
V3x +5 = 1+sinx’
6
5 dx _ 10 z
cos2(-2x)’ f e s ¥ sin xdx.
0

ITopsinok BbINOJIHeHUs padoOThI:
3aaHus pelaroTcs B JII000M MOpsAKe
Xoxa padoThI:
1. Tlomyuuts y mpernojaBaTess 3aJ1aHusl.

2. OdopMuUTH pemieHre B TETpaau sl MPAKTHIECKUX PadoT.

Cnocob HO,Z[CT&HOBKI/I(SEIMGHLI nepeMeHHoﬁ) 3aKJIIO9aCTCA B CIICAYHOIICM:

—3aMEHSIOT ~ HOBOM  TIEPEeMEHHOW  TaKyl0  4acTb  IOABIHTETPATbHOM  (QYHKIHMH, TIPH
audQepeHIMPOBaHUH, KOTOPOH TMOTydaeTcsl OCTaBIIAsACH YacThb MOABIHTEIPAIbHOTO BbIpAXXEHUS (HE
CUMTasi HOCTOSTHHOTO MHOXKUTEJ);

—IIyT€EM BBEACHUSA HOBOW IEPEMEHHOW HHTEIPUPOBAHUS YNAETCSA CBECTH 3aJaHHBIM MHTErpana K
HOBOMY MHTETPaLy, KOTOPBIN CPABHUTENBHO JIETKO BBIYHUCIIAECTCS HEIOCPEACTBEHHBIM HHTETPUPOBAHUEM;

—B TMOJYYEHHOM pe3yJbTaTe MPOU3BOIAT OOPATHYIO 3aMEHY, T. €. IePeXOAiT K CTapoil mepeMeHHOoN
WHTETPUPOBAHUS.

Pemnrenyie THIOBEIX 3aIaHUIL;

HaﬁTH Heonpez[eneHHHe I/IHTeraJ'IBI METOAOM IMOACTAHOBKH:
1) [(Bx — 2)*dx;
Sxdx
2) [5=:
x4+7

3) [ sin12xdx;
4) fexzxdx;

1) [(3x — 2)*dx; Jlna Toro uTOOGBl MPUBECTH JTOT MHTErpal K TaGIMYHOMY, BBEIEM HOBYIO
nepemennyo: 3x — 2 = t. [Ipoguddepenimpyem o6e yactu pasencra d(3x — 2) = dt
(3x —2)dx =dt
3dx = dt
. . . . dt
Beipaszum nugdepennman crapoit nepeMeHHoi yepes3 nuddepeHnuan HoBoi nepeMeHHou: dx = 3
Pemrenue sToro mpumepa odopmisiercs: Tak:
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3x—2=t

d(3x —2) =dt
gy = |Bx—Ddx=dt| = = (AU g =L o o B
[@Bx —2)*dx = |( 3dx):dt ==t 3—3ftdt—3 cte=to=="r—+c
dt
dx—?
x2+7=m
d(x*+7) =dm .
Sxdx xdx 2 "o — _ 2 _ e lpdm _ —
2)fxz+7_5fx2+7_ (x Zzgyzixdmdm _5fm =5 2Y m —2,51n|m|+c—
xdxszm
25Inx2+7+c;
12x =t
d(12x) = dt
- = [(12x)dx = dt| = (sint & = L [si = L —
3) [ sin12xdx (12;x=dt sint - = [sintdt = —(—cost) +c¢
dx =%

12
—%cos(le) +c;

®opma npeacTaBiaeHus pe3yJibTaTa:
[IpencraBuUTh BBHIMOTHEHHBIC 33JJaHUS B TETPAIU IS IPAKTHUECKUX PAOOT MPETOIaBaTEIIo.

Kpurepun oueHku:
3a Kax /bl MpaBUIIbHBIN 0TBET — 1 Gamn. 3a HempaBuibHBINA O0TBET — 0 6amioB. 90 + 100- otnuuno; 80 +

89- xopomo; 70 + 79- ynoBneTBopUTEIbHO; MeHee 70- HE YAOBIETBOPUTEIIBHO

Tema 3.3. UHTerpajbHOe HCUMcIeHUe (PYHKIIMU OHOI J1eliCTBUTEIbHOI NepeMeHHOoM
IIpakTnuyeckas padora Ne 21 UnTerpupoBaHue Mo 4acTsaM B Heollpeae1eHHOM HHTerpaJje

IIe.m;: q)OpMI/IpOBaHI/Ie y'MeHI/Iﬁ BBIYUCIIATH HCOHpeI[eJ'IéHHLIe HHTETpaJibl MCTOAOM
HHTCTPHUPOBAHUC I10 YACTAM.

Beinosinus padorty, Bel Oynere:

YMETh:
- BBIYHCIIATh HEOIpeieEHHbIE HHTETpalibl METO/I0M UHTETPUPOBAHUE 10 YACTSIM;

MarepunanbHoe obecrniedeHue:
Pa3znarounslit Matepuan (KapTOUKH C 3a/IaHUSMU).
TexHuueckue cpencTBa 0OyueHHs: KOMIIBIOTEDP C JUIEH3MOHHBIM IIPOrPAaMMHBIM 0OecrieueHueM U
MYJIbTUMEAHNA TPOEKTOP
3amanme:
BbraucnuTh HeomnpenenéHHbIe HHTErpalbl, HCTIONb3Yys METO/I MHTEIPUPOBAHUS MO YACTIM

1 stin xdx; 6 Jx arctg xdx;

2. Jlnxdx; 7 Jx5e"2dx;
2

3. J. In®xdx; 8 f(x + 1)e*dx;

40




4 f(Zx —1) - e3*dx; f(Zx + 3) cos xdx;

> fx - 2% dx; 10 fezx cos xdx.

ITopsinok BbINOJHEHHS padOThI:
3agaHusl pelaroTcs B JIF000M MopsKe
Xon paboThi:
1. Tlomyuuts y npenojaBaTesns 3a1aHusl.

2. O¢dopMuUTH penieHre B TeTpaau A MPaKTHUECKUX PadoT.

MeToa HHTETPUPOBAHUS 110 YACTSIM IEJIECO00Pa3HO MPUMEHSTH B TEX CIydasx, KOT/Ia M0/ 3HAaKOM
MHTErpaia CTOMT IPOu3BeIeHHe MHOTOUIeHa Ha o0y u3 QyHKuuii Sin X; cos X; &% In x; arcsin x; arctg x
U T.1. B yacTHOCTH, HHTErPUPOBAHKE 110 YACTSIM IPUMEHSIOT K MHTErpajaM BH/Ia:

[x™-e*dx; [ x™sinxdx; [ x™ cosxdx; [x"Inxdx; [x™arcsinxdx (n =1,2,3,...) niu n0g106HbIM.
Takoke ¢ MOMOIIBI0 MHTETPUPOBAHMS 110 YaCTAM HAXOIAT HHTErPaIbl BHJIA:

farcsinxdx; farctg xdx; farccosxdx; farcctg xdx; fex cos xdx; fex sin xdx

U IIOJOOHEBIE UM.
[Tycts mpousBoaHbie GyHKIMI U(X) 1 V(X) CYIIECTBYIOT U HEMIPEPHIBHBI HA 33 [aHHOM HHTEpBasie. Toraa
HMEET MECTO PAaBEHCTBO:
[uv'dx = uv — [ vu'dx.
MeTo 1 MIHTErpUPOBAHHKS 110 YaCTSAM B HEOIPEACICHHOM HHTErpae.

fUdV=UV—JVdU

el®)
e _[U=Pn(x) dU=P;(x)dx
LS P, (x) - cos 1(x) X = dv = ( )dx V=_[dv ]
sin [(x)
MHorouJjieH
/ Inl(x)
arcsin [(x) U=() dU = (U)'dx
1. [ B, (x) - ! dx =
[P, (x) zrrccct‘;l((;)) *Tlav = Paydx v =[av

arcctg l(x)

1. [ e* cosx dx unu [ & sinx dx
[Mpumenum popmyny 2 pasza, obo3Hauas 3a dV = e*dx
B pesynbrare mosyaum HHTETpaibHOE ypaBHEHUE
3ameuaHue:
1. 3a dV 6epem To BbIpakeHUE, OT KOTOPOT'O MOXEM HAHTH UHTErpal.
2. Ecnu B ciyuae | crenens B, (x); n = 2, To popmyny npumensiem 2 u Oojee pasa.
Inl(x)

3. Eciu B cityqae 1l : un = 2, to popMmyny npumensieM 2 u 6osee pasa.

arcctg l(x)
MeTOJI HHTETPUPOBAHUA 11O HACTAM B OIIPCACICHHOM UHTETpaJIC.

B B
f ud = (UV|B —f vdu)
A a
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Bbonee Hari1IHO U IMPOCTO UHTCTPUPOBAHUC 10 YACTAM 3alIHUCBIBACTCA C MOMOIIBIO 3KBUBAJICHTHOI'O

eroa crpenor

J G0 - gG)dx =F(x) - g(x) — [F(x) - g (x)dx
g

F(x) g ()

Takum o0pa3zom, copaBa TONy4daeTcsi: MPOU3BEACHHE MHOXKHUTENEH HaxoIAUIUMXcs Ha
IITPUXOBAHHOM JIMHUM MUHYC MHTETpajl OT NpOou3BeaeHUS GYHKIIMI Ha KOHI[AX CTPEJIOK.

Pewienue munoeuwix 3aoau
Haiitu uHTErpal1, HCMONB3ys] HHTETPUPOBAHUS 10 YACTSIM:
1) [x-e*dx;

1) TIpOMHTErpUpYEM MO YACTAM, HUCTIONb3Ys METOJ] CTPEIOK:
[x-e¥dx=[e*-xdx=efrx—[e*-ldx=e"-x—e* +¢;

2)

. / (r+1) e dr
Haittu unarerpan

KOHIIaX

Pemenne. B icxomHoM uHTETpase BeIASIUM QYHKIUH it U 17, 3aT€M BBITIOJIHUM WHTETPUPOBAHUE

10 YaCTSIM.
u=2r+l dv=e>*dx
(x+1)e*dx = {']"+J.]|-£f‘2"-— L gangy
) | du=dx v= icg"' - 2" 2°
9
(x+ e 1 ,, (x+ e 1 1,
=T—§ e ﬁ'l:]'.:T—E'EL +(-1=
(x +1)e? e
== 1 ¢
9 (x+ e e
(x4 VeXdp="— """ _ - 1+
Ortser. / ) 2 1

®opma nmpeacTaBJieHUs] pe3yJbTaTa:
Hpe)ICTaBI/ITI) BBITIOJTHCHHBIC 3aJaHWs B TETpaan AJId NPAKTHYCCKUX pa60T nmpenoaaBaTeCiIto.

Kputepun onenkmn:

3a KaxIbIi paBUIIbHBIN OTBeT — 1 6ayut. 3a HempaBwiIbHBIH oTBEeT — 0 6amtoB. 90 + 100- otnuuno; 80 +

89- xopoo; 70 + 79- ynoBieTBOpUTENsHO; MeHee 70- HE YIOBIETBOPUTEIHLHO

Tema 3.3. UnTerpasbHoe ucuucjieHue (PYHKIUH OHOM 1eiicTBUTEIbLHOM NMepeMeHHOM’
IIpakTuyeckasi padora Ne 22 BorunciieHue onpeaeeHHbIX HHTErpajioB
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Heab: QopmupoBaHue yMEHUH BBIYHMCIATH OMNPEICNEHHbIE MHTErpajbl METOJIOM 3aMEHBI
MEPEMEHHOM.

BoinosinuB padory, Bel Oynere:

YMETB:
- BBIYMCIIATD ONPENEIEHHBIE HHTETPAJIbI METOJIOM 3aMEHBI IEPEMEHHOM;

MarepunanbHoe obecrnieyeHue:

PaznaTounblif MaTepual (KapTOUKH C 3aJaHUSIMHU).

TexHuueckne cpeacTBa OGy‘-IeHI/ISII KOMIIBIOTCP C JIMIICH3WOHHBIM ITPOTrpaMMHBIM obeclieyeHneM u
MYJIbTHUMENA IPOEKTOP

3aganme:

Bbruuciuthe onpenenéHHble HHTETPajbl METOIOM 3aMEHBI IEPEMEHHON

1) a)f;/zsinx-dx ,0) f015x3-dx.
2) a) [ Vxdx ,6) [; x*dx.

3) a) fon/f’cosx-dx ,6) flz(x—l)-dx.
4) a) fol 2% - dx ,0) f:;rz/z cosx - dx .

5) a) fozex -dx ,0) flzd—z.

6) a) [ Vx-dx ,6) [) 7dx.

7) a) fon/z cosx dx ,6) f18 Vxdx .

8) a) [, = ,6) [;(x+3%)dx.

9) a) ['Z ,6) [ 5xdx.

1 x3
10) a) f04ex ,6) ["(sinx + 2)dx .
ITopsinok BbINOJIHEHUs padoOThI:
3aaHus pelaroTcs B JII000M MOpsaAKe
Xox padboThr:
1. TlomyuuTs y mpemnojaBaTens 3aJ1aHusl.
2. OdopMuTh perieHre B TeTpaau A NpaKTHUECKuX padorT.

Onpeoenennvtii unmezpan. @opmyna Hoetomona-Jleionuya

Cymma BHuzia
n
I, = Z f(S)x;
i=l

rne S;- IpOou3BOJIbHAS TOYKA YACTHYHOTO OTPE3Ka
[xi_1,x;], x; = x; — x;_1, Ha3BIBaeTCS MHTETPATLHON cymMmMoOl GpyHkuuu f(x) Ha oTpeske[a,b]

[Tyctes ¢ynkums y = f(x) ompeneneHa Ha oTpe3ke [a,b] W Ha 3TOM OTpe3Ke MPOU3BOJIBHO
BBIOpPAaHbI HE COBIMAJAIOIINE JAPYT C APYTOM TOUKH Xg,Xq,Xp, ..., X, TAK, UTO Xg < X; <+ <X, =b a =
BBIOpaHO pa3OMeHHe 3TOro OTpe3ka Ha N 4acTeil. B kaxaom uHTEpBasie [X;_1,X;] TpOU3BOJIBHBIM
oOpa3oM BbIOpaHa Touka S;, i = 1,2 ...n.

Onpeoenennvim unmeepanom ot ynkiuu f(x) Ha otpeske [a, b] Ha3piBaeTcs npenen I, MHTErpabHBIX

cyMM (QyHKIUU f(X) IpU yCTIOBHUH, YTO AJTMHA HAHOOJBIIETO YACTUYHOTO OTPE3KA X; CTPEMHUTCS K HYIIIO
n

b

[ reodx= 1m > resom

a max x; =0 j=1
Ecmu menpepsiBHas ¢yHkius f(x) umeer nepBoodOpazHyro F(x), To mns HaXxOoXIAEHUS ONPEACIICHHOTO
MHTErpaja ucnoiab3ytoT ¢popmyiny HeroTon-JleitbHuma:
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b
ff(x)dx =F(x) |Z = F(b) — F(a).

3anoMHH, 9TO

b b
ff(x)dx = —ff(x)dx.

3aMeTHM Tak >K€, YTO IMpaBHJa HAXOXJCHUS HEONPEACICHHBIX WHTETPATOB OT CYMMBI, Pa3HOCTH
¢bynkuuii u(x) m v(x)m or mnpousBeneHus GyHKOIMU f(X) Ha TOCTOSHHYIO TakKXX€ BEPHBI JUIS
OIIPEIETICHHOT0 HHTETpaa.

Pemrenue THOBEIX 3a1a4.
.. " 2
1. BeruuciauTe onpeaenéHHblii MHTErpajl METOA0M HEIOCPEACTBEHHOTO HHTETPUPOBAHUS f 1 x3dx.

3

Haiins nepBooOpasnyro i x°, 3arem o Gpopmyne Herotona-JIeiiOnuma nmeem

: |

xt 24 1t
3 == 7
jxdx T=T 7 =375
1

2. IIpu BBIUMCIIEHUH ONPENEICHHOr0 UHTErpasa METOI0M MOJCTAHOBKHU CJeyeT IOMHUTb, YTO 3aMEHsIs
IIEPEMEHHYI0 II0Jl 3HAKOM HHTErpaia, Tak e HE00XOAMMO H3MEHUTh M MpEeesibl UHTErPUPOBAHMUSL.
ITonmy4yeHHbIM HHTETpaj BBIYUCIAIOT, UcTIonb3ys Gpopmyny Hetotona-JleiiGnuma:

[ FOOdx = F(t,) — F(t,),

rac t@ n tH— HOBBIC ITPCACIIbI UHTCIPUPOBAHHA.
Breraucnuts OIPCACIICHHBIC MHTCI'PAJIbl METOAOM INOACTAHOBKMU:

3x—-5=t
d(3x —5) = dt
(3x —5)'dx = dt
3 m  EN6 g 3dx = dt _ohoedt _ 104 o 1t ot
1) [[(Bx—5)%dx = g =l = [t =5/, t0dt =1 A, =, =
3
t,=3-3—5=4
t,=3-1-5=-2
7 _2\7 7 _(_97
Y g2
21 21 21 7
4x =m
d(4x) = dm
(4x)'dx = dm
7 ddx = dm 2 dm 1 (2 1
2) [ sindxdx = dx = =fnﬂsianm=Zfnsinmdm=z-(—cosm)|72f=
n 4 !
s
m6—4-3—2n
m,=4->=nm

4
—14cos2m——14cosm=—14-1+14—1=—12;
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T 3dx : 105 dx Ydx = d 2dz 1 jdz
3) f4—=—f —T5 :‘f4—2: zax =az = f A=
Y39+16x2 ~ 97314152 7 3/V8 4 1+z2 3 1422
4 T 9 7 1+(3x dx 3dz
T4
4 3
Z6=§ Z=1
— 3_ V3
T34 3

3
3N 331dz1+22=13arctg N331=14arctg 1—arctg\33=14-w4—r6=m48

(I)opMa NnpeacraBjJacHud pedyjabTara:
HpeI[CTaBI/ITI) BBIITOJITHCHHBIC 3aJaHWA B TETpaau AJId NPAKTHYCCKUX pa60T npenoaaBaTeiIto.

Kpurepun oueHku:
3a KaxIbIi TpaBUILHBIN OTBET — 1 Oaur. 3a HenpaBmibHBINA 0TBET — () 6aymmoB. 90 +~ 100- oTinuuno; 80 +

89- xopomro; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.3. UuTerpajibHoe HCUMcIeHUe (PYHKIMU OHOI 1eliCTBUTEIbHOI NepeMeHHOii
IIpakTuyeckas padora Ne 23 Beruncienue njiouajaei Guryp ¢ noMoubIo onpeaeaeHHbIX

HHTErpajioB

Henab: dopMupoBaHue yMEHUH HAXOAWUTH IUIOMIAAM IUIOCKUX (PUTYp ¢ MOMOUIBIO OIpENEIeHHbIX
MHTETPAIOB.

Boinoainus padorty, Bel Oynere:

YMETB:
- HaXOAUTh IUIOLIA/IU TUIOCKUX (QUTYp ¢ TOMOILBIO ONPE/IETIEHHBIX UHTETPaJIOB;

MarepuanbHoe o0ecnieyeHue:
PaznaTounblif MaTepual (KapTOUKH C 3aJaHUSIMH).
TexHnueckue cpeacTBa 00y4eHHsI: KOMIIBIOTEP C JULEH3UOHHBIM IPOrpPaMMHBIM 00€CIIEYeHUEM U
MyJIETUMEANA TPOEKTOP
3aganue:
Haiigure miomans Gurypsl, orpaHUue€HHON JTUHUSIMU:
1) y=2x3y=0;x=0;x=3
2) y=2x%y=0;x=1;x=3.
3) y=2x;y=0x=1x=3.
4) y=e5y=0x=0;x=2.
5 y=x3y=x%x=1x=2.
IHopsiaoK BBINIOJIHEHHS PA0OTHI:
3amaHusl peraroTcs B JJI000M MopsiIKe
Xoa pa0oTbI:
1. Tlomyuuts y npenojaBaTens 3a/1aHusl.
2. OdopMuUTH perieHre B TeTpaau s MPAKTHIECKUX PadoT.
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T'eomempuueckuii cmvici onpedeneHHo2o uHmezpana
Mycrs ¢ynxims y=f(x) HempepsiBHa Ha oTpeske [a;b] ¥ NpUHMMAET Ha 3TOM OTpE3Ke

HEOTpPHIATENbHbIE 3HaueHHs, T.e. f(X)>0 mpn x € [a;b]. @urypa, obpa3oBaHHas JIUHUSIMH X=a, X=b,
y=0, Y= f(X), Ha3bIBACTCSl KpPUBOJMHEWHOM Tpameuued (puc. 1). OnpeneneHHbId HMHTETrpan oOT

HEOTPHUIATENILHON (DYHKIIMM MMEET MPOCTONH T€OMETPUYECKH CMBICI: ATO IUIONIA/b KPUBOJIWHEHHOU
Tpamneuuu.

of = 7 Puc. 1
ITnowaou naockux gueyp
1. Ecmu ¢pynxuus f(x) Heorpuuarensua Ha otpeske [a;b], To miomans S mox kpusoii y = f(x) Ha [a;b]

(puc. 2) 4YHCIEHHO paBHA ONpEIeICHHOMY MHTerpany orT f(x) Ha namHOM oTpeske: S = [ f(x)dx

D —— T

(reoMeTpUYECKHil CMBICIT OTIPEeIEHHOTO UHTErpaia).

¥ y=fx}

ol & 5 x Puc.2
2. Ecin ¢ynkums f(X) — HermomoxurensHa Ha oTpeske [a;b], To mromams S mox kpusoi Y= f(x) Ha
[a;b] (puc. 3) paBHa ONpeNENCHHOMY WHTETPAIy OT f(x) Ha [a;b], B3sATOMY CO 3HAKOM «MHHYCH:

f(x)dx .

S=-

D —— T

Puc. 3
3.  Ecmm ¢pyHkms fz(x)z fl(x) Ha OTpe3ke [a;b], TO mIomaas S GUTyphI, 3aKITFOYEHHON MEKITY KPHBBIMH

b
y="f,(x) m y="f,(x) Ha [a;b] (puc. 4) onpenensercst opmymoit S = J- (f,(x)— f,(x))dx .

®opma nmpeacTaBJieHUs] pe3yJbTaTa:
[IpencTaBUTh BBITTOIHEHHBIC 33/IaHHS B TETPAAM s MPAKTUYECKUX pabOT NMPEroaaBaTero.

Kpurepum ouneHku:
3a Kax/bIil MpaBWIbHBIN 0TBET — 1 Gami. 3a HenpaBuibHBINA 0TBeT — 0 6amioB. 90 + 100- otuuHo; 80 +

89- xoporo; 70 + 79- ynoBIeTBOPUTEILHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.4. O0bikHOBeHHbIe T PepeHINAIbHbIC YPABHEHUS
IIpakTnyeckas padora Ne 24 Pemenue nugepeHunaIbHbIX yPAaBHEHHUI MIEPBOro NopsaKa c

pasacJaaiomuMUCH MePEeMEHHbBIMU
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Hean: dbopmupoBanue yMmeHuil pemarbh auddepeHmaibHble YpaBHCHHS TIEPBOTO TOpSKa C
pa3AeISIOIMIUMUCS TePEMEHHBIMU.

BoinosinuB padory, Bel Oynere:

YMETh:
- pemiath AuddepeHnnanbHble ypaBHEHUS IEPBOr0 MOPSIKaA C pa3IesIOIIMMUCS TEPEMEHHBIMU,

MarepunanbHoe obecrnieyeHue:
Pa3garounslii MmaTtepual (KapTOUKHU C 3aJaHUSIMH).
TexHuueckue cpencTBa 0OyueHHs: KOMIBIOTEP C JHIIEH3UMOHHBIM MPOrPAaMMHBIM 00eCIIeueHHEM U
MYJIBTUMEINA IPOEKTOP
3aganue:
1) Haiitu o6iue peutenve quddepeHInanbHOT0 ypaBHEHUN:

a) ds = (2t — 3)dt,
b) dx = (10t? — 5)dt,
C) xdx =dy,
d) xdx =ydy,
e) x’dx+ydy =0,
2) Haiitu uactHble pemenus nuddepeHnnanbHOro ypaBHeHHIA .

a) (t—4)dt+sds=0,eciunput =—1; s =0.
b) %+d7x=0,ecnﬂnpnx=0; y = 2.

C) 4sdt =tds,ecmunput = —1; s = 3.
d) x2dy — y?dx = 0, ecru ipu Xx=0,2 y=1.
2d

e) d—xy = 1 + x% ecnu npu X=0 y=0.

HOpﬂ)IOK BBIINIOJIHCHUSA paﬁoTbl:
3a,Z[aHI/I}I peUIarOTCs B JIr000M IMopsaKe

Xon padoTsi:

1. Tlomyuuts y npenojaBaTens 3a/1aHusl.

2. OdopMuUTH permieHre B TETpaau s MPAKTHIECKUX PadoT.

Jugppepenyuansvnvie ypasnenus nepeozo nopaoxa ¢ pazoenaouuUMuca nepemenHblmMu
HuddepennuanbHoe ypaBHEeHHE BUAA

i1 (Y)dx — f(x)@2(y)dy = 0
OTHOCHUTCSI K TUIy YpPaBHEHHH C pasjeistonumucs nepeMeHHbIMU. Eciiu HM ogHa U3 (QyHKUUN
fix), f2(x), ©1(¥), p2(y) He paBHa TOXISCTBEHHO HYJIIO, TO B pPe3ylbTaTe JEICHHUS HCXOTHOTO
fik)dx  ¢20)dy
f2(x) »1(y)

d
e = g v abpepemsor

yYpaBHEHUS, BRIPAXKEHHOE B HEIBHOUW (hopMe, HA3BIBAIOT UHME2paiomM ITOTO YPaBHEHUSI.

ypaBHeHHU Ha f,(x) * ¢1(y) OHO MPUBOAUTCS K BUIY: = 0. Pa3zBeiém nepeMeHHbIE

B PAa3HbIC YaCTU PABCHCTBA U MPOUHTCIPUPYEM f

Pelienre TUIIOBBIX 3a7a4:

1. Haittu obmue pemenue ypapaenus: x(y2 — 4) dx + ydy = 0.
Pasnenus 06e yacTu ypaBHeHus Ha Y2 — 4 # 0, uMeeM

ydy _
xdx + i 0

HuTerpupys, Haxoaum
x> +In|y? —4|=InC  wm y?—4=_Ce ™2



Oto0 o0111ee pereHne faHHoro auddepeHnnanbHOro ypaBHeHMs.

[ycTs Temeps > — 4 = 0, T.e. y = +2. HemocpeacTBeHHON MOACTaHOBKOM yOexkIaeMcs, UTo
y = X2 — peuieHue MCXOJHOTO ypaBHeHHs. OIHAKO OHO HE SIBJISETCS OCOOBIM, TaK KaK €ro MOXKHO
MOJTYYUTh U3 o0mero pemenus mpu C = 0.

2. Haiitu o61muii uaTerpai ypaBueHusiy =tgx + tgy

' d
Tlomaras = & — U pasaciasasd IEPEMECHHBIC, IPUXOANM K ABHCHHUIO
dx >

ctg ydy = td xdx. Unaterpupys, umeem
[ctgydy = [tg x dx, um In|siny| = —In|cos x| + InC.
: C . .
Ortcro/1a HaxoAuM Siny = — > W siny cosx = C (oOmuii uHTErpa).
3. HaiiTu yacTHBIIl MHTerpan ypaBHEHHS Y COSX = % YIOBIIETBOPSIOIINN HAYAIbHOMY YCJIOBHIO

y(0) = 1. ]
[onarasy = %— HIEpEIUIIIEM JAHHOE YPaBHEHHE B BHIC

cos x d_y -
dx Iny
Paznenum nepemeHHbIe:
Iny dx
—dy =
y cos x
[TpounTterpupyem o0e 4acTH ypaBHCHHUS:
["dy = [E 4 e um=in2y = Intanifs +2) + C
y cosx > 2 2 4

Ucnons3ys navanpbHoe ycinoBue y = 1 npu x = 0, Haxoaum C = 0. OKoHYATEIBHO MOJIYYHM
1 X T
=n2y =Intan(=+ —

4. Haiiti gacTHOe perienue auddepeHmanbHoro ypaBHeHHS
(1 + x®)dy + ydx = 0 npu HavansnoMm ycnosun (1) = 1.

dx
1+x2

dy
[IpeoOpazyeM qaHHOE YpaBHEHHE K BUITY > = Huterpupys, umeem

dy _ & = _
fy =— [ zuwmlnly| = —arctgx + C

D710 001K UHTETpall JAHHOTO ypaBHEHUS.

Ternepp, MCTIONB3ysl HAYAIFHOE YCIIOBHE, HAMIEM MMPOM3BONIbHYIO MocTosiHAYI0:In 1 = —arctg 1 +
C, 1.e.C=74. CienoBaTelbHO,
I
v

—arctgx

Iny = —arctg x +

OTKy/1a MOJIy4aeM HCKOMOE YaCTHOE PEIICHHE Y = e4

<I)0pMa NMpeacraBjJacHusd pedyjabTara:
Hpe)ICTaBI/ITI) BBITIOJTHCHHBIC 3aJaHWs B TETpaan AJId NPAKTHYCCKUX pa60T nmpenoaaBaTeciIto.

Kpurepun ouenkmn:
3a Kax/bIil MpaBWIbHBIN 0TBET — 1 Gam. 3a HenpaBuibHBINA 0TBeT — 0 6amioB. 90 + 100- otuuHo; 80 +

89- xoporo; 70 + 79- ynoBIeTBOPUTEILHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO

Tema 3.4. O0bikHOBeHHBbIe TU( (PepeHInATbHbIe YPABHEHUS
IIpakTnyeckas padora Ne 25 PemeHue oqHOpoAHBIX JH(p(epeHnaTbHbIX YPABHEHU epBOro

nopsiAka

Heab: dopmupoBanne ymeHuil peuiatb OAHOPOJHBIE AU depeHInaTbHble YPaBHEHUS IEPBOTO
MOpAJKA..

BbinosinuB padory, Bel Oynere:
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YMETh:
- pemath 0IHOpoAHbIE AU epeHInanbHbIe YpaBHEHUS IEPBOTr0 MOPSIKA,

MarepunanbHoe obecrnieyeHue:

PazgaTounslit MmaTepuan (KapTOUKH C 3aJaHUSIMU).

TexHuyeckue cpeacTBa 0OYUCHHS: KOMITBIOTEP C JTUICH3UOHHBIM IMPOTPAMMHBIM O00ECTICUeHUEM U
MYJIbTUMEANA TPOECKTOP

3aganmue:
1. Pemmtsb ypaBHEeHUs: a) (3x—1)dy + y’dx=0; 0) xy’ +2y = 2xyy’ .

2. Pemmtb ypaBHEHUS: a) (xy—xz)y’: y?;0) xy'= ylnl.
y

3. Pemurth ypaBHEHHS: @) y' -2y =e®*; 0) (y2 +x)y’ =1.
IopsiioK BHIMOJIHEHHS] PA0OTHI:
3ajaHus pemarTcs B J000M HOPSIKE
Xox paboThi:
1. TloayuuTs y npenojaBarelis 3aJaHusl.

2. OdopMuUThH pemieHre B TeTpaau I MPaAKTHIECKUX PadoT.

Oonopoonvie oughghepenyuanvivie ypasHenust nepeo2o NopsioKa
HuddepennnanbHoe ypaBHEHHE TIEPBOTO TOPSAKA HA3bIBACTCS OOHOPOOHLIM, €CIIA OHO MOXKET

OBITh TIPEJICTABJICHO B BUJIC: Yy = g(lj .
X

3amMeHa MepeMeHHON z = 1, rae z=z(x), CBOMUT OJHOPOIHbIE MU depeHInaIbHbIE YPABHEHUS K
X

YpPaBHCHUSAM C pa3aAC/IAOINUMUCAA ITICPECMCHHBIMU.

Jluneiinvle ougpepenyuanvrvle ypasueHus nepeoco nopsoKa

JuddepeHnnansHoe ypaBHEHUE TEPBOTO MOPSIKA HA3BIBACTCS JUHEUHbIM, €CIIA OHO UMEET BUJL:
y'+ f(x)y=g(x), rae f(X), g(x) — HekoTOpHIE HEmpepbIBHBIE QyHKIMK NepeMeHHOoi x. Eciu dynkims g(x)
TOX/IECTBEHHO paBHA HYJIIO, TO ypaBHEHHE  HAa3bIBACTCS OOHOPOOHbIM, B TIPOTUBHOM Cllydae —
HEOOHOPOOHBIM.

OnvH U3 crnocoboB pelleHHus TaKoro ypaBHEHUs, NpeasiokeHHbIN JlamambGepoM, — mpecTaBUTh
HEHM3BECTHYIO (DYHKIIHIO B BUAE y=u-v. Torma y' =uv+u' u aupdepeHnnansHoe ypaBHEHHE 3aIHIIETCS
B BHJIE
uv+uv' + f(xjuv = g(x) wmm uv+ulv'+ f(x]=g(x).

Ecnu yHKIMIO V BHIOPATh TaK, 4TO OYAET BHINONHATHCSA PABEHCTBO V' + f(X)v=0, TO OTHOCHTEIHLHO
apyroit ¢gynkuuu U guddepeHimanbHoe ypaBHeHue Oyaer mnpocteiM: wu'=g(x). Takum oGpasom,
pemieHre HMcxonHoro aud@depeHuuanbHOr0 ypaBHeHus (3) pacmagaercs Ha  pelIeHHue  IBYX
nudhepeHIHATbHBIX YpaBHEHHI: cHavana V' + f(xv=0, a 3ateM wu' = g(x).

JuddepennunanbHoe ypaBHEHHE TEPBOro MOpPsiiKa Ha3bIBACTCs ypasHenuem bepuynnu, ecimu oHO
umeet BUA: y'+ f(x)y=g(x)y", rae n=0, n=1.

1-n

910 YPaBHCHUC MPUBOJUTCA K J'IHHGfIHOMy C NOMOIIBIO IMOACTAHOBKH Z =Y 1100 MOXKET OBITh

HEMOCPCACTBCHHO PCIICHO TEM K€ METOJIOM, UYTO U JIMHEMHbBIE YpaBHCHUA.

®opma nmpeacTaBJieHUs] pe3yJbTaTa:
[IpeacTaBUTh BBHITIOIHEHHBIC 33/1aHKSI B TETPAIH IS MPAKTUYIECKUX pabOT MpPErnoaaBaTelro.

Kpurepum ouneHku:
3a KaXIbIil TpaBUIBHBIN OTBET — 1 Oasut. 3a HenmpaBmwibHBINA oTBET — () 6ayuoB. 90 +~ 100- oTinuuno; 80 +

89- xopoo; 70 + 79- ynoBieTBOpUTENLHO; MeHee 70- HE YIOBICTBOPUTEILHO
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Tema 3.4. O0bikHOBeHHBbIEe TU( (PepeHInATbHbIE YPABHEHUS
IIpakTnyeckas padora Ne 26 Pemnenue JuHeiiHbIX 0AHOPOAHBIX TH((pepeHInaTbHBIX YPABHEHU

BTOPOI'0 NOPAAKA € MOCTOAHHBIMH KO3(PPULIHEHTAMH

Heas: ¢opmupoBaHue yMEHHMH pemiatb OXHOpOIHBbIE auddepeHnnanbHble ypaBHEHUS BTOPOTO
MOpsiIKa ¢ TOCTOSHHBIMU KO3 (hUIIMeHTaMu.

Beinosnus padory, Bel Oyaere:

YMETh:
- peuwiatb oAHOpOAHBIE U depeHIalbHble YpaBHEHUS BTOPOTO TMOPSAKA C TOCTOSHHBIMU

KodduimeHTamu;

MarepuajibHoe o0ecnieyeHue:

PazgaTounslit MmaTepuan (KapToOuKH C 3aJaHUSIMU).

TexHnuueckue cpeacTBa 00y4eHHsI: KOMIIBIOTEp C JTUIEH3MOHHBIM MPOTpaMMHBIM 00ecriedeHUeM U
MYJIBTUMEAHNA IPOCKTOP

3aganme:
1. Pemmrs ypaBHeHHs: a) xy"+Yy' =0; 6) yy"=(y').
2. Pemuth ypaBHeHUs: a) 2y"—y' —y=0;0) 4y"+4y'+y=0; B) y"+2y' +5y=0.
Ilopsinok BbINOJIHEHHS PadOThHI:

3aaHus pelaroTcs B JII000M MOpsAKe
Xoxa padoTbI:

1. Tlomyuuts y npenojaBaTens 3a1aHusl.

2. OdopMuUThH pemieHre B TeTpaau I MPaAKTHIECKUX PadoT.

JuddepeHmanbHoe ypaBHEHHE BTOPOTO MOPsIKa UMeeT BUL: y" = f(x,y,y').

3a0aua Koww nnsi ypaBHEHHs 2-TO TIOpsiIKa COCTOMT B TOM, 4YTOObI HalTH pelieHue
nuddepeHranTbHOro ypaBuenus y" = f(x,y,y’), KOTOpoe yJI0BJIETBOPAET HAYAILHBIM YCIOBHAM Y(Xo)= Yo,
y(%)=Yo-

B HexoropbIx ciyyasx pemieHue Aud(epeHINaTbHOr0 YpaBHEHMsI 2-TO MOpsJIKa MOXKET ObITh
CBEJICHO K PELIECHUIO0 YpaBHEHHsA |-ro mopsnaka, T.e. JONYCKaeT INOHMKEHue mnopsaaka. PaccMoTpum
HEKOTOpBIE TUIIBI TAKUX YPABHEHU.

Ecnu ypaBHeHHe BTOPOro Mmopsjaka uMeeT BHI: y"=f(x,y'), T.€. B 3alUCh ypPaBHEHHWs HE BXOIUT

uckomast QYHKIHMSA y=y(x), TO PEKOMEHIYETCS BBECTH HOBYIO 3aBHCHMYIO MEPEMEHHYIO z=Yy' IpH
COXpAaHEHMH HE3aBHUCUMOW mepeMeHHOH. OTHOCUTENbHO HOBOM 3aBHUCHMOM NEpEeMEHHOH MNOIyYuM
nuddeperranbHoe ypaBHeHue 1-ro mopsiaka: z' = f(x,z).

Ecmu muddepeHnmansnoe ypaBHEHHE BTOPOTO TOPSAKA UMeET BUA: y" = f(y,y’), T.€. HE COMEPKUT
HE3aBUCHUMON TEPEeMEHHOM X, TO TOHM)KEHHE TOpsJKa JOCTHraercs 3aMeHOW Yy =p, TOe p
paccMarpuBaercs Kak (QyHKums mepemeHHod y: p=np(y). Ilpm oTOM y"=p’p, U MBI NPUXOAUM K
ypaBHeHHI0 p'p = f(y, p) mepBoro mopsjaka. Peume 310 ypaBHEHUE, NPHUIEM K 3aBUCUMOCTH y' OT X H ),
T.€. K JuddepeHIraibHOMy YPaBHEHUIO IEPBOTO MOPSIKAa OTHOCUTEIBHO .

Jlunetinoe ougppepenyuanvroe ypasnenue 8mopoco NOpsaoKa ¢ NOCMOSHHbIMU KOIDduyuenmamu
VMEET BUI: Y"+ py'+qy =r(x), TI€ P ¥ ( — HEKOTOPBIE AE€HCTBUTENBHBIE YMCIA, r(X) — HEKOTOpass (QYHKIMS.
Ecmu  QyHkuust r(x) TOXKIECTBEHHO paBHA HYNO, TO COOTBETCTBYIOIEE YpPABHEHHUE HA3BIBAETCS

00HOPOOHBIM, B TPOTUBHOM CITy4ae — HEOOHOPOOHBIM.
PaccmoTpuM periieHue oHOPOIHOTO qU(GepeHIIMaTIbHOTO YpaBHEHUS Y + py’ +qy =0.

JIaHHOMY YpaBHEHHMIO CTaBUTCSI B COOTBETCTBUE XaPAKTEPUCTUUYECKOE ypaBHEHHUE: 224 pA+q=0,
rae A — IepeMeHHas.
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B 3aBucumocTH OT 3HauyeHUs qucKpumuHanta D kBagpaTHOro ypaBHEHUSI A2 +pAi+Qq=0 HMECIOT
MECTO TPH CiIydast:
1) D>0 — ypaBHEHHE HMEET pa3JIMYHbIC JCHCTBUTEILHBIC KOPHH, T.e. A #4,. OOIliee perieHue

nudGepeHIMaTLHOrO0 YPaBHEHUSI UMEET BUJT y = Ce™* +Ce’™ .

2) D=0 — ypaBHEHHEC HMECT paBHbIC JICHCTBHUTEIbHBIC KOPHH, T.e. 4 =4, =A1. OOmiee perieHue
nudGepeHIMATEHOTO YPABHEHUSI UMECT BUJT y =Ce™ +C,xe™.

3) D<0 — ypaBHeHHME HMeeT KOMILICKCHBIC CONPSDKEHHBIE KOPHH /i, =a+ib. OOmee pemeHue
g depeHInaTbHOTO YpaBHEHUS UMeeT BUA y = C,e® cosbx +C,e® sinbx .

PaccMOTpUM TerNeph PELIEHUE HEOJHOPOAHOrO AU(HEPEHIUATBLHOIO YPABHEHUS € MOCTOSHHBIMH
KO3 PHUIHEHTAMH.

DTO ypaBHEHHE MOXET ObITh B YACTHOCTH DELIEHO MeMmoOOM 6aApUAYUL  NPOU3EOTbHBIX
NOCMOSHHBIX, KOTOPBIA COCTOMT B cieayronieM. CHavana Haxomutes obuiee perueHue y=Cy, +C,Y,
OHOPOAHOTO (B PEPEHIMATBLHOIO YPABHEHHS, MMEIOIIET0 Ty K€ JEBYIO 4YacTh, YTO M HCXOIHOE
HEOMHOPOJHOE yPaBHEHHE. 3aTeM pELIEHHWE HEOJHOPOJAHOTO YpPABHEHHS HAXOAWTCA B BHUIE
y =C,(x)y; +C,(X)y,, T.€. mpeamosaraercs, 4To MOCTOAHHBIE C; U C, ABIAOTCS QYHKIMAMU HE3aBUCUMOM

nepemenHoil x. Ilpu stom ¢yHkumu Ci(x) u C, MOryT OBITh HAWJEHBI KaK PEIICHHS CUCTEMBI

{Ciyl +C3Yy, =0,
Ciyi+Caya =r.

(I)opMa NMpeacraBjJacHusd pedyjabTara:
Hpe,[[CTaBI/ITL BBIIIOJIHCHHBIC 3aJIaHWA B TCTpaaud AJIA IMMPAKTUYCCKUX pa60T peroaaBaTcIto.

Kputepuu ounenkmu:
3a KaxIbIi MpaBUIbHBIN OTBET — 1 Oaun. 3a HenpaBmwibHBINM 0TBET — () 6aymoB. 90 +~ 100- oTinuuno; 80 +
89- xoporro; 70 + 79- ynoBieTBOpUTENLHO; MeHEe 70- HE YIOBICTBOPUTEIIEHO
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	Решение типовых заданий:

