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1 HOACHUTEJIBHASA 3AIIMCKA

CocTtaB u cojliep)KaHuEe NPAKTUUECKUX 3aHATUN HaIpaBlieHbl Ha peann3anuio denepaabHOro
rOCyJJapCTBEHHOT'O 00pa30BaTEIBHOIO CTAaHAAPTA CPEAHEro MPOPECCHOHATLHOTO 00pa30BaHMsL.

Benymielt muaakTHuecKkoi Menblo MPAaKTUYECKUX 3aHSITHH sBIseTcs GopMmupoBaHue yued-
HBIX IPAaKTUYECKUX YMEHHUH (YMEHUH pelaTh 3a/1a4M 110 MAaTEMaTHUKE)HEOOXOAUMBIX B MOCIEAYIO-
e ya4eOHOM IS TEIIEHOCTH.

B cootBercTtBUM ¢ paboueil mporpaMMoil yueOHOM TUCHUILUIMHBI « DJIEMEHTHI BbhICLIEH Mare-
MaTUKW» MPETyCMOTPEHO MPOBEACHNUE NMPAKTUYECKUX 3aHIATUN. B pamkax nmpakTU4ecKoro 3aHsATHs
00y4Yaromuecs MOTYT BBITIOJHATE OJHY WM HECKOJIBKO MPAKTHYECKUX PadoT.

B pe3ynbrare ux BHIIOJHEHUS, 00ydaromuics JOKEH:
ymembp:
V1. BBINOJHATE ONEpALMKU HA/l MATPULIAMH U PEIIATH CUCTEMBI JIMHEMHBIX YPaBHEHU;

V2. pemiats 3a7ja4, UCHOIb3YS YPAaBHEHUS MPSAMBIX U KPUBBIX BTOPOT'O MOPAIKA HA MIIOCKOCTH;
V3. npuMeHsTh MeTo1bl A pepeHIINaTbHOTO U UHTErPATbHOIO HCUUCIICHUS;

V4. pemiats auddepeHnuanbHble ypaBHEHUS;

VY5. monp30BaThCs MOHITUSIMH TEOPUN KOMIUIEKCHBIX YHUCEIT;

VY01.2 ananu3upoBaTh 3a1a4y W/ WK IPOOIEMY U BBIJIEIATH €€ COCTaBHBIC YaCTH;

VY01.3 onpenensaTs Tansl pelIeHus 3a1a4y;

V01.5 cocraBnsTs Mmiad ASHCTBUM;

VY01.9 peannu3oBath COCTaBICHHBIN IJIaH;

V01.11 oneHnBaTh pe3yJabTaT U MOCIEJACTBUS CBOUX JCUCTBUHN (CAMOCTOSTEIHLHO WM C TIOMOIIBIO
HACTaBHUKA);

¥02.2 onpenensiTh HEOOXOAMMBIC HCTOYHUKN WH(OpMAITUH;

¥02.4 cTpyKTypupOBaTh MOJy4aeMyr0 HH(GOPMAIIHIO;

Y02.5 BeienaTh Hanboiee 3HaYMMOE B TiepeuHe HH(OpMAITUu;

Y04.2 B3auMo1elicTBOBATh C KOJUIETaMH, PyKOBOJCTBOM, KIMEHTaMH B XOJie MPohecCHOHATHHOM
NEeSATENbHOCTH;

VY05.3 uznaratb CBOM MBICTH U OPOPMIISATH JOKYMEHTHI O TPOo(hecCHOHaTbHON TeMAaTHKE Ha TOCY-
JApPCTBEHHOM SI3bIKE;

Y09.1 npuMeHATh cpefcTBa HHOOPMALIMOHHBIX TEXHOJIOTHM AJIsi peuieHus nmpodeccunoHanbHbIX 3a-
nau;

¥ 09.2 ucnosnp30BaTh COBPEMEHHOE MPOTPAMMHOE 00eCIIeueHHE;

V10.1 moruMaTh OOIIMI CMBICI Y€TKO NMPOM3HECEHHBIX BHICKA3BIBAHUM Ha U3BECTHBIC TEMBI (IIPO-
(heccroHanbHBIC U OBITOBBIC);

V¥10.2 yuyacTBOBaThH B AMAJIOrax Ha 3HaKOMbIE 001IME U MPOPECCUOHANBHBIE TEMBI.

ConeprkaHue MpakTHUECKUX paboT OPUEHTHPOBAHO HAa MOATOTOBKY OOYYaIONINXCS K OCBOSHHUIO
POQEeCCUOHATBHOTO MOYJISI IIPOrPaMMBbI MTOJ'OTOBKU CIICIIMAIMCTOB CPETHErO 3BEHA IO CHEHaIbHO-
CTU ¥ GOPMUPOBAHUIO 0OUUX KOMNEMEHYUIL'

OK 1. Beibupats crioco0sl pemieHus 3aaa4d npopecCuOHANbHON AeATeIbHOCTH, IPUMEHUTEIb-
HO K pa3JIM4YHbIM KOHTEKCTaM.

OK 2. OcyuiecTBisiTh IOUCK, aHAJIU3 U UHTEPHpETAINi0 HHPOpMAIK, HEOOXOAUMOMN IS BbI-
MOJIHEHUS 3a71a4 TPO(HeCCUOHATLHOM HAIIPaBJIEHHOCTH.

OK 4. PabGoTtaTh B KOJIJIEKTUBE U KOMaH/e, 3PPEKTUBHO B3aMMOCICTBOBATh C KOJIJIETaMHU, PY-
KOBOJICTBOM, KJIMEHTaMHU.

OK 5. OcyuiecTBiasTh YCTHYIO U MUCbMEHHYIO KOMMYHUKAIIUIO HA TOCYJJAPCTBEHHOM SI3bIKE C
y4eToM 0COOEHHOCTE! COIMANFHOTO U KYJIbTYPHOTO KOHTEKCTA.

OK 9. Hcnonb3oBaTh HHPOPMAIIMOHHBIE TEXHOJIOTHH B MPO(EeCCHOHATBLHOM NeSTEeTbHOCTH.
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OK 10. ITonp3oBatbest npoeccHoHabHON TOKYMEHTAIIUEeH Ha TOCY1apCTBEHHOM U MHOCTpaH-
HOM SI3BIKE.

BeinonHeHne 00y4YarOIUMHCS TPAKTHYECKUX PA0OT MO YYEOHOH IUCHUILIMHE «IJIEMEHTBI
BBICIICH MaTEMaTHKI» HAIIPABJICHO Ha:

- 00001IeHNe, CUCTEMAaTH3aIUIO, YIITyOJIeHHe, 3aKpEIUICHHEe, PAa3BUTHE U JACTAIN3AIUIO TIOTY-
YCHHBIX TCOPETUUECKUX 3HAHUH 110 KOHKPETHBIM TeMaM y4eOHOM TUCIUIUINHBL,

- (hopMUpOBaHKE YMEHHI MPUMEHSTH MOJIYYCHHBIC 3HAHUS HA MPAKTUKE, PeaU3alHi0 ¢IuH-
CTBa MHTEJJICKTYaJbHOM U MIPAKTUUECKOM JICSITEIIbHOCTH;

- (hopMupoBaHKE W pa3BUTHE YMCHHM: HAOIIONATh, CPABHHBATH, COMOCTABIATh, aHAJIM3UPO-
BaTh, JICJIaTh BEIBOJIBI U 000OIICHHS;

- BBIPA0OTKY MPH PEIICHUH TOCTABICHHBIX 3a/a4 MPOPEeCCHOHAIbHO 3HAYUMBIX KaueCTB, Ta-
KHX KaK CaMOCTOSATEIIHOCTh, OTBETCTBEHHOCTh, TOYHOCTh, TBOPUECKAST MHUIIATUBA.

[MpakTryeckue 3aHATHS TPOBOJIATCS TIOCIE COOTBETCTBYIOIICH TEMbI, KOTOpas OOeCIeurBacT
HaJIMYKe 3HAHUH, HEOOXOTUMBIX TSI €€ BBITIOJTHCHUS.



2IIEPEYEHDb IPAKTUYECKHX PABOT

Pasnesnl/Tembl Tembl NIPaKTHYECKUX 3aHATHH KoanyecrBo TpeboBanus
4acoB oI'oC C1io
(ymeTn)
Tema 1. Marpuust u | [Ipaktuueckas padora 1. Onepaunun Hax 2 A
ONPEACIIUTENHN MarpuliaMu. BelunciieHre onpenenuTesnei. V01.2,Y01.3,
V¥ 01.5,¥01.9,
Y 01.11,¥ 02.2,
vV 024,V 02.5
YV 04.2,Y05.3
¥ 10.1, ¥ 10.2
Tema 2. Cuctemsl [IpakTnueckas pabota 2. Pemenue cuctem 2 Vi
JUHENHBIX ypaBHe- JVMHENHBIX YPaBHEHUN pa3IUYHbIMU METO- V¥ 01.2, ¥V 01.3,
HUH JIaMH. VYV 01.5,¥ 01.9,
Y 01.11,¥ 02.2,
vV 024,V 02.5,
YV 04.2,Y05.3
vV 09.1, ¥ 09.2
¥ 10.1, ¥ 10.2
Tema 3. DiemMeHTHI [IpakTnueckas pabota 3. Onepanuu Haj 2 ¥ 01.2,¥Y01.3,
BEKTOPHOM anredpbl | BEKTOpPaMH. ¥ 01.5,¥01.9,
Y 01.11,¥ 02.2,
vV 02.4,V02.5,
¥ 05.3,VY 10.1,
v 10.2
Tema 4. Ananmutnye- | [Ipaktuueckas pabora 4 Pemenue 3amgau 2 V2
CKasi TeOMETpHUA Ha M0 AaHAUTUTUYECKONU T€OMETPHUH. Y 01.2,¥01.3,
IUIOCKOCTH vV 01.5,Y 01.9,
Y 01.11,¥ 02.2,
vV 02.4,V02.5,
¥ 05.3,¥ 09.1,
¥ 09.2,¥ 10.1,
Y 10.2
Tema 5. OcHOBBI [Ipaktuueckas padota 5. JleiicTBus Hax 1 V5
TEOPUH KOMILJIEKCHBIX | KOMIUICKCHBIMHU YHCJIAMH B aJireOpanye- Y 01.2,¥01.3,
qHUCe cKoi opme. Y 01.5,¥Y01.9,
[IpakTuueckas padota 6. JleiicTBust Hax 2 Y 01.11,¥ 02.2,
KOMIUIEKCHBIMHU YHCJIAMHU B TPUTOHOMET- vV 02.4,Y 025,
pudecKoit hopme. ¥ 05.3,¥Y 10.1,
Y 10.2
Tema 6. Teopus nipe- | [IpakTuueckas pabota 7. Beruncienue 2 vV 01.2,¥Y01.3,
JIEJIOB MIPEJICIIOB C MOMOIIBIO 3aMEYaTEIIbHBIX vV 01.5, Y 01.9,
[IPEAEIIOB, PACKPBITHE HEOIIPEEIEHHO- Y 01.11,Y¥ 02.2,
CTEH. vV 024,¥02.5
[IpakTuueckas pabota 8. MccnenoBanue 2 vV 05.3,¥V 10.1,
(GYHKIMH Ha HENPEPBIBHOCTh M TOUKU Pa3- ¥V 10.2
pBIBa
Tema 7. luddepen- | Ilpakruueckas pabota 9. Beruncnenue 2 v3
UaJIbHOE HCUHCIIe- MPOU3BOTHBIX CIOKHBIX (DYHKITHI. vV 01.2,VY 01.3,
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Hue Qynkuun onnoit | IIpakruyeckas padora 10. HccnenoBanue 2 Y 01.5,Y 01.9,
JNEeWCTBUTENBHON TIe- | (QYHKIHIA U OCTpOCHKE TPaUKOB. Y 01.11,¥ 02.2,
peMeHHOMI vV 024,V 02.5,
¥ 05.3,¥ 10.1,
¥ 10.2
Tema 8. Unrerpans- | [Ipaktuueckas padora 11. UnTerpupona- 2 v3
HO€E UCYHUCIIEHHE HUE Pa3TUYHBIMU METOAMHU. Y 01.2,¥Y01.3,
byHkIM ogHO nei- | IpakTuyeckas padora 12. Beraucienue 2 VYV 01.5,¥ 01.9,
CTBUTEIILHOM TIepe- OTIpEICTICHHBIX UHTETPAJIOB YV 01.11,¥ 02.2,
MEHHOH vV 02.4,¥ 02.5,
YV 04.2,¥ 05.3,
¥ 10.1,¥10.2
Tema 9. luddepen- | [Ipakruueckas padora 13. Berancnenue 2 V3
LUaIbHOE UCUHCTIE- YaCTHBIX MPOU3BOJIHBIX U AupdepeHiua- V¥ 01.2, Y 01.3,
Hue QyHKIUHU He- J0B (PYHKIIMH HECKOJIBKUX MEPEMEHHBIX. V¥ 01.5,¥01.9,
CKOJIbKUX JCHCTBHU- V01.11,¥ 02.2,
TENbHBIX TEPEMEH- V024,V 02.5,
HBIX VY 05.3,¥V 10.1,
Y 10.2
Tema 10. MHuTe- [IpakTnueckas pabota 14. Beruucnenue 2 y3
IPAIBHOE NUCYUCIICHUE | IBOMHBIX HHTETPAJIOB. ¥ 01.2,¥Y01.3,
(GYHKIIMU HECKOJIBKHUX ¥ 01.5,¥ 01.9,
JIEUCTBUTEIIBHBIX Y 01.11,¥ 02.2,
vV 02.4,V02.5,
¥ 05.3,¥ 10.1,
¥ 10.2
Tema 11. Teopus psi- | [Ipaktuueckas pabora 15. Paznoxxenue 2 Y 01.2,¥Y01.3,
JIOB aneMeHTapHbIX GyHKIMK B psan Teinopa. YV 01.5,¥ 01.9,
Y 01.11,¥ 02.2,
vV 02.4,V02.5,
¥ 05.3,Y 10.1,
Y 10.2
Tema 12. OObIKHO- [IpakTrueckas padota 16. Pemenue aud- 2 V4
BeHHBbIC D depeH- (hepeHIMaIbHBIX YPaBHEHUH TIEPBOTO T10- Y 01.2,¥Y01.3,
HHAIbHBIEC YPABHEHUS | psJIKa. YV 01.5,¥V 01.9,
[Ipaktuueckas padora 17. Pemenue qud- 2 Y 01.11,¥ 02.2,
(hepeHIMaIbHbIX YPaBHEHUH BBICIINX I10- vV 024,V 02.5,
PSAIKOB. ¥V 05.3,¥ 10.1,
Y 10.2
UTOI'O 33




SMETOANYECKHUE YKA3AHUS

Tema 1. MaTpuusbl U onpeaeuTen

IIpakTnueckas padora Ne 1

Onepanun Hax MmaTpunamMu. Beruucienue onpeaenurelsiei

®opmupyemasi KOMIIETEHIHUS:

Leas padoThi: GopMHUPOBaHUE YMEHHUI BBITIONHATH ONEPAIMH HAJl MATPHUIIAMH; BEIYHUCISTH OIpE-

JEITUTEIIN.
Boinosainus padorty, Bel Oyaere:

ymemy:

- BBIIIOJIHATH OIICpallMi HAJl MaTpuliaMu;

- BBIYUCJIATD OIIPEACIIUTEIIN.

MarepuanbHoe o0ecrieyeHme:

Pa3znaTounsiii Matepual (KapTOUKH C 3aJJaHUSIMU).

TexHuueckue cpenctBa 0Oy4YeHHs: KOMIBIOTED C JIMIIEH3MOHHBIM IPOrpaMMHBIM obecrieyde-

HUEM W MYJIbTUMEINA TIPOSKTOP.
3aganue:

1. Haiitu matpuily € = 4° + 3AB, T71e A =

2. BbIsACHUTS, ABIsETCS MaTpula AL = (

-3
3. JlaHbl MaTpumpl: A = -2
-1

4, BpIMHCIUTH OnpCaACIUTCIIN:

S P ]

8= 3)

) o0OpaTHOM K MaTpule A = (? 3]

3 6
0 -5
—4 1 |. Haiinute: A+B; 2A; AB; BA.
-2 2
3 5 7 8
9 -2 1
3)[-15 s 24)_01 gg%
3 -2 -1
1 -1 7 4

KpaTkue TeopeTrnyeckne cBeeHH:

1. Ymnoowcenue mampuyer na yucno. Ilpouseedenuem mampuyst A Ha uucio) Has3bIBaeTcs

MaTpula B = JA, 2JIEMEHTHI, KOTOPbIX bij

= Jay; mi=1,2,...,

m;j=1,2,...,n.



CnencrBus.
1) OOt MHOXKUTENH BCEX 3JIEMEHTOB MaTPHUIIBI MOKHO BBIHOCUTH 32 3HAK MATPHULIBL.
2) IIpoussenenue matpuibl A Ha uncio 0 ecTh HyJeBas MaTpULa, TO €CTb 0-A=0 .

2. Cnoxcenue mampuy. Cymmou 08yx mampuy A u B 0OAMHAKOBOTO pazMepa M X NHa3bIBACTCS
matpunia C=A+B, 371eMeHThl KOTOPOH Cij=aij+6ij o 1=1,2,....m; j=1,2,...,n(T.e. MAaTPHUIIBI CKJIA/IbI-
BAIOTCS TTO3JIEMEHTHO).

B yactHoM ciiywae 4+0=A.

3. Boiuumanue mampuy. Paznocmo 08yx mampuy 0OJUHAKOBOTO pa3Mepa OIpelelseTcs yepes
npenpiaymue onepauuu: A-B=A4+(-1)B.

4. Ymnoorcenue mampuy. Onepanusi yMHOKEHHUS. MATPUILL BBOJUTCS TOJIBKO IS CiIydasi, KOr/aa
YHUCJIO CTOJIOIOB MEPBOI MATPUIIBI PABHO YHUCITY CTPOK BTOPOH.

YroObl HAWTH AIIEMEHT MATPHIIbI, CTOSIIIHIA B I-TOl CTpoKe B K-TOM cTONIOIE, HY’)KHO BBIYKC-
JMTh CYMMY MPOM3BEICHHUI 3JIEMEHTOB I-TOM CTPOKH MEPBOM MATPHIIBI HA COOTBETCTBYIOIIHE dJIe-
MeHTBI K-Toro ctosbiia BTOpoii.

k
ey =ay by +a, b+ +a by =Da by, i=12...mj=12..n
=1

MHorue cBOWMCTBa, MPUCYIIME ONEpalysIM HaJ YUCIIaMH, CIIPaBEIJIUBBI U JUIsl OTIepalui HaJ
MaTpHUIIAMH:

1) A+B=B+A. 6) A(A4B)=(A4)B = A(AB).
2) (A4+B)+C=4+(B+C). 7) A(BC) =(4B)C.
3) /1(A+B):/’LA+J,B. 8) A-E=E-A=A.

4) A(B+C)=A4B+ AC.
5) (4+B)C = AC + BC.

9) A-B#B-A.

5. Boseedenue 6 cmenens. Llenoti nonoscumenvroti cmenenvio A" (M >1) KBagpaTHOM MaTpH-

116l A Ha3pIBACTCS NPOU3BEICHUE M MATPHILL, PABHBIX A, T.€. an _a. a. A-

m

Onepalysi BO3BEIEHHE B CTENEHD ONPEAEIAETCS TOIBKO IS KBaPATHBIX MATPHIL.
CnenctBus. 1) A° —g; 2) Al=A; 3) Am. A=Ak 4) (am* — ATk,

6. Tpancnonuposanue mampuysi. Matpuiia, oxy4eHHast U3 MaTPUILI A TIyTEM 3aMEHBI CTPOK
Ha COOTBETCTBYIOIIUE CTOJIOIBI, HA3BIBACTCS MPAHCNOHUPOBAHHOU OTHOCUTEIBHO MaTpHIbl A |
o0o3HayaeTcs A, TO €CTh:

a11 a12 a1n all a21 aml
A dy; Ay ... Ay, AT = 8, 8p ... Ay
mxn - ' nxm

aml am2 amn aln aZn amn



OmnpenenureneM KBapaTHOM MaTpUILIbI BTOPOroO MOpsIKa (ONpeAeaInuTesIeM BTOPOro MopsiiKa)
Ha3bIBAETCS YHUCIIO, PABHOE PA3HOCTHU MPOU3BEICHUN IEMEHTOB IJIaBHOM JMaroHajld U 3JIEMEHTOB
0OOYHOH JAMaroHau.

a by
:ﬂl'b:—ﬂ:'bl

e8] IJ:

OmnpenenureneM KBapaTHOM MAaTPULIbl TPETHEr0 NOpsiaKa (OIPEISIUTENEM TPETHEro NOPSIKA)
Ha3bIBAETCS YHUCIIO, PABHOE

ay

[Pt

= -]

g

3

Onpedenumenem KBaAPaATHOW MaTPHIIBI N-TO TIOPsIKA HA3BIBACTCS YUCIIO, PABHOE CyMME IPOM3BE-
JICHUH AJIIEMEHTOB JIF000H CTPOKH HJIM CTOJIONA HA UX alNreOpandecKue JOMOTHEHHUS.

aiq ai, a13 QA4
A= ar1 04pp Az3 Qg4

= a.1441 + a,,4> + a;:412 + a4A
(131 (132 a33 a34 114111 124112 134113 144114

Qg1 Qg Qu3 Qyq
— i+j
MuHOPOM HEKOTOPOTO AJIEMEHTAd; j ONpPEENUTENS N-TO TIOPS/IKA Ha3bIBAETCS ONPEIEITUTEND (n-

1)-ro mopsiaKa, MOTyYeHHBIH U3 UCXOIHOTO OMPEISIUTENsI TyTEM BhIYCPKUBAHUS CTPOKU M CTOJIO-
112, Ha MTepeceyeHN KOTOPhIX HaXOIUTCS BBIOPAHHBIN 3JI€MEHT.

Iopsinok BbINOJIHEHHSI PAadOTHI:

=

3anumunTe 3agaHue.

2. Ompenenure, Kakue ACUCTBUSA, M MO KaKUM MpaBHIaM HEOOXOIUMO BBITTOIHHUTH. [IpounTaii-
T€ KOHCIIEKT.

3anuImTe ONpeAeIuTeNb, OMPEASITUTE KAaKOT0 OH MOPSIKA.

Hcnons3ys COOTBETCTBYIOIIEE ONPEISICHUE, BBIYUCIUTE 3HAUYECHNUE OTPEICITUTEIIS.
Brinonnute aeiictBus. [IpoBepbTe NMpaBUILHOCTD BHIYUCICHUH.

ok w

Xox padoThI:

1.Haittu maTpuiy € = A* + 3AE, ecin
(-2 3y ,_(5 -1
a=(7 2= )
a) Haiinem A2, YMHOXasi MaTpUILy caMy Ha cebs
-51:—(_2 3).(—2 3)_(? —9)
) 1 -1 1 -1 -3 4
0) Haiinem matpuity 34, yMHOXHB BCE JIEMEHTBI MaTPHUIlbl A Ha 3.
_.f=2 3y _[—6 O
34 _3(1 —1) _( 3 —3)
B) Haiinem npoussenenne 3AB
_(-6 95 /5 —1y_/-21 33
348 _( 3 —3] (1 3 ) - ( 12 —12)
r) Haiinem matpuiyy C, ckiaapiBasi COOTBETCTBYIOIIUE IIEMEHTHI
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-y D B3
2.Haiinem npousBeeHUE 4 - 4™+ U At.oa:

4 A‘L—(E D 2)=G D==

=T HE D=0 -5

B cooTBeTcTBHU C OIMPCACIICHUCM NaHHBIC MATPHUILIbI ABJIAIOTCA BBaI/IM006paTHI)IMI/I.

-3 2 -3 1 0 =5
3. danpr matpune: A= 1 5 -2]uB=|3 -4 1 |

2 4 -1 0o -2 2
Hatigute: A+B; 2A; AB; BA.

-3 2 -3 1 0 -5 2 2 -8
A+B=<1 5 —2>+<3 —4 ) (4 1 —1)
2 4 -1 0 -2 2 2
-3 2 =3 1 0 -2
C=A-B=<1 5 —2)'(3 ) < -16 —4)
2 4 -1 0 -14 -8

c11=—3-1+2-3+(—3)-0—3
C2=—=3-04+2-(—=4) +(-3)-(-2) =
Ci3=-3(-5+2-14+(-3)-2=11;
C;;=1-14+5-3+4+(=2):0=16;

Cpp =1:-04+5-(—4)+(-2)-(-2)=-16
Ci3=1-(=5)+51+(-2)-2=—4;
33 =2"1+4-3+4+(-1)-0=14;
C32=2-0+4-(—4)+(-1)-(-2)=-14
C33=2-(-5)+4-1+(-1)-2=-8.

1 0 =5 -3 2 =3 -13 —-18 2
B-A={3 -4 1]-|1 5 =-2|=|-11 -10 =2
0 -2 2 2 4 -1 2 -2 2

Berancants OIpeCACIINTECIIN:

1) |§ _4|=2-5-3-{—4}=12+12=2+
5 -2 1

2)13 1 -4/=5:1-(-3)+(-2)- (-9 -6+3.0-1-
6 0 -3

-6:1:1-3:(-2)-(-3)-0:(-4).5=-15+48-6-18=

=48-39=9
4 0 5

3)|-6 2 -7l=4-2:2+0-(-7)-14+(-6)-(-3):5-
1 -3 2

-5:2:1-(-6)-0:-2-(-3)-(-7) =16 +0+90-10-0—84 =12

11



3 5 7 8 7 0 1
4) _01 57) 0 2 =3A0 + (-DAL +0Ay + 14, =3+ |5 3 2[+1
1 -1 7 4 1.7 4
5 7 8 5 7 8 5 7 8
5 3 2|/+0-|7 0 1|-1-|7 0o 1|=122
1 7 4 1 7 4 5 3 2

®opma npeacraBjieHus pe3yabrara: lIpencraBuTh BHINOIHEHHbIE 33/1aHUS B TETpaau s
MPAKTUYECKUX paboT MPETo1aBaTelto.

Kpurepuu onenku:

- «OTnu4HO» - yMeHus cOPMHUPOBAHBI, BCE 3aJaHMs BBIIIOJIHEHBI MPaBUIIbHO, 0€3
aprupMETUYECKUX OMHOOK, pemieHre 0hOpPMIIEHO aKKypaTHO, C HEOOXOIUMBIMU 0OOCHOBAHUSIMHU.

- «Xopouio» - HEKOTOpble YMEHUsI c(hOpMHpPOBAHBI HEOCTATOUYHO, BCE 3aJaHMSI BbI-
MIOJTHEHBI, HEKOTOPBIE BUBI 33/IaHUIl BBIOJTHEHHI ¢ ommoOKkamu. besommbouno BemonaeHo 80-89
% Bcex 3a1aHu.

- «Y IOBJIETBOPUTEILHO» - HEOOXOAWMBIE YMEHHS B OCHOBHOM C(OpPMHUPOBAHBI,
OOJBIIMHCTBO 3a/laHUi BBIMOJIHEHO, HEKOTOPbIE M3 BBIMOJHEHHBIX 3aJaHUM COJEp:KaT OLIMOKH.
bezommnbouyno BeimonHeno 70-79 % Bcex 3a1aHuil.

«HeynoBneTBOpUTENBHO» - TEOPETHUECKOE COJIEpkKaHNe Kypca HE OCBOEHO, HEOOXOIMMbIe
yMeHUS He c(pOpMHpPOBaHbI, BHINOJIHEHHbIE YUeOHbIE 3a/1aHUs COJIepKaT IpyOblie OMNOKH.
Be3ommbouno BeimonHeHo menee 70% Bcex 3amaHui

Tema 2 CucTreMbl JMHENHBIX YPaBHEHU
IIpakTnyeckasi padora Ne2

Pemenne cucreM JIMHEHHBIX yPABHEHHU Pa3JIMYHBIMHA METOAAMM.

eab padorbi: HayunThes peliaTh CUCTEMBI JIMHEHHBIX YPAaBHEHUA PA3TMYHBIMU METOIaMH.
Boinosinus padory, Bel Oyaere:

ymembs:

-peniaTh CUCTEMbI JIMHEHHBIX ypaBHEHU MeToIoM Kpamepa;

- peliaTh CUCTEMbI ypaBHEHHI MeTosioM [ aycca;

- pelIaTh CUCTEMbI TMHEHHBIX YPAaBHEHUI MATPUYHBIM CIIOCOOOM.

MarepuanbHoe obecnieuenue: HauBuyanbHble 3aJaHus], Y4€OHUKH, KOHCTICKTHI JICKITHIA.
3ananmne:

Pemnts cucTeMsl IMHENHBIX YPABHEHUN:

12



3X1_X2+X3:3 2x1—3x=+4x3:11
1) X +2%,-3% =0 2) ;; +2:xz __l_iIE_: 975
s B 2 3 = —4

5% + X, =7, =-1

KpaTlme TCOPETUICCKHUE CBCACHUA

IlycTe nana cucrema Tpex JIMHEMHBIX YPaBHEHUM C TPEMSI HEU3BECTHBIMMU:
Gy ¥+ A%y Tagxg = b
Ay ¥y agpp¥y tagn; = by
f31 %) + A% +a33%3 = by

UToOBI pemuTh cucTeMy MeTofoM Kpamepa, cocTaBuM OTNpeeTuTeNb 3 K03(h(OUIIMEHTOB Mpy He-
W3BECTHBIX.

Gy Gz O3

9TO0T OIIPEICIINTEIIb Ha3bIBACTCSA OMPEACIIUTECIICEM CUCTEMBI: A= |fz; 2z a3

figy gz gz

CocTaBuM OIpEICIUTENN KaXI0i Hen3BecTHOM. Onpenenurens 4, moaydaeTcs U3 onpeaenutens 4
MyTEM 3aMEHBI TIEPBOTO CTOJIONA KOA(DOUIIMEHTOB CTOIOIIOM U3 CBOOOHBIX WICHOB.
by 12 M3
A= 1by gy
by

]

b3

=]

b3

o

(]

-
&

=]

Ba

a

3

[

3

Onpenenurens 4; morydaercs U3 onpeAeauTers 4 myTeM 3aMeHbI BTOPOTO CTOJI0a KO3 PHUITUCH-
TOB CTOJIOIIOM M3 CBOOOIHBIX UJIEHOB.

[==
Il
=]

[

—_
(=
=]

(8
(]
3

=]

1]
—_
£y

=]
[
)

Onpenpenurens 4; momyvaeTcst U3 onpeaeauTens & myTeM 3aMeHbl TPEThero CTo01a KO PHUIIHEH-
TOB CTOJIOLIOM U3 CBOOOIHBIX YJICHOB.

4y @y by
Aj=lay  ap B
ay Gy by
YroObl BBIYUCIINTD 3HAUEHHs HEU3BECTHBIX, BOCNONb3yeMcs popmynamu Kpamepa:  x; = '\f ;
— j,;,_ — ".l'.{
Xy = o Xy = n

MeTOZ! Faycca SABJIAACTCA OAHHUM H3 Hauboee YHUBCPCAJIBHBIX MCTOAOB PCHICHUA CUCTCM JIMHEN -
HBIX ypaBHCHHﬁ. OH cocTouT B IoCJIICA0BATCIbHOM HMCKIKOYCHNHU HCU3BCCTHBIX.

[Ipouecc pemenus no metoay ['aycca coctout u3 AByx 3TanoB. Ha mepBom 3tare (mpsmoit xox)
cUCTeMa MPUBOAUTCSA K CTyleHYaToMy Buy. Ha BTopom stamne (0OpaTHBIN X0/) UAET MOCIeI0Ba-
TEJIbHOE ONPEICIICHNE HEU3BECTHBIX U3 3TOM CTYNIEHYaTOW CHCTEMBI.

Ha npaxTuke yao6Hee paboTaTh HE ¢ CUCTEMOM ypaBHEHMH, a ¢ paCIIMPEHHOW MaTpUIIeH, BBIOI-
Hsisl BCE JIEMEHTapHbIe peo0pa3oBaHus Hajl €€ CTPOKaMHU.
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1)
2)
3)

4)
5)
6)

DneMeHTapHbIMU MPEOOPA30BAHUSIMUA MATPHIIBI SIBIISIOTCS:
- IEPECTAHOBKA CTPOK MECTaMH;
-yMHOKEHHE HEKOTOPOH CTPOKHU Ha JII000€, HE PaBHOE HYJIIO YHCIIO;

-pUOABJICHNE K AJIEMEHTaM OJIHOM CTPOKH COOTBETCTBYIOIINX JIEMEHTOB JIPYTOM CTPOKH, YMHO-
YKEHHBIX Ha OJJHO U TO K€ YUCIIO

Jlns pemieHns cucreMsl MeToioM ['aycca HCIonb3yuTe alrOpuT™:

3anuinTe CUCTEMY JIMHEHHBIX YPaBHEHUI.
CocTraBbTe pacHIMPEHHYIO MATPUILLY.

BrinonHuTe aneMeHTapHble peoOpa3oBaHMs CTPOK MAaTPHUIlbl, UCKIIOYas MOCIEI0BATENbHO Mepe-

MEHHbIE. B pe3yrbTaTe N0JDKHA MOMYYUThCS CTyTIeHYaTas MaTpuUIia.
ITo cTyneH4aTroi MaTpUIE COCTaBbTE CUCTEMY.

IlocnenoBaTeabHO HAMINTE 3HAUCHUS BCEX HEHU3BECTHBIX.
3anuImnTe OTBET.

MaTtpuyubli MeTOI ( ¢ HOMOIILI0 00OPATHOW MATPHIILI)
a11x1 + a12x2 + -+ alnxn = b1
alel + azzxz + -+ aann = bz

[Tycth 3a1ana cucTeMa JIMHEMHBIX YPAaBHEHUM:

An1X1 + ApaXy + -+ Xy = by

b,
A11Q12 - A1pn b
CocraBum matpuyHoe ypaBHenue: AX = B, rne A = | A21 Q22 .- An |; B = 2l x=
An1nz.. Ann
by,
X1
X2
xTL

YT0oOBI HATH HEM3BECTHYIO MaTpuily X, HykHO A~ ! - B
UTOoOBI BEIYUCIUTH OOPATHYIO MATPHILY, HYXKHO:
a) BBIYMCIUTSH ompeaenauTenb Matpuibl A (AA # 0);

0) HaiiTu anreGpanyeckue JOMOIHEHUS sl KaKIO0ro 3J€MEHTa MaTPULbl A M COCTaBUTh U3
HUX COIO3HYIO MaTpHIly A”.

B) TPaHCIIOHUPOBATH MATPUIy A* U3 anrebpandeckux gononaHenuit AT =
All A21 an Anl

A12A22 s Anz
A1nAon o Ann
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N

All A21 “en Anl
1 A12A22 “en Anz

r) Haiiti 06paTHyro Matpuiy: A~1 = i

A1nAopn o Apn
UroObl HAlTH HEM3BECTHYIO MATPHILy X, HY’KHO YMHOKHTB OOpaTHYIO MaTpHIly A™' Ha Mart-

puly B, cocrosiiyo u3 cBOOOIHBIX UIEHOB.

I[JI?I peICHUA CUCTEMbI MATPUYHBIM MCTOJIOM:

1. 3anuuuTe cucTeMy JIMHEHHBIX YpaBHEHU.

2. CocTaBbTE MaTPUYHOE YpaBHEHHUE.

3. Boruncnure 00paTHYIO MaTpuIly.

UTOoOBI BEIUUCIUTH 0OpAaTHYIO MATPUILY, HYKHO:

a) BBIYMCIIUTH OINPEAEIUTENb MaTpUllbl A (AA = (0);

0) HaifTh anrebpandecKre JOMOTHEHUS TSI KaXX0T0 SJIEMEHTA MAaTPHUIIBI A;

B) TPAHCIIOHUPOBATH MATPHUITY U3 aNreOpanvecKux JTOMOJTHCHHH;

A11 A21 ) Anl
T) HaiiTh 06paTHyto Marpuiy: A~ = i AipA5, . Apy
Ainlon .. Apn

4. Haiinute 3Ha4YeHUS HEU3BECTHDIX.

. -1
UToOb! HAaWTH HEU3BECTHYIO MaTpully X, Hy>)KHO YMHOXKUTh OOpaTHyIo MaTpuily 4  Ha mMat-
puny B, cocrosimiyro u3 cBOOOJHBIX UJICHOB.

5. 3anuiuTe OTBET.
IMopsinok BbINOJIHEHHSI PAa0OTHI:

3anuIlInTe CUCTEMY JIMHEUHBIX YPABHECHHIA.
PemuTe kaxyto cucreMy BCeMH TpeMs CIIOco0aMu.
3anuIImnTe OTBET.

Xox pabdoThI:
Paccmotpum npumepsr:

1) Pemnth CUCTCMY ypaBHeHI/Iﬁ METOAOM KpaMepaZ
X + 2.1': —3.1'3 =

2.1'1 — X5 +‘1‘I3 = 5:

3.1'1 +J.': - .1'3 = 5

1 2 -3 1 2 -3
A= (2 -1 4 );ﬁu:‘a =2 -1 4|=10=0
3 1 -1 3 1 -1

Brerauciaum OIIPEACINTCIIN KaXka01 HepeMeHHOﬁZ
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o2 -3

d=1l3 -1 4|=0-15+40-153+10-0=20
a1 -1
1 0 -3

bo=12 5 4|=-5-30+0+45-0-20=-10
3 53 -1
1 2 0

Az=12 -1 5|=-53+0+30-0-20-5=10
3 .!‘ 3 ) )

Ortgert: (2;-1;0).

2) PemuThb cucTeMy YpaBHEHUH MaTPUYHBIM METOOM
2.1'1 —_ 3.1': + ‘1'.1'3 = J.J.
.7.'1 +2.1':—3J.'3 :g
—EII —_ ‘1'.1': +J.'3 = —25

Haitnem

A= : _39 _19 =272 -3 2|+ Y=-104
;_1 271 s g sitlg _1 :

BhluncuM anrebpandeckye T0MONTHEHHUS

P e TR

Ay = |_32 _12 =—4;

o

A = g j|=L3; ’j‘“:_ﬁ. —31 =26 ’433=|_ —32 =1

CocTtaBUM OOpaTHYIO MaTpPHILY:

L [-12 ~l8 -4
at=—— (—31 2 7 )
T MN13 26 -13

Pemum matpuyHOe ypaBHEHUE:

. -12 -1 -4 10 . —120 + 64 + 26 . 0 0
X=A'LC=—E(—31 2 7 )(_‘}):_E( —31[]—8—98)=—E(—‘1-16)=(‘1-).
13 26 —137 14 130 — 104 + 182 208 -2

Ortser: (0;4;-2).
CrnenaeMm poBEPKY:
[U-I-'lE—E:'lEI

0-3+4=-4 .(BepHO)
0—4-10=-14
3) Pemuthb cucteMy ypaBHeHH# MeTogom [ aycca
xy + 2x9 —3x3 = 0;
{2):1 — x5 + 43 = 5
3.1'1 +I: — x; = 5

CocTraBuM paClIMpCHHYO MaTpUully U3 KOB(I)(I)I/II_II/IGHTOB IIpHU HCU3BCCTHBIX U CBO6OI[HBIX YJIICHOB!

1 2 =30
{41B) = (2 -1 4 5)
3 1 -1ls
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BrinosiHuM 351eMeHTapHble IpeoOpa3oBaHysl HaJl CTPOKaMHU MaTpULIbL:

1 2 -=3|0 1 2 =30 1 2 =3[0
(2 -1 4 5) N(EI -3 10 5) N(EI 1 -2 —'L)~
3 1 -115 0 -5 815 0 -3 815

1 2 -3|0
~ (EI 1 -2 —'J.)
0o =210

[TomyueHHOM MaTpHLlE COOTBETCTBYET CUCTEMA YPAaBHEHHM:

I1+2I:—3I3 :U
J::—E.r; = —1:
—2.173:[]

Haumnas CHHU3Y BBCPX, HAXOJUM 3HAUCHUA HCU3BCCTHBIX!

".r1+2x:—3x3=[] .1'1+2I:—3J:3=U x1+2-{—l]=[]
x:—?.r; =-1 1 X3 =-1 ’ X3 =-1 ;

9 .1'3=|:| I3=U .1'3=[|

".rl—2

x =—1

kx;=[l

Ortgert: (2;-1;0).

®opMma npeacTaBiieHUs pe3yJbTaTa: BbIIOJIHEHHAs paboTa.

Kpurepun oueHku:

- «OT1muuHO» - yMmeHHus c(OPMHUPOBAHBI, BCE 3a/laHUS BBITIOJIHEHBI MPABUIBLHO, 0€3
apupMETHIECKUX OMHUOOK, pemeHne 0hOpMIICHO aKKypaTHO, C HEOOXOIUMBIMU 000CHOBAHHUSMH.

- «Xopomio» - HEKOTOpble YMEHHs c(hopMUPOBaHBI HEJOCTATOYHO, BCE 3aaHUs BbI-
MTOJTHEHBI, HEKOTOPBIC BUIBI 3aJJaHUI BBIIOJIHEHBI ¢ omuOKaMu. bezommbouno BemonHeno 80-89
% BcCeX 3aJIaHHH.

- «Y IOBJIETBOPUTEIIBHO» - HEOOXOJMMBIE YMEHHUS B OCHOBHOM C(OPMHPOBAHHI,
OOJBITMHCTBO 3aJaHUM BBITIOJTHEHO, HEKOTOPHIC M3 BBIOJHCHHBIX 33JIaHUNA COAEPXkAT OIIUOKH.
Besommbouno BemmonaeHo 70-79 % Bcex 3amaHuil.

- «HeytoBIETBOPUTEIIBHO» - TEOPETHYECKOE COJIep)KaHue Kypca HE OCBOCHO, HEOOXO-
JIMMble YMEHHS He c(OPMUPOBAHBI, BBHIIIOJHEHHBIC yUeOHbIC 3a/laHUsl COJEPKAT IPyOble OIINOKH.
Be3ommbouno BeimonneHo menee 70% Bcex 3agaHui.

Tema 3 JjieMeHTBHI BeKTOPHOM aJIredpbl
IIpakTuyeckast padora Ne 3

Onepanun HaJx BeKTOpaMHu

He.]]b: Hay‘lI/ITLCH BBIIIOJIHATh ASHCTBUS Hal BCKTOpPAMH, BBIUYUCIIATH YT'OJI MECXKAY BCKTOPpaMU,
MPUMCHATH BEKTOPHOC U CMCIIAHHOC TPOU3BEACHUS [JISI pCHICHUA TCOMETPUUCCKUX 3alay
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Boinmosinus padorty, Bl Oyaere:

ymembv:

- HaXOJHUTh IPOECKLIHIO BEKTOPA;

- BBIYUCIIAITE YTOJI MEXKIY BEKTOpaMU;

- BBIYUCJIATh BEKTOPHOC MPOU3BCACHUC U IPUMCHATH €0 K pCHICHUIO 3a1aY;

- BBIYUCJIATh CMCHIAHHOC IMTPOU3BCACHUC U IPUMCHATD €TI0 JJIA BBIYHUCIICHHUA o0beMa.

MarepuanbHoe odecniedeHHe: UHIUBUyalbHbIE 3aJaHNs], KOHCIIEKTHI JIEKLIUH.

3ananmue:
1. Tano: a= (3-6,-1), b= (L,4;,-5), c= (3,—4;12). HaiiTu npoekiuio BeKTOpa (5 + 5) Ha BEKTOD C .
2. Nans! BepmuHbl TpeyroiabHuka A (1; -1; 2), B (5; -6; 2) u C (1; 3; -1). Haiinure niauHy BBICOTHI,
omnyIIeHHON u3 BepiuHbl B Ha ctopony AC.
3. Jlana nupamupa ¢ BepmuHamu A1 (7; 2; 4), Az (7; -1; -2), A3 (3; 3; 1), Asa (-4; 2; 1). Haitnure:
a) yroy Mexay peopamu A1Ar u A1As;
0) 00beM mUpaMUIbL;
B) JUIMHY BBICOTHI, ONYIIIEHHOU Ha TpaHb A1A2As3.
KpaTkue Teopernueckue cBeeHHs:

Bexmopom Ha3bIBaeTCsl HANPABJICH HBIM OTPE30K AB C HAYaIbHOW TOYKOH 4 W KOHEUHOM
TOUKOM B. BEeKTOpBI MOryT 0603Ha4aThCs: a= AB .

BekTopsbl, exaliie Ha OJHON MPSIMOM WIIM Ha TapajuIeIbHBIX IPSAMBIX, Ha3bIBAIOTCS KOLIU-
HeapuviMu, 1 0003HAYAIOTCS QHB.

BeKTopBI HAa3bIBAKOTCA KOMNIAHAPHbIMU, €CIIN OHU JIC)KAT B O,Z[HOﬁ IUIOCKOCTH WJIM B IIapall-
JICJIBHBIX IINIOCKOCTAX.

Ecnu Hayano v KOHeIl BEKTOpa COBITAJIAIOT, HAIPUMEpP, AA, TO TAKOW BEKTOP HA3BIBAIOT Hyile-
gbiM 1 0003HAYAIOT 0 = AA . JIJIMHA HYJIEBOTO BEKTOPA paBHA HYJIO: ‘6‘ =0.

HBa BCKTOpa HA3bIBAKOTCA pasHbimMu, CCIM OHHU KOJUIMHCAPHBLI, OAWMHAKOBO HAIIPABJICHLI H
HUMCIOT OANMHAKOBYIO UINHY:

o def 1)5TTB,
a=b < -
2)\a\=\b\.

18



Ipoussedenuem eexkmopa a Ha uucio A Ha3bIBACTCS BEKTOP p=A4a, UMCIOIIUN UIHHY
Bl =11

, HallpaBJICHHE KOTOPOT'O COBIAJIACT C HANIPABJICHUEM BEKTOpa a, eciu A>0, u mpoTHBOMO-
JIOKHO emy, eciu A<0.

TIpomueononoxcuvim 6ekmopom -a Ha3bIBaeTCS MPOU3BEICHHE BEKTOpa aHa yucio (-1), T.e.
-a=(-Da.

[Mpsimast | ¢ 3ajaHHBIM HaNpaBJICHHEM, IPUHUMAEMBIM 32 TIOJIOKUTEIBHOE, HA3BIBACTCS OCHIO.

Ilpoexyueni eexmopa a Ha och |Ha3pBaeTcs 4YKCIO, 0003HAYaEMOE npja W PaBHOE
‘a‘ COSQ, 20e @€ [0,7z] — YroJl MeXIIV BEKTODOM a U TIOJIOKUTEIBHBIM HalpaBJieHHeM ocH |.
@

ar

M N i

npya=MN, Os¢<%

np|5:—MN, %S(oﬁﬁ.

BekTop a = (x, y, z) MOXKET OBITh IPEJCTABIIEH B BUJIE a=xi+ y] + 2K, e i, ] , k — eTMHUYHbIC

BEKTOPHI (OPTHI), COBIAAAOIINE C HampaBieHHeM oceil coorBercTBerHO OX, Oy, Oz; ‘iHij‘ =1

ﬂﬂuH(l 6eKkmopa paBHa KOPHIO KBAIPAaTHOMY U3 CYMMEI KBAZpaTOB €ro KOOpAUHAT:

H:‘W‘:Jxﬂyz wi H:‘W‘:\/x%yﬁzz. (1)

Jlune#nple Oonepanuu HaJ BEKTOPaMH B KOOpPAMHATHOM (opme. IlycTh BEKTOp a=(x,y, z) H
6:(X21y2122)’ TorrHa :a+b:(X1+X2' yl+y2, Zl+22)]

c
6:5—62()(1—qu Yi— Yo Z1_22)’
a NPOU3BEICHHUE BEKTOPA 3 = (x, Y, z) HA YUCIIO A €CTb BEKTODP T = (Ax, Ay, Az,) -

Ecnu pgaHel TOYKM M(Xl,yl,zl) u N(Xz,yz,zz), TO BEKTOP MN OyJeT MMeTh KOOpPJIWHATHI:
MN =(X2 =X Y2 = Y1, 23 —21)-

JlBa BeKTOpa a M b KOJLIUHeapHbl TOTJAa U TOJIBKO TOIJA, KOIrJa UX KOOPAUHATHI IIPOIOPIHO-
- x z

HAJTBHBL: ab < L =L -2

X Yo Iy

Jlenenue oTpe3ka B JaHHOM OTHOLICHUH. I1yCTh aHBI TOYKU A=(Xy,Y;,2;) U B=(Xy,Y,.Z,), &
Touka M omnpenenena ycinoBueM AM=AMB, 1>0.

AMME=411
A M B

Torma KOOpIAHWHATHI X, Y, Z TOUYKH M OMPCACIIAOTCA PaBCHCTBAMU
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X+ A%, Vit Ay, Z_zl+/122
1+2 1+4 1+2

B yactHoM ciydae A=1 u Touka M Oyner cepeanHoii oTpe3ka AB.

Cransipnvim npouszeeoenuem (a,b) IBYX BEKTOPOB a Mb Ha3bIBAETCS YHCIIO, PABHOE ITPOM3BE-

ACHUIO JJIMH 3TUX BCKTOPOB HA KOCHHYC yIJla (0 MCKAY HUMMU:
(a.b)=ab =[dJb|cos -
BripazuMm ckaispHOe MPOU3BEICHHE Yepe3 KOOPIUHATHI BEKTOPOBa Ub .

Cransipnoe npouseeoenue (a,b) IBYyX BEKTOPOB aHWb PaBHO CYMME ITPOM3BEIECHUN COOTBET-
CTBYIOIIMX KOOPAUHAT DTUX BEKTOPOB:

(5,5): ab= ‘5“5‘ COSQ = XX, + Y, Y, + 2,2, (2)
CransapHuiii keadpam BEKTOpa PaBeH KBAAPaTy €ro IJTUHBI:

— 2\ T2 22 2 2 2

(,a)za =‘a‘ =X +y +z°. (3)
VYroa Mexly BEKTOpaMH a | b omnpesessiercs mo Gopmyie

(5, 6) XX + Vi, + 47, 4)

e ‘57 =\/X12+y12+212\/X22+y22+222 |

Jns AByX HEHYJIEBBIX BEKTOPOB a =(x,y,,z) U b= (X, Y, 2,) YCA06UE OPMOLOHATLHOCHY UMEET

BUJ: albe X1 X5 +Y1Y, +2;Z, =0.

BekTopHOE Ipon3BeIcHIE BEKTOPOB

Tpoiika BeKTOpOB a, b, ¢ ¢ 00muM HayamoMm B Touke O Ha3bIBAETCS MPABOM, €CIIM KpaTdai-

LM TOBOPOT OCH BEKTOpPA a K BEKTOPY b CO CTOPOHBI BEKTOpa C OCYIIECTBIISETCS MPOTUB Yaco-
BOH cTpenku (puc. a). B mpoTuBHOM citydae Tpoiika BEKTOPOB Ha3bIBAaeTCs JIEBOH (pHuC. 0).

Bexmopnuvim npouzeedenuem BEKTOPOB a U b Ha3bIBaeTCs BEKTOP C, 0003HAYaeMblil ¢ =axb,
KOTOPBIN YZOBJIETBOPSIET TPEM YCIOBUSAM:

1) | d=[afe[sinfa.b);
2) cla, clb;
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3) a, b, ¢ —mpaBas Tpoiika BEKTOPOB.

Motysib BEKTOPHOI'O ITPOU3BEAEHNUS ABYX BEKTOPOB PAaBEH ILIOLIAAN NTapaJljIesIorpaMMa, IOCTPOEH-
HOT'O Ha 3TUX BEKTOPAX.

¢ Lac Le DrOT BEKTOp NEpNEHAUKYIISPEH IEPEMHOKAEMBIM BEKTOpaM (IIEPIIEHIUKYIIIPEH
IUIOCKOCTH Mapajulieorpamma), T.e 1

ol

i j k
R a, a a, a a,
. ¥ z2 ] X z X V
aXe =la, a, a,|=i P | +k
8, 6, 8, 8, . @
8, 68, 8,

JliiHa BEKTOPHOTO IPOM3BEICHUS paBHA IUIOIIA/IM NTapauiesorpaMma - yABOEHHOT0 TPEYTroJbHU-

Ka, & IMEHHO ITPOM3BEICHHIO CTOPOH B BHJIE BEKTOPOB d W D , OTJIOKECHHBIE OT OJHOM TOYKH, Ha
CHHYC yIJia Mex 1y Humu Sinz(d, b).

CMelranHOe TPOU3BEJICHNE BEKTOPOB

CMelIaHHbIM IPOU3BEIEHNEM BEKTOPOB a, b u € HasbIBaeTcs NEHCTBUTENLHOE YUCIIO, PABHOE
CKaJIAPHOMY IIPOU3BEICHUIO BEKTOPOB lé X bJ ucC,rae [é x bJ - BEKTOPHOE IPOU3BEICHUE BEKTOPOB
aunb.

CMeIanHoe IPOU3BEIECHUE BEKTOPOB PABHO ONPEIEIUTEII0 MATPULIEI TPETHETO TOPSIKA, CTPOKa-
MM KOTOPOH SABIISOTCSA KOOPAMHATHI YMHOKAEMBIX BEKTOPOB, TO €CTh

a, a, a,
a-b-c=(axblc)=p, b, b,|.
C C C

X y z

Yenosue komnnanaprocmu Tpex BEKTOPOB a, b, ¢ UMeeT BUJ:

a, a a

X y z

a, b, ¢ — KommIaHapHsl <>abc=0<>b, b, Db,[=0.
C C c

X y z



T'eoMeTpHUUeCKHii CMBICI CMEIIAHHOTO MPOM3BEICHHS COCTOUT B ClemyiomieM. CMeImaHHOe
IPOM3BE/IEHHE TPEX BEKTOPOB a, b, ¢ paBHO 00BbeMy V mapasuieNenumnea, TOCTPOSHHOr0 Ha ITHX
BEKTOpAX, €CIM a, b, C — IpaBas Tpoika. Eciu xke 7Ta Tpoiika JeBas, TO CMENIAHHOE MPOU3BE/Ie-
HHE OTPUIATEIHHO ¥ PABHO 00BEMY MapallIeNeNyea ¢ IPOTHBOMOIOKHEIM 3HAKOM:

jab

-

napanienen uneoa

b -6‘.
e 1
O6bem TeTpasapa, MIOCTPOSHHOIO Ha BEKTOpax a, b u €, pasHaetca E obbema napannenenunena.

Monyyaem: V =1V =£‘§-5~6‘.

mempasopa 6 napannenen uneoa 6

HOpﬂ}IOK BbINIOJTHCHUA paﬁoTu:

1. [Ipoananu3upoBaTh yCIOBUE 3aaUH.
2. BBIOHUTE pelIeHue, MPUMEHsISI HE00X0IuMbIe ()OPMYJIBI.
3. 3amucatp OTBET.

Xox pa0doThI:

3amanue 1. Haiitu npoekmuro BekTopa d Ha sektop b, ecim d=(-1;0;2)n b =(3;-4; 1).

Pemenne. [[j1s HaX0KIE€HHs IPOEKLUK BEKTOpa a Ha BekTop b , 6yaem ncnonbsosatb popmyny
- (5,6) ab +a,b, +ab

Hp~a _ _ IxNx yMy vz

"] JorebZeb?

[ToxcraBnsis B Hee KOOPAMHATHI BEKTOPOB, MOJIYUHUM:

T b J#+(Cap+r 2 2

b 26
3ananme 2./[anpl BepmuHbl Tpeyronbauka A(1;-1;2), B(5;-6;2), C(1;3;-1). Halitu ymmHy ero BbIco-
Thl, ONYIIEHHOM U3 BepiiuHbl B Ha ctopony AC.
Pemenue .
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T 5
S i =%|:!Bx AC| =%J225+ 144+ 256 =2?

. i . I .
C dpveoit cmoponbt© S, = ;h- AC = E\"] 6+9-h

23 5
:>—=Eh::~h=5

Onraem: 3
dopma npeacTaBiieHUs1 pe3yJbTaTa: BHINOJTHCHHAS padoTa.

Kputepuu onenku:

— «O1nuuHO» - yMmeHHus chOPMHUPOBAHBI, BCE 3a/laHUS BBITIOJTHEHBI MPABUIIBLHO, 0€3
aprupMETHYECKUX OMHUOOK, pemeHne 0hOpPMIICHO aKKypaTHO, C HEOOXOIUMBIMU 000CHOBAHUSIMH.

— «Xopomio» - HEKOTOpble YMEHHs C(POPMUPOBAHBI HEOCTATOYHO, BCE 3aJIaHUS BbI-
MTOJTHEHBI, HEKOTOPBIC BUBI 3aJIAaHUH BBHIMOJIHEHBI ¢ OmMMOKaMu. be3ommOoyno BemoaHeHO 80-89
% BCEX 3aIaHui.

— «Y IOBIETBOPUTEIIBHO» - HEOOXOJMMBIE YMEHHS B OCHOBHOM C(OPMHPOBAHHI,
OOJIBIIMHCTBO 3aJIaHUH BBIMIOJTHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJIaHUN COepkKaT OIIHOKH.
Besommbouno BemmonneHo 70-79 % Bcex 3amaHuii.

- «HeynoBneTBOpUTENBHO» - TEOPETHUECKOE COJIEp’KaHne Kypca HE OCBOEHO, HEOOXO-
JTUMBbIE YMEHUSI He C(POPMHUPOBAHBI, BHIMOJHEHHBIC YUEOHBIC 3aJJaHUs COJACPIKAT IPyOble OMUOKH.
Be3ommbouno BeimonHeHo meHee 70% Bcex 3aIaHui.

Tema 4. AHasIMTH4YeCKAsl TeOMETPHS HA TIOCKOCTH
IIpakTuyeckasi padora Ne 4

Pemenne 3a1a4 1o aHAJIUTHYECKOM reoOMeTpPH M.

Heab: popmupoBaHuEe yMEHUIN COCTaBIATh YPABHEHUS MPSMBIX, YpaBHEHHSI KPUBBIX 2-TO MOPSI/IKA.
Boinosnus patdory, Bel Oynere:

ymemp:

- peuiatb 3a/1a4M, UCIIOJIb3Ysl YPABHEHUS MIPSMBIX;

- pemiatb 3a/1a4M, UCIOJIb3Ys YPAaBHEHHUSI KPUBBIX BTOPOTO MOPSIKA Ha MIOCKOCTH.

MaTtepuajbHoe o0ecniedeHre: HHIUBUIyaIbHbIC 3a/IaHUS, KOHCIICKTBI JICKITUH.
3ananue:

1. HaiitTh TOYKYy TmepeceYeHUsi NPSIMBIX, 3aJaHHBIX YypPaBHCHUSMHU: a) 2X-y+3=0 H
4x+8y+17=0; 0) 2x—y+3=0 u 4x-8y-11=0.

2. [ansl BepmmHbl A(4, 3), B(-3, -3), C(2, 7) Tpeyronbauka ABC. HaliTu: a) ypaBHeHue cTO-
pounbl AB; 6) ypaBHeHue BoicoThl CH; B) ypaBHeHHe Meauanbl AM; r) Touky N nepecedeHus mMenu-
anbsl AM u BeicoTl CH, 1) ypaBHEeHHE MPSIMOH, Mpoxo el yepe3 BepuinHy C mapaiienbHO CTOo-
pone AB; e) paccrosiHue oT Touku C 10 mpsiMoii AB.
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3. CocTaBHUTh YpaBHEHUE OKPYKHOCTH, pOXoisiIen yepe3 Touky A(6; —1) ¢ HeHTpOM B TOU-
K€ IepeceUCHUs NPIMBIX 3X—-4y—-5=0 u 4x+3y-15=0.

Haiitu nmomyocu, koopauHaThl POKYCOB M SKCHEHTPUCHUTET JUTUIICA 4x2 + 25y —100=0.

OmnpenenuTh BUJ U PaCcTONIOKEHNE KPUBOH (TIOITyOCH, KOOPAMHATH (JOKYCOB U SKCUEHTPH-
CHUTET) 5x2 +16y2 +10x—96y +69=0.

6. IlapaGona c BepIIMHOI B Hadaie KOOpAWHAT MpoxoauT yepe3 Touky A(1l; —3) u cummer-
pudHa oTHOcUTENbHO ocu Ox. Haiitu ¢okyc u ypaBHEHHS TapaboIIbl U €€ TUPEKTPHCHI.

KpaTlme TCOPETUICCKHUE CBCACHUA

YpaBHeHMe MpAMON Ha INIOCKOCTH

B nexaptoBoit pssMoyTosbHOM crcteMe koopauHat OXY Ha TUIOCKOCTH JIF00ast psiMasi MOXKET
OBITH 3a/]aHa YPAaBHEHUEM IE€PBOM CTENEHU

Ax+By+C =0, Tae A, B, C — onpenenennsle uncna, A%+ B? =0. 1 00paTHO, BCsIKOe ypaBHEHHE BU-

Ja Ax + By+C =0 OIpEIeNseT NPsIMYIO Ha IIJIOCKOCTH.

JlanHOE ypaBHEHHE Ha3bIBACTCS 0OWUM YpaGHeHUeM NpsamMoli Ha TUIOCKOCTH, KOAPOUIIUEHTHI
ypaBHeHus A, B ompenensior KoopAMHATBI BEKTOpPail, MEPNEHIUKYJIAPHOTO STOW MPAMON. DTOT
BEKTOP HA3bIBAECTCS HOPMATbHBIM 8EKIMOPOM TIPSIMOMN.

VYkaxkeM OCHOBHBIE CITOCOOBI 3a/laHUsI TIPSMOIM Ha TUIOCKOCTH M COOTBETCTBYIOIINE ypaBHE-
HUSL

1. IIpsmast mpoxomuT depe3 TouKy Mg (Xo; Vo) HEPHEHIUKYIIPHO BEKTOPY fi=(A B). B atom
CIlydae mpsiMast OITKCHIBACTCS OOIIUM YpaBHEHHEM
A(x=x,)+B(y—y,)=0-

2. Ilpsamas npoxoauT uepes TouKy My(Xo; Yo) MapajieabHO BEKTOPY S =(m,n). B aToM ciy-
yae npsiMasi 3aJJaeTCsl KAHOHUYECKUM YPABHEeHUEeM
X=X _Y~Yo.
m n

WA napamvempudecKkumu ypaeHeHuiMu

X = X, + mt,
y =Y, +nt,

raet — mapameTp, HpI/IHI/IMaIOH_II/Iﬁ JIFOOBIE YHCIIOBBIE 3HAUEHHSL.

3. Ilpsimast mpoxoauT uepe3 Touky My(xo; Vo) € 3aJaHHBIM YIJIOM HaKJIOHa &, ONpesense-
MBIM y2n08biM K0dppuyuenmomk = tga (puc. 1). B 3ToM cinyuyae ypaBHeHHE MpsIMOIl UMeeT BH]

Y= Yo =k(x=x,).
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ES

T

Puc. 1. Puc. 2.

4. Tlpsimasi oTCcekaeT Ha KOOPJAMHATHBIX OCSIX 3aJlaHHbIe OTpe3Kku (puc. 2). B aTom ciydae uc-
MIOJIB3YIOT ypasneHue npsamot 6 ompeskax X | Y _q.
a

5. Ilpsimast 3a1aHa yriioM HaKJIOHA ¢ , ONPENENIIEMBIM YIIIOBBIM KOd(puLneHToM Kk =tga , U
orpe3koM b, oTcekaembiM Ha ocu Oy. B 3TOM ciydae MCHONB3YIOT ypasHeHue npsmol ¢ Yeio8bim
KO hpuyuenmom y =kx+b .

Paccmosnuedom mouxuM,(x,,y,) 10 TPAMOH Ax+By+C=0 BBIUHCIAETCA MO (opMyie
d |Ax, + By, +C|

JA? + B2

KpuBbie BTOPOT0 mOpsAKa Ha IMJIOCKOCTH

OO6miee ypaBHEHHE KPUBBIX BTOPOTO MOPSIIKA UMEET BH/T

Ax? +Bxy+Cy?+Dx+Ey+F =0, B KotopoM A, B u C He paBHBl HYJIO OJHOBPEMEHHO, T.€.

A2 +B?+C?2 £0.

Onnunc u okpyscHocms
Onnuncom Ha3bIBa€TCA T€OMETPUYECKOE MECTO TOYEK IJIOCKOCTH, CyMMa PAacCTOSIHUM OT KO-

TOPBIX J0 JBYX JaHHBIX Touek F1 u F2, Ha3piBaeMbIX oKycamu, ecTh BeIMYMHA MTOCTOSTHHAS, PaB-
Has 2a, IpyUYeM 3Ta BeIUYrHa OO0JIbIIe pacCTOSIHUSA 2¢ MEXITY (hoKycamH.

Ecnu 3a ock Ox npuHITH NpsiMyTo, Tpoxoasiyto depe3 dokyceiF1 uF2, a 3a ocb Oy — mep-

NeHAUKYJSIp K ocu Ox, MPOXoAsdIIui uepe3 cepequHy oTpeska FiF2 (puc. 1), To ypaBHeHue aiunca

X2 y2
MIPUMET BU/T = + 7 1.

9T0 YPaBHCHUEC HA3BIBAOT KAHOHUYECKUM YypABHeHUeM I3JIIUNcaA. HpI/I 9TOM a — OoJIbIIas IMOJIYOCh

sumnca, b— ero manas nonyocs, ¢ =va’ -b’, F/(-c,0) 1 F,(c,0) — Goxycs amumIca.

rk
T T
.—'" e T
[ g el
L a 7o t
. 24
—l—
Puc. 1.

OtHowenne . _ C _ 1 Ha3bIBACTCA IKCYEHMPUCUTNEMOM IIIUNCA.
a
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[Tpu a<b ypaBHeHHE TakxKe 33JaeT AIUIUIC, HO Yy TAKOTO AUIHICa (POKYChI PacHOI0KEHbI Ha
ocu Oy, napameTp b 3amaer GOJIBIIYIO TOJIyOCh, & @ — MATYIO TOIyoch. [lapamerp ¢, paBHBIH 10JIO-

BUHE PACCTOSHUSI MEKITY (POKYCaMu, MOXKHO HailTH 1o popmyie ¢ =+/b? —a® , a IKCICHTPUCUTET —

no popmyne ,_°C.
b

[Tpu a=b ypaBHEeHHUE 33]a€T OKPYKHOCTH C IICHTPOM B Ha4aje KOOPMHAT U PAJUYCOM d.

OxkpyxHOCTh paaumyca R ¢ 1eHTpoM B TOYKe C(Xo,yo) 3a7aeTCs  ypaBHEHUEM
(x=x /' +(y-y,)* =R%.

Tunepbona
T'unepbonoti Ha3bIBAETCSl TEOMETPUIECKOE MECTO TOUYEK MIIOCKOCTH, MOAYJb Pa3HOCTH PacCTO-

SITHUM OT KOTOPBIX J0 IBYX JaHHBIX Touek F1 u F2, Ha3piBaeMbIX (hOKycaMH, €CTh BEJIMYUHA MTOCTO-
sIHHas, paBHasi 2a, IPUYEM 3Ta BETMYMHA MEHBIIIE PACCTOSIHUS 2¢ MeXAY (HOKyCaMU.

Ecnu 3a oce Ox npuHITH NpsiMyT0, Tpoxosiryto depe3 ¢okyceiF1 uF2, a 3a ocb Oy — nep-
MeHIUKYISIp K ocu Ox, MpOXOSAIUid uepe3 cepenuny otpeska FiF2 (puc. 2), To ypaBHeHue rurmep-

Oonbl mpuMeT Bug XY’

a’ b7:l.

OT0 ypaBHEHHE HA3bIBAIOT KAHOHUYECKUM ypasHeHuem 2unepbonsl. IIpu 3ToM a — nefcTBUTENbHAS

no;ryock runepOonsl, b— ero MHMMas montyocs, ¢ =+va® +b’, F,(-c,0) u F,(c,0) — hokycsr smmumca.

" J

Puc. 2.

OTtHomeHune &= c >~ 1 Ha3bIBACTCA SKCYEHMPUCUMEMOM 2unep60ﬂbz. HpHMBIC y= ig X, K KO-
a

TOPBIM anep60JIa HCOIrpaHN4YCHHO HpI/I6J'II/I)KaeTCH Ha 6eCKOHe‘IHOCTI/I, npeaAcCTaBJIAOT co0Ooit
ACHUMIITOTBI FI/IHCp6OJ'IBI.
X2 2

YpaBHeHUE _7+L2 =1, OIpenensieT runepooiy, HO y 3TOM runepOobl POKYChl pacmoiIoke-
a‘ b

HBI Ha ocu Oy, mapameTp b ecth AelcTBUTENbHAS MTOIYOCh, TApAMETP d — MHUAMAs TI0JIyOCh, & IKC-
LEHTPUCUTET BBIUUCIISIETCA TT0 Gopmyre . _ C.
b

Ilapab6ona
Ilapabonou Ha3bIBAaeTCA F€OMETPUYECKOE MECTO TOUYEK IJIOCKOCTH, PABHOYAAJIEHHBIX OT JIaH-

HOW TOYKH, Ha3bIBaeMOl (pOKycoM, U JaHHOU NPAMOM, Ha3bIBaEMON AUPEKTPUCOH.
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Ecnu 3a ock Ox IPHUHATH MPSAMYIO, TIPOXOISINYIO Yepe3 GOKYyC MePIEeHAUKYISIPHO TUPEKTPUCE,
a 3a ocb Oy — MpsIMY10, MPOXOJSILYIO Yepe3 CePeAnHy NMEPIEeHIUKYIsIpa, ONYIIEHHOro 3 (oKyca
Ha aupeKTpucy (puc. 3), To ypaBHEHHE 1apadoJibl MPUMET BUJ y® =2px, IJI€ p — PACCTOSHUE OT

¢dokyca 0 IUPEKTPHUCHL. DTO ypaBHEHHE HA3BIBAIOT KAHOHUYECKUM ypaeneHuem napabonvl. Ilpu

9TOM y — _ P — ypaBHEHHUE TUPEKTPUCHL, a POKYC F(p,Oj-
2 2

rh

=
.
[
=¥

Puc. 3.

VYpaBHeHHe x? =2py 3aaeT napadoiy, CAMMETPUYHYIO OTHOCUTENIBHO ocu Oy. B aToM ciydae

JMpeKTpHca mapaboist _ _ P, a poxyc F(O’pj :
2 2

IHopsiaok BbINOJIHEHHS PA0OTHI:

1. [Ipoananu3upoBaTh YCIOBUE 3a1a4H.
2. BBIMOJHUTE penieHne, MpUMEHsIs HE0OX0UMbIe ()OPMYIIBI.
3. 3anucarth OTBET.

Xox padoThI:

1. TlomyuuTs y mpernoaBaTens 3a1aHusl.
2. OdopmuTh penieHne B TETpaIu A1 MPAKTHIECKUX PadoT.

@dopMma npecTaBiieHUs pe3yJbTaTa: BhIIOJIHEHHAs paboTa.

Kpurepun oueHku:

- «O1uHO» - yMmeHHus c(hOPMHUPOBAHBI, BCE 3aJlaHUS BBIITOJIHEHBI MPAaBUIILHO, 03
apru(METHUYECKUX OIMMHOO0K, pemeHne 0(hOpPMIICHO aKKypaTHO, C HEOOXOIUMBIMU 000CHOBAHHUSMH.

- «Xopomio» - HEKOTOpble YMEHHs c(hOpMHUPOBAHBI HEJOCTATOYHO, BCE 3aaHUs BbI-
MTOJTHEHBI, HEKOTOPBIC BUIbI 33JJaHUI BBIIOJIHEHBI ¢ omuOKaMu. bezommbouno BeimosHeHo 80-89
% BcCeX 3aJIaHHH.

- «Y IOBIIETBOPUTETILHO» - HEOOXOAMMBIE YMEHHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIITMHCTBO 3aJaHUM BBITIOJIHEHO, HEKOTOPHIC W3 BBIMOJTHEHHBIX 3aJIaHUM COACPIKAT OIIUOKH.
Be3ommobouno BemmonneHo 70-79 % Bcex 3amaHuil.

- «HeynoBneTBOpUTENBHO» - TEOPETHUECKOE COJIEpKaHne Kypca HE OCBOEHO, HEOOXO-
IMMble YMEHHSI He cOPMUPOBAHBI, BBHIIOJHEHHBIC yUeOHbIC 3a/1aHUsl COMEPKAT IPpyOble OIINOKH.
Be3ommbouno BeimonHeHo MeHee 70% Bcex 3agaHui.
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Tema 5. OcHOBBI TEOPHH KOMILJIEKCHBIX YHCeJI
IIpakTnueckas padora Ne 5

JeiicTBUS HAJ KOMILIEKCHBIMM YUCJIaMHU B ajiredpandeckoii ¢popme.

He.]'lb: Hay‘-H/ITI)CFI BBITIOJIHATH HeﬁCTBHﬂ Haa KOMIIZIEKCHBIMU 4YHCJIaMU, 3allMCAHHBIMHU B anre6pa1/1-
geckoit popme.

Boinosinus padorty, Bl Oyaere:

ymemp:

- 3aMMCHIBATh KOMIUICKCHBIC YHCIIa B allreOpanmdeckoit popme;

- BBITIOJIHATH JCHCTBHSI HAJl KOMIUICKCHBIMH YUCIIAMHU B aireOpandeckoii popme.

MaTtepuajibHOe o0ecnedeHue: HHINBUIyaIbHbIC 3a1aHuUs, KOHCIICKTHI JICKITHH.
3aganue:
1. Jlausr komrutekcHbie uncna: z1= (7;1), zo=(-1,5;1,5), z3=(4;-3).
3anucaTh 3TH YKClia B anredpandeckoit popme.
2. Breruaucnnts:

1) z; +zy;
2) zp — z3;
Z
3) =
Z3
4) z, - z3,
5,
5) Zl)
1430  4-5i .
3. Bbruucoure:—— + - — i 8
i—3 1+3i

Kparkue TeopeTuueckue cBeIeHH:

Komnnexcnvim yucnom Ha3bIBaeTCsl BEIpaXKEHHE BUJa a + bi, Tie a U b — jAeHCTBHUTENBHBIE YNCIIA,
a CUMBON [ YJOBJIETBOpSET ycloBHIO (2 = —1.

Kommnekcuble uncna z; = a + bi u z, = ¢ + di Ha3BIBAIOTCSI PaBHBIMU, ecia = ¢ U b = d.

Kommnekcuble uncna z = a + bi u Z = a — bi HaspiBatoTcs conpsbkeHHbIMUA. YUncna a + bi u — a — bi
Ha3bIBAFOTCSI TPOTUBOIOIOKHBIMH.

MO,I[YJ'ICM KOMITJICKCHOI'O 4YMCJIa HA3bIBACTCA JIMHA PaanuyC-BEKTOpa COOTBGTCTBYIOLHGIZ TOYKH KOMIIJICKC-

HOI1 mmockoct. O6o3Havaercs |z| = Va? + b2 =r.

3anuch KOMIUIEKCHOTO uMcia Z B Buae a + bi, rne a u b € R, Ha3pIBaercs anrebpanyeckoil popmoii KoM-
TUIEKCHOTO YHCIIa.

1. Cymma nByx uncen z; =a+biu z;, =c+dipasraz, +z, =(a+bi)+(c+di)=(a+c)+(b+
d)i.
2. Pasmocrb 1ByX uncen z; =a+biu z, =c+di pasHa z; —z, = (a+ bi) — (c+di)=(a—c) +

(b — d)i.

3. IlpousBenenneM KOMIUIEKCHBIX uMcel z; = a +bi Uz, = ¢ + di Ha3bIBAaeTCs KOMILUIEKCHOE YHUCIIO
71.Z, = (ac — bd) + (ad + bc)i.
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4. YacTHBIM KOMIUIEKCHEIX YHCEI zi=a+ bi u Z =c+ di # 0 Ha3BIBAETCI KOMILIEKCHOE YHCIIO
__ 71 __ ac+tbd bc—ad
Tz, c2+d? | c2+d?’

5. Bo3BeneHne KOMIUIEKCHOTO YHCJIA B cTeneHb NeEN paccMaTpuBaeTcsl Kak YaCTHBIN Cly4ail YMHOKEHUS
KOMILIEKCHOT'O Yucia N pas.

Cremnenu uncia i:

LLecrmn=4k+1
—l.ecrun=4k+2
—l,ecmn=4k+3
l.ecrmn=4k

ITopsinox BbINOJIHEHUS PadOTHI:
1. 3anumure KOMIUIEKCHBIE YKCIIa B airedpanyeckoi popme z = a + bi

2. BeimonHuTe necTBUS HaJl KOMIIEKCHBIMU YHCIIaMH B anreOpandeckor (opme, UCIob-
3ys (hOpMYyJIbI:

Z + Zn = {:ﬂl + ﬂ:} + {IJ]_ + IJ:];,
Zy —E = {:ﬂl - ﬂ:} + {IJ]_ - IJ:];’

Iyt Zp = {:ﬂl iy — IJIIJ:} + {:ﬂlb: + ﬂ:bl}f'

I gy ap+b By apbi-oq B

== +

2
"B " L.
E S+ as+b

.
a

2

Xox padoThI:

1. Jlausl komrIutekcHbIe uncna: z1= (7;1), zo=(-1,5;1,5), zz=(4;-3).
3amucaTh 3TH Yncia B anredpandeckon Gopme.

Pemrenue:

T.x. anreOpanueckas (hopMa KOMIIJIEKCHOTO YUCIIa UMEET BUJ: = = a + bi, TO 4ncia B anredpaunye-
ckoi (hopme OyayT 3amucaHbl B BUJIC:

5y =748z, =154+ 154 23 =4 - 36

2. Brryucaurs:
7+ 23 =(7-15) +{1 + L5)i = 5.5 + 2.5;

zp—z3=(—1.5-4) + (15 +3)i = —5.5 + 45i;
5 T4 T4+ 2B+ 4421430 s S 141
=y 4-30  (4-3004430  16-%°  16+% 25 "

zpoz3 = (1,54 1,50(4 — 3i) = -6+ 4.5 + 6i — 4.5 = —6 + 10,5 + 45 = —1.5 + 10,5i;
B=F+=(T+DT+) =49 + 14i + #)2(7+ 1) = (48 + 14) (7 + 1) = (2304 + 1344 +
196207 + i) = (2304 + 1344i — 196)(7 + i) = (2108 + 1344i)(7 + i) = 13412 + 11516i

1
1+31  4-51
3. BbIYHCIHTE: i+1+f —if
1—a 2L
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Pemenue:
1+31 4-51 o

- ==21-27i
1-3 1431
1) L3 _ (1430)(-i-3) _ -:-3-)3:3-5: L s
1-3 [i=-Hir-i-3 —1"4%5 10
4-51 [4-513(1-30) 4-1%i-5i+15° -11-171
2) = = LN =_11-17i
1431 (1430371-310 1-91° 10
3 #=(")=(-D*="
4) —-i-11-17i-1=-321-27i

®opma npeacTaBiaeHusi pe3yabTaTa: BbIIIOJHEHHAS padoTa.

Kpurepuu onenku:

- «OTnu4HO» - yMeHHus cOPMHUPOBAHBI, BCE 3aJaHMs BBIIIOJIHEHBI MPaBUIIbHO, 0€3
aprupMETHYECKUX OMHOOK, pemieHre 0hOpPMIIEHO aKKypaTHO, ¢ HEOOXOIUMBIMU OOOCHOBAHUSIMHU.

- «Xopouio» - HEKOTOpble YMEHHUsSI cHOpMHUpPOBAHBI HEJOCTATOUHO, BCE 3aJaHMs BbI-
MIOJTHEHBI, HEKOTOPBIE BUBI 33/IaHUI BBIOJIHEHHI ¢ omuOkaMu. bezommbouno BeimomHeHo 80-89
% Bcex 3a1aHu.

- «Y 1OBJIETBOPUTEILHO» - HEOOXOAMMBIE YMEHHS B OCHOBHOM C(OpPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/IaHUi BBIMOJIHEHO, HEKOTOPbIE W3 BBIMOJHEHHBIX 3aJaHUN COJEp’KaT OLIMOKH.
be3ommbouno BeinosHeHO 70-79 % Bcex 3agaHuil.

- «HeynoBneTBOpUTENBHO» - TEOPETHUECKOE COJIEp’KaHne Kypca HE OCBOEHO, HEOOXO-
Mble YMEHHUsSI He c(OPMUPOBAHBI, BBHIIIOJIHEHHbIE YUeOHbIE 3a/1aHUs CO/EPKAT rpyOble OUIMOKH.
bezommnbouyHo BeinonaHeHo MeHee 70% Bcex 3aaHui.

Tema 5. OcHOBBI TEOPUM KOMILJIEKCHBIX YHCeJl
IIpakTuyeckasi padora Ne 6

JeiicTBHSA HaJl KOMIUIEKCHBIMH YHCJIAMHU B TPUTOHOMETPHYEeCKOi (popMme

Henb: Hayuntbcs BBIMOIHATH JSHCTBUS HaJ KOMIUIEKCHBIMU YHCIAMHU B TPUTOHOMETpUYE-
ckoit hopme.

Boinosnus patdory, Bel Oynere:

ymems.

- 3aMKMChIBATh KOMIUIEKCHbBIE YHCIIa B TPUTOHOMETPUUYECKOM opMme;

- BBIMIOJIHATH JCHCTBHS B TPUTOHOMETPHYECKOH (opMme;

- IEPEXOAUTh OT OAHON (OPMBI KOMITJIEKCHBIX YHCEN K IpYroit popme.

MarepuajibHoe o0ecriedeHne: HHIANBHUIYIbHbBIE 3aIaHNs, KOHCIIEKTHI JICKIIUA.
3amanmue:
1. Jlausl komIutekcHbIe uncna: z1=(-3;-5), 2o=(-7,2;7,2), zs=(2;6).
3amucarh 3TH YKCIa B TPUTOHOMETPUYECKOHN GopMme.

2. Boluucnure: z, - Z3, Zl, N

3. BLIHOJ'IHI/ITe I[eI/ICTBI/IH u 3aHI/IH_II/ITe Pe3yanaT B anre6pa1/1quK01/I (l)opMe
eoe7h +lgm 7
a) (3- {cus— Ls.n— ] b) ;

= anll Al
3eos 30 +isin 30
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KpaTKne TECOPETUICCKHUE CBCACHUHA .

Tpuronomerpuueckoit (GpopMoii KOMITJIEKCHBIX YHCEI HA3bIBAETCS 3aMKCh UX B BHJIE:
z = r(cos@ + i sing).

[Ipu BBIIOSHEHUU JCHCTBUI HAJ KOMIUICKCHBIMH YHCIAMU B TPUTOHOMETPUYECKOU (opMme
UCIOJIb3YIOTCS Cleytomue GopMybl:

I tEp =Ty '?‘:('3'3'5{‘?'1 + ‘F‘:)"‘ 55"”{@1 + ‘P:}]
= LB
<= {'3':'5{‘?"1 - ‘F':} + fsm{‘ﬁ - '?9::}]

"

" = r{cosng + isin ng)
Jlig n3BieyeHus: KOpHS N-i CTENEHU U3 KOMILJIEKCHOTO YMClIa B TPUTOHOMETPUUYECKON popme  z =
r(cose + i - sing) ucnonezyercs popmyna :

+2mic _ . ptink
+ isin

w; = \r(cos® ), Te N1 - apudmerndeckuit kopens, k=0, 1,2, ..., n-1.

Aneopumm nepexooa om ancedpauieckou Gopmul K mpuUcOHOMEmpU4ecKou.

[TycTh KOMILTEKCHOE YHCIIO 3a/1aHO B anreOpandeckoit popme =z = a + bi,

1) Monynslr =|z| omHO3HaYHO ompeaenseTcs mo popMmyie r = ya® + b,
a . b

2) ApryMeHT ¢ onpenensercs u3 Gopmyn cose =—, Sing=—.
r r

3HadyeHMS ApryMEHTa KOMILICKCHOI'O YK CJIa MOKHO HaAaXOAWUTH M TaK:

e OrmpenenuTh, B KAKOW YETBEPTH HAXOIUTCS BEKTOP (MCIOIB30BATh FT€OMETPUIECKYIO WH-
TepIpeTaIuio ynucia) z = a + bi
e PemuB ypaBHEHUE tgg = E, MOJy4aeM, 4To

b o
argz = @ = arctg - Ul BHYTPEHHUX TOYeK | U 4 yeTBepTei,
b
argz = @ = arctg -+ 7 JUI1 BHYTPEHHUX TOYEK 2 YETBEPTH,

o
argz = @ = arctg-—m  JUISl BHyTPEHHHUX TOYEK 3 YETBEPTH.

Ecnu Touka z neKUT Ha IEUCTBUTEIBHOW WJIM MHUMOM OCH, TO arg Z MOYKHO HaWTH HEMOCPEI-
CTBEHHO.

3) Haiiags Moy M apryMeHT KOMIUIEKCHOTO YHCia, €0 MOXKHO 3alHucaTh B TPUT OHOMETpHUYe-
CKOW MJIM IIOKa3aTeNbHON opMe = = ricosg +ising) umm z =re'?,

ITopsinok BbINOJIHEHUs padOTHI:
1.3anummre 3a1aHHBIE YKCJIA B TPUTOHOMETPUYECKOH (hopMme, HCIOb3Ys alrOpUTM Iepexoa
K TPUTOHOMETpUUYECKOH opme.

2.BeInoaHUTE HEOOXOMMBIE JIEHCTBHUS.
Xoa pa0doThi:
Janbl KoMIutekcHbIe uncia: z1=(7;1), z2=(-1,5;1,5), zz=(4;-3).
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1. 3anucarp yncna zi, Z2 ¥ 73 B TPUTOHOMETPUIECKOH (hopMme.
Pemenue:

1) zy=7+i

lz,] =49 + 1 = /50 = 54/2,

Uucno HaxoAUuTCs B IEPBOU YETBEPTH, 3HAUUT

@ = nrctgjj__' = arctg0,1429,

z; =7 +i= 5V2(cos 8°8 + ising°8).

2) z=-15+15i

1 o8 1 o2 TR =
= (15 +1.5 =225+ 235 = 35 22,1

I3

Yucio HaXOQUTCs BO BTOPOM YETBEPTH, 3HAUUT ¢ = arctg E +r=arctg(-1) + 7 =— f +m =

5, =—15415i= 2.1(.:.35’T"+ isin ’T'T].

3) Z] =4 —3i
|zs] =v9+ 16 =25 = 5.
Yucno HaxoAUTCA B YETBEPTOM YETBEPTH, 3HAUNT
@ = nr.::'tg_Tg = arctg (—0,75) = —36%°52",
z3 = 4 — 3i = 5(cos(—36°52 + isin(—36°52).

2. Beiuuciure:
1) z; - z3;
2) =,
3) =1;
4) \.‘IZ:;
Pemrenue:

Zprzs = 2,15 cos| 135% — Eﬁ:EEI + isin | 135 — Eﬁ:EEI = 10.5(cos 98°8 + izin 088}
7" 23 ( ( } ( }) ( )

a_ 52 (.:c.s (88 — (-36°52) ) + isin (878 + 35=52'}) = V2(cos 45° + isin45°);
=3 d
25 = (5v2) (cos5 - 8°8' + isin5 - 8°8) = 125004/2(cos40°40' + isind0°40');

Bocnons3yemcs popmynoii:

WK= \/F(cosM +1i sinM)
n n

B nHamewm npumepe n=2.

—_ I]\,‘E 135°4+360°K o l3se43aslck |
VI = g = (cos———— +isin——),
by - na n ra na.n
3+/2 135°4+360°-0 135°+360°0 —_— ot P T
@ = |7 (cos =5 4 isin =) = (2T (cos 67°30 + isin 67°30);
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IE\,"E 135°4+360°-1 135°4+360°-1
wy = cos ————

+isin =) = \ZT(cos 247°30 + isin 247°30)

n
& & &

2. BbImonHAUTE NEHCTBHS U 3aUITUTE PE3YJIBTAT B areOpandeckoit popme:

- - '3 - - - - = el
T .. &l an .. Al T R Vi _Wa
(2- {cusa+ isin E]] = 25(&155- 6+ tstn ﬁ) = 64 (cus:+ isin T) = 64 (—— - :T) =

]
&

—3242 —324/2:

247cos75" +izin 75 24 : : : 1 5
u = = (cos(75° — 15°) + isin(75° — 15°) = 8(cos60° + isin60°) = 8 (: + \‘T) =44

3rees 15" +irin 15"

4 \-‘E:’

®opma npeacTraBiaeHUus: pe3y/abTaTa: BbIIIOJHEHHAs padoTa.

Kputepuu onenkmu:

— «O1mu4HO» - yMeHHus cOPMHUPOBAHBI, BCE 3aJIaHWs BBIITOJIHEHBI MTPABWIBHO, 0e3
apupMeTHYECKUX OMUOOK, pemieHne 0hOpMIICHO aKKypaTHO, C HEOOXOJUMBIMU 00OCHOBAHUSIMH.

— «Xopomio» - HEKOTOpble YMEHHsI c(POPMUPOBAHBI HEOCTATOYHO, BCE 3aJIaHUS BHI-
MTOJTHEHBI, HEKOTOPBIC BUBI 3aJIaHUH BBHIMOJTHEHBI ¢ OmMMOKaMu. be3ommbo4yno BemoaHeHO 80-89
% BCeX 3a/laHUM.

— «Y IOBJICTBOPHUTEIHLHO» - HEOOXOJMMBIE YMEHHS B OCHOBHOM C(OPMHPOBAHEI,
OOJIBIIMHCTBO 3aJIaHUH BBIMIOJTHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJIaHUN COjepkKaT OIIHOKH.
bezommbouno BrimoHEHO 70-79 % BCex 3amaHui.

— «HeytoBIETBOPUTEIBHOY» - TEOPETHIECKOE COJIep)KaHue Kypca HE OCBOCHO, HE0OXO-
JTUMBbIE YMEHUSI He C()OPMHUPOBAHBI, BHIMOJHEHHBIC YUEOHBIC 3aJJaHUs COJICPKAT IPyOble OMMUOKH.
Be3ommbouno BeimonHeHo menee 70% Bcex 3aIaHui.

Tema 6. Teopus npenenon
IIpakTnyeckasi padora Ne 7

BrlunciieHHe npe/esioB ¢ MOMOIIbIO 3aMedyaTe/IbHbIX MpeaeoB, PACKPBLITHE Heonpe/ie-
JICHHOCTEH.

Hean: HayduThest BBIYUCIATH MPpeAeTbl (yHKIIHA.
Boinosnus patdory, Bel Oynere:
ymembp:
-BBIYUCIIATH Mpeaesbl PyHKINN, UCTIONb3Ys TEOPEMBI O Mpeenax;
- pacKpbIBaTh HEONPEACIEHHOCTH;
- HaXOJUTh Tpeebl PYHKIHHA, UCTIONB3Ys (OPMYIIBI 3aMedaTeIbHbBIX MTPEIEIOB.
MartepuanbHoe obecnedeHue: HHIUBUAYyaTbHbIC 3aJaHNSI, KOHCIIEKThI JIEKIIUH.
3amanmue:
Boruncnuth npeaensl QyHKIMIA:
1. lim(2x3® — 10x% — 4x + 5)

xX—2
2 3x%2-11x+6
" x53 2x2-5x-3
. 11x3-5x2-6x+10
3. lim R
X—00 6x*—8x<+2
. sing
4, lim—=2
x-0 X
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5. lim (1- %)Sx

X— 00

KpaTKHe TECOPETUICCKHUE CBCACHUHA

Packpvimue neonpedenennocmeti pasiuiHblx munos

Jliis Toro 4To0bl HAMTHU MpEeN IEMEHTApHON (YHKIIMH, KOI/la apryMEHT CTPEMUTCS K 3Ha-
YEeHHUI0, TPUHAIISKAIIEMY O0JIAaCTH ONpPENeNIeHUs] 3TOW (PYHKIIUMH, HY>)KHO B BBIpaKeHHE (QYHKIUU
BMECTO apryMEHTa IIOJCTaBUTh €0 MPECIIbHOE 3HAUYCHUE.

Jlaneko He BCsKas MOJACTAHOBKA MPEAETHHOrO 3HaYeHUS B (DYHKIIMIO BMECTO HE3aBHCHUMOU
IIEPEMEHHON MOXKET cpa3y MPHUBECTH K HAaXOXAEeHMIO mpenena. Ciydyau, B KOTOPBIX MOACTaHOBKA
IIPEIEeNbHOr0 3HaYEHUs B (DYHKLMIO HE JJa€T 3HAYEHUs Ipe/esa, Ha3bIBalOT HEOIPEIEICHHOCTIMUY;

0

K HAM OTHOCSATCS HEONPEIEIECHHOCTU BUIOB (fj, (6)' (0-0), (w0—w), (1‘”), (ooo), (00). PaccmoT-
o0

PUM HECKOJIBKO THUIIOB IPUMECPOB, KﬂaCCI/I(i)I/IHI/Ip}/f{ HX 110 BUAY HECOMPCACIICHHOCTH U NPCACIIbHOMY
3HA4YCHHUIO X.
o0

. . f(x
1-i2 mun. PaccmoTpum npumepsl Buaa lim R C HEONPEACIEHHOCTRIO BUAA
o0

x> p(X)

j, rae f(x)

U ¢(x) B OOIIEM cilydyae — CJIOXHbIE CTETIEHHbIE WIIM MOoKa3aTesbHble PyHKIMU. B ciydae creneH-

HbIX (PYHKIMH HEOOXOIMMO BBIHOCUTH 3a CKOOKY B UHCIHTENEe UM B 3HameHarene ApoOu X C
HaumOOJBIINM IIOKa3aTeJIeM CTENEeHU Cpelu BCeX cllaraeéMbIX JApoOH; B Cilyyae MOKa3aTelbHbIX
GbyHKIMH 32 CKOOKY BBIHOCHTCSI HanboJjiee ObICTPO BO3pAacTalollee cllaraéMoe Cpelu BCeX cliarae-
MbIX Jpobu. [Tocne cokparienus 1podu HEONPEAEIEHHOCTh YCTPAHIETCS.

[Tone3Ho 3amOMHUTH MPABUIIO:

0, ecrun<m,
n n-1
X" +ax T+ ta, g x+a © a
lim === nl- :[—j: 20 ecaun=m,
x= XM+ X" 4.+ by X+ by, by
o0, ecau N > M.
. ) 0
2-11 mun. PaccMoTpuM mpuMepsl Buaa lim —— ¢ HEONpeIeNeHHOCThIO BUaa |— |. B atom
x=% ¢(X) 0
clly4ae HeOOXOIUMO pa3NIoKUTh HA MHOXHUTENN M YHUCIUTENb, U1 3HaMEHaTellb JpOOHU WU JOMHO-
KUTh U YUCIUTEIb, U 3HAMEHATEIbh APOOU Ha OJIHO U TO K€ BhIpaKEHUE, MPUBOJIsIIee K hopMmyiaMm
cokparieHHoro ymHoxenus. [locie cokpaieHust ApoOu HEONPEIEICHHOCTh YCTPaHICTCS.

3-it mun. PaccMOTpUM TIPHMEpPBI C HEONPEENEHHOCThIO BUa (c0—oo). Eciu dyHKIms, cTos-

[e e}

mas 1moj, 3HaKOM IIpenena, MpelcTaBisieT co0oil anredpandeckyro cymmy ApoOeid, To Heompeze-
JIEHHOCTh YCTpaHseTCs WM MPUBOJUTCS KO 2-My THUIy MOCIie MpUBEACHUs Apodel K oliieMy 3Ha-
MeHatemo. Ecnu ynomsinyTast GyHKIusI mpeacTaBiiseT co0oi anredpanvyeckyro CyMMy Hppario-
HaJbHBIX BBIPAKEHUH, TO HEONPEACNEHHOCTh YCTPAaHIETCS WM MPUBOIUTCS K 1-My TUIy MyTeM
JOMHOXXEHHSI U JefieHus] (PyHKUIMU Ha OJHO U TO K€ (COMpPSDKEHHOE) BBIpa)KEHUE, MPUBOJIAIIEE K
(dbopMyIsiaM COKpaIIEHHOTO YMHOKEHHUSI.

3ameyamenvhole npedeﬂbz.

IlepBblii 3aMeuaTenbHbIHA npeen: lim 30X _1.
x—0 X

y y : 1\ . 1
BTOpOI/I 3aMCUATCIIbHBIN ITPEACTT (‘II/ICJ’IO e): lim|{1+=| =e unn lim (l+ y)y =e.
X—>00 X y—0

Z[J'ISI TOr0 4TO OBI M30aBHTHCS OT HCONPCACIICHHOCTHU BHa (100). H€O6XO)II/IMO BBIJACIINUTD IIC-
JIYKO 4acCTb ,Z[pO6I/I (KOTOpaSI J0JIDKHa OBITh paBHa 1) B BBIPAKCHHHU, CTOSAMIEM I10J] 3HAKOM IIPEACiia
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,KOTOpOE IPECTABIIIET COOON CTENEeHHO-TIOKa3aTeNbHy 0 (yHKIMI0. HeonpeneneHHOCTs ycTpaHs-
eTCsl TIPU [TOMOIIH BBIJICJICHUSI BTOPOTO 3aMeUaTeIbHOTO MpeJiena.

Hanpumep:
k*%
. LA . 1
lim (1 +—) —lim(1+0)" =17 =lim[ 1+~ | =
X—00 X X—0 X—0 (f)
k
1 ky 1\Y k
= lim (1+—) = |1im (1+—) = ¢
Yy —00 y X—00 y
n Ll P 4
. 4 . 4\z «
1) llm(l——) = (1) = lim (1——)4 =" =
Nn—oo n n—oo n
3n, 2
3 \+?2 5\3 e 3ntz) g dnez o lim e
2) lim(1-2) =@ =lim [(1-2) =Cm =% am = W =
n—oo in n—oo 4in
limﬂ 3
fn—»oo 4 = ﬁ1
. x+3\% o
3) lim (;) ;JJaHHBII TpeienT MOKHO BBIYMCIUTH IBYMs ClIOCOOaMu:
X —00 -
1 crtoco®:
Pazenum guciuTens Ha 3HAMEHATEIh BBIJICITHB IIETYIO YacTh:
X+ 32 3 .
— 1 x +
x—2 => =1+ ;
5 x—2 x—2
5 iy 5%
xX-271_5% : X
. \Y . 5 \% . 5 Vs |70 5% jim>%  MMF 7 g S
lim (1) = lim (1 +—) = lim (1 +—) ° = fr2=fxoen—z = %z = fxoei-o={>;
xX—o0 \X—2 X—0 x=2 X—00 -2
2 croco0:
[Togenup uncauTe s M 3HAMEHATEIb IPOOH Ha X, CBEJIEM JaHHBIHN MPEJeNT K YaCTHOMY TIPEIEIIOB:
X X . 3 X
x+3y_ [TH] 143\ _lm(1+]) e
lim( ) —lim (i) =gim|—2) =
x—0 \X — xoo\ X _ 2 xoo\ 1 -2 li 1_3 £
X X X xl—l;rglx) X

[Ipenensl OT HEKOTOPBIX TPUTOHOMETPHUUECKUX (YHKIUMN HEOOXOAMMO peliaTh MPUMEHSS
MIePBBIN 3aMeyaTeNIbHbIN Mpees WK 3aKOH 3KBUBAJICHTHBIX BETMYHH MPH yciioBuu X — 0.
DKBUBAJICHTHBIMH HA3bIBAIOTCS OECKOHEYHO MaJible BEJTMUUHBI, ITPEe/ie OT MOHATUS KOTOPBIX paBEeH

E€INHHUILIE.

Ilopsinok BbINOJTHEHHS PadOTHI:

1. Haiigure npeaen GpyHKINH, UCTIONB3YS TEOPEMBI O TpeJesnax.

2. Ecnun nomyuunach HEOIpeeIeHHOCTh, ONPEAEINTE €€ BUJ U CIIOCO0 PACKPBITHS.
3. IIpeobpa3yiiTe pyHKIUIO U paCKpOTe HEONPEAETEHHOCTb.

4. Bsruucnure npesed.

Xoa pa0doThi:
Haiitu npenen dyHkuumu:
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1) lirr21(2x3-10x2-4x +5)
X—
Vcrionb3yeM TeOpeMBI O IpeIesax:

lim(2x3 — 10x% — 4x + 5)

x—2

=2(hmx) —10(1imx)2—4mx+5=2-8—10-4—4-2+5=—27

xX—2 x—2

3x2-11x+6
2) lim m-———
x—3 2x“—5x-3

OyHKIUS TPENCTaBIISET COO0I OTHOIIEHHE BYX MHOTOWICHOB, OOpAIIAIONINXCs B HYJIb B
touke X = 3.IlosTomMy cHauasa nmpeodpa3yem JaHHYIO (PYHKIIHIO.
JIro601 KBaJpaTHBIN TPEXUIeH MOKHO Pa3IoKHUTh HA MHOXKHUTEININ C TIOMOILBIO POPMYJIbI

ax®+ bx + ¢ = aix — x,){(x — x.), TJE ¥; U XKOPHU KBaJAPATHOTO TPEXUJICHA.
Kopusimu kBasmpaTHOTO TpexuieHa 3x- — Llx + 6 SIBJSIOTCS YUCIIa -1 3; 3HAUUT
o

2
3x2—11x+ 6 = 3(x — 3)(x—§)

1
A KOpHM KBaJIpaTHOTO TpexuieHa 2X2-5x-3 paBHbI = M 3, CIIEI0OBATENBHO

2x?—-5x—3 = 2(x—3)(x+%)
Bo3sBpamasce k npezaeiny, uMeem:

2

o 3x%-11x+6 . 3k 3)(x--) 33
1m2— lm— I’rl—1
x-3 2x%-5x-3 x=3 2 (x- 3)(x+—) X3 2(X+E)
3x-2 3}3{2X 2 3-32

=x1122x+1_2lir2x+1_2-3+1=
X—

7
7

. 11x3-5x2-6x+10
3) lim —
X—00 6x*—8x°+2

Tak xak MHOTOYJICHBI B YHCIUTENIC U 3HAMEHATEIIe CTPEMSTCA K 00, TO ITOJIyda€M HCOIIPEAC-
JICHHOCTB BH A [ ] HJ’ISI €€ pacCKpbITHUA pasaCIuM KaXX10€ cilaracMo€ YUCJIUTEIA U 3BHaAMCHATCIIA

Ha % . Torma MMOJIy4YuMm:

) . 11x* 52 6x 10 11 5 6 10
11x% —5%% — 6x + 10 = T F T ETE T T EZTETE o
lim 3 S = lim I 7 = lim =-=10
X300 Bx* — 8x~ + 2 X300 Gx B N 2 £ 6 __B'r + 2 &
BRGRES P
X
sm—
4) lim
x>0 X

YToObI BEIYUCINUTE Tpeaed PyHKIUH, HYy’KHO BOCIIONb30BaThcs (hopMyiol IepBOro 3aMeda-

. Sinx
TEJIBHOT'O Mpeacia: lim—= = 1.
x-0 X
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1
YMHOXHUM YHCIUTEbh U 3HAMEHATENb APOOH Ha >

. X 1 . x . X
Sin - —-Sin—- 1 Sin -

1
lim 2= lim:*—2=-lim—%=--1=
x->0 X x—0 x 2x—>0 2

2

1

5) lim (1 - %)Sx

X—00
[IpeoOpazyem QyHKIMIO Tak, YTOOBI MOKHO OBUIO MPUMEHUTH BTOPOW 3aMedaTeNIbHBIN Tpe-

X
nen . lim (1 + i) = e. BBegeM HOBYIO epeMEHHYI0: X = -3y; X — 00; y — 00,

X—00

lim (1 —Z)Sx = lim (1 —i)s'( ) _ lim (1 +§)_15y —e 15 =L

X—00 y—00 -3y y—00 els

®opma npeacTraBiaeHUus: pe3yabTaTa: BbIIIOJHEHHAs padoTa.

Kputepuu onenkmu:

— «OT1nuuHO» - yMmeHHus chOPMHUPOBAHBI, BCE 3a/IaHUS BBITIOJTHEHBI MPABUIIBLHO, 0€3
apupMETHYECKUX OMHUOOK, pemeHne 0hOpPMIICHO aKKypaTHO, C HEOOXOIUMBIMU 000OCHOBAHUSIMH.

— «Xopomio» - HEKOTOpble YMEHHsI c(hOpMUPOBAHBI HEJOCTATOYHO, BCE 3aaHUS BbI-
MTOJTHEHBI, HEKOTOPBIC BUBI 3aJIaHUH BBHIMOJTHEHBI ¢ OmMMOKaMu. be3ommbo4yno BemoaHeHO 80-89
% BCeX 3a/laHUM.

— «Y IOBIETBOPUTEIIBHO» - HEOOXOJMMBIE YMEHHS B OCHOBHOM C(OPMHPOBAHHI,
OOJIBIIMHCTBO 3aJIaHUH BBIMIOJIHEHO, HEKOTOPHIC W3 BBITOJHEHHBIX 3aJaHHA COJEPIKAT OIMHOKH.
Besommbouno BermonneHo 70-79 % Bcex 3amaHuii.

- «HeynoBneTBOpUTENBHO» - TEOPETHUECKOE COJIepKaHne Kypca HE OCBOCHO, HE00XO-
JTUMBbIE YMEHUSI He C()OPMHUPOBAHBI, BHIMOJHEHHBIC YUEOHBIC 3aJJaHUs COJCPIKAT IPyOble OMUOKH.
Besommbouno BeimonneHo menee 70% Bcex 3agaHui.

Tema 6. Teopus npenenon
IIpakTnyeckasi pabora Ne 8

HccaenoBanue pyHKIMil HA HENPEPHIBHOCTH U TOYKHU Pa3pbiBa

Heanb: HayuuThcs HAXOAWUTh TOYKH pa3pbiBa (DYHKIHHA, ONPEENsATh WX PO, HAXOIHUTh
ACUMIITOTHI IpauKOB (PYHKITHH.

Beimosinue padory, Bl Oyaere:

ymemb:

- HCCIIeI0BAaTh (DYHKIIMU HA HENPEPHIBHOCTD;

- HaXO/IUTh TOYKH pa3pbiBa, ONPENENATh UX POJ;
- HaXO/IUTh ACUMIITOTHI.

MarepuanbHoe ofecnevyeHue: WHIUBUAYyATbHBIE 3aJaHUS, KOHCIEKTHI JIEKIHN, Tabmuia
MIPOU3BOIHBIX.
3aganue:

HccnenoBaTh (QpyHKIMKM Ha HENIPephIBHOCTh. HaliTH TOUKM pa3phiBa U ONpeaenuTh Ux poJ. Haiitu
ACUMIITOThI (DYyHKITHH.
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l) y= 2 +3.

¥’

ox® —Ax—30
2 y="5

Kparkue TeopeTuueckue cBeJleHH:
Toukamu pa3pvléa )ynKyuu HA3BIBAIOTCS TOUYKH, B KOTOPHIX HAPYIIAETCS YCIOBHE HEMPEPHIB-
HOCTH (PYHKIIWH.
Bce Touku pa3pbiBa GyHKIUH pa3fesstoTcs Ha TOUYKU Pa3phiBa MEPBOTO U BTOPOTO POAA.
Touka paspeiBa X, Ha3BIBACTCS MOUKOU pa3pwiéa nepso2o pooa GyHKIMU y = f(X), eciu B ITOH
TOYKE CYIIECTBYIOT KOHEUHBIE Ipeebl ()YHKIINHU CIIeBa U CIIPaBa, T €

lim f(x)=Am lim f(x)=A,. IIpusrom: eciu A; = A,,TO TOYKa X, HA3BIBAETCS TOY-
x—x9—0 x—x9+0

KOW YCTPaHMMOTI'O pa3pbiBa; €CIMA; # A,, TO TOUKa X Ha3bIBAECTCA TOYKOW KOHEYHOI'O pa3pbl-
Ba.
Touka paspeiBa X, Ha3BIBACTCS MOYKOU paszpviea 6mopoz2o pooa GyHKIMH y = f(x), ecau 1o
KpaiiHell Mepe OJJMH U3 OJHOCTOPOHHHX IPE/EIOB HE CYIIECTBYET UM PABEH OECKOHEUHOCTH.
Acumnmomoit cpagpuka @hynxkyuuy = f(x)Ha3plBaeTcs Npsimasi, o0iajgaromniasi TeM CBONCTBOM, YTO
paccrosaue oT Touku(x: £(x)) 10 5TOM NPAMON CTPEMHUTCS K HYJIIO I[P HEOTPAaHMIEHHOM yIaICHHH

TOYKH rpaduka oT Hayajga KOOPAUHAT.

[Ipsimast x = a Ha3bIBACTCA 8epMuUKAIbHOU acumnmomot Tpaduka QyHKIUUA ¥y = f(x), eciau
XO0TsI ObI OJTHO M3 TIPEACTbHBIX 3HAYCHUH lim, ., g fi(x) waw lim,_ .. f(x) paBHO —00 UM +00 .

3ameuanue. llpsmas x = a He MOXET OBbITh BEPTUKAIbHONM AacUMNTOTOM, eciu (QyHK-
1[Ms HENpepbhIBHA B Touke x = a. [lo3TOMy BepTHUKallbHbIE aCHUMIITOTHI CIEAYyEeT MCKaTh B TOYKaX
paspbiBa (pyHKITHH.

[Ipsimast y = b Ha3bIBAaETCA 20puU3oHmManbHou acumnmomotu rpaduka QyHKIuu v = f(x), ecnu

XOTs1 ObI OTHO U3 MPEACIbHBIX 3HAYCHHM lim, o, f(x) wm lim,_.__. f(x) paBHo b.

3ameuanue. ['paduk QyHKIUU MOXKET UMETh TOJIBKO MPaByI0 MOPU3OHTAIBHYIO aCUMITOTY
WJIH TOJIBKO JIEBYIO.

[Ipsimast ¥ = kx + b Ha3bIBACTCS HAKTIOHHOU acumnmomotl rpapuka byHK-

unn ,eciu lim, | f(x) — kx — 5| = 0

fl.‘l.'l

Ecmu s dyHkmum vy = f(x) CyHIECTBYIOT TIPEAEIIbI lim.\.‘—-l‘:T = k ulim,_.(f(x) —kx)=b, TO
(GYHKIUS UMEET HaKIIOHHYIO aCUMIITOTY ¥ = kx + b Tpu x — 0,

IHopsaok BbINOJHEHNS PA0OTHI:

1. Haiiti obnacth onpeaeneHus GyHKIMU U BBISIBUTh TOYKU pa3phiBa.

2. Haiitu acumMOTOTHI (DyHKIUH.

Xoa pa0doThi:
Uccnenosats (GYHKIUIO HA HEMPEPBHIBHOCTh. HaliT acuMOTOTH (PyHKIIUU.

2
yY=a
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O6nacts onpenenenus GyHkuuu D (f) = (—wo; 1) U (1; +00)

Touka x = 1 gBysieTcsl TOUKOM pa3pbiBa 2 poja, T.K.

B x° 1 . x° 1
limy o= = || = —®limpy o< = || =+
LX—i u! LX—i U

[Ipsimast x = 1 — BepTUKaJbHAs AacUMNTOTa (YHKIMH. YpaBHEHHE HAKIOHHOW aCHMIITO-
Thl UMEET BUJ ¥ = kx + b .

L= 1 fx) ’ x° ’ x " 1 L
= _ri-mx(lr—E:Ix_rl—-rI:»]:Ex:—Ex_rl—-Te7_;_2
T ox
b x’ 1 . ox(x—1) | x"—x+x . x . 1 1
Tam=\2x—2 2°) xt= 2m-—1) o= 2(x—1) a==2(x—1) ==, 2 2
T ox

®opma npeacTraBieHUus pe3y/abTaTa: BbIIIOJHEHHAs paboTa.

Kpurtepun ouenku:

- «O1nu4HO» - yMeHusi cOpMHUPOBAHBI, BCE 3a/laHUSI BBIMOJIHEHbI NMPaBUIIbHO, 0€3
aprupMETHYECKUX OMHUOOK, pemeHne 0hOpPMIICHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHUSIMH.

- «Xopomio» - HEKOTOpble YMEHHs c(hOpMUPOBAHBI HEJOCTATOYHO, BCE 3aTaHUS BbI-
MTOJTHEHBI, HEKOTOPBIC BUIBI 3aJJaHUI BBITIOJIHEHBI ¢ omuOKkaMu. bezommbouno BemonHeHo 80-89
% Bcex 3aJIaHui.

- «Y IOBIETBOPUTEIIBHO» - HEOOXOJMMBIE YMEHHSA B OCHOBHOM C(OPMHPOBAHHI,
OOJBITMHCTBO 3aJaHUM BBHITIOJIHEHO, HEKOTOPHIE M3 BBITIOJIHCHHBIX 3aJaHUN COJEp)KaT OIITHOKH.
Besommbouno BermonneHo 70-79 % Bcex 3amaHuii.

- «HeynoBIETBOPUTEIBHO» - TEOPETHUECKOE COJIEP)KaHNE Kypca HE OCBOCHO, HE00XO-
JTUMBbIE YMEHUSI He C(POPMHUPOBAHBI, BHIMOJHEHHBIC YUCOHBIC 3aJJaHUs COJCPIKAT IpyObIe OMIMUOKH.
Be3ommbouno BeimonneHo menee 70% Bcex 3aaHui.

Tema 7. AuddepenunajbHoe HCHHCTIeHHEe (PYHKIMU OHOI JeCTBUTEIHLHOM NepeMeHHOM
IIpakTuyeckasi padora Ne 9

Beruucienne npou3BOAHBIX CJI0KHBIX PyHKIIMI

Hean: Hayuntbcs HAXOUTh IPOU3BOIHBIE CIIOKHBIX (DYHKIIHIA.

Bemmosanue padory, Bl Oyaere:

ymemb:

- IPUMEHSATH NpaBuiia 1upGepeHIIMPOBAHNS;

- HaXO/IUTh MPOU3BOJIHBIE CIOKHBIX (DYHKIIHH.

MatepuanbHoe ofecrieyeHMe: WHIMBHyaJbHbIE 3a/JaHUS, KOHCIEKTHI JIEKIMH, Tabiauma
IIPOU3BOIHBIX.

3aganne:

Haiitu npousBoHble GyHKIUI
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1. y=(5x%-2x)"

2. flx) = 3sin(2x —3)
3. flx) = arcsindx + arccosx
4
5

Flxd =logs (7x*—5x* + 1)
—
f{x] ::{n |L+EDEI

W L-cosx

HOpﬂIlOK BbIITOJTHCHHUA paﬁDTI)I:

1. Onpenenure Bua ¢ynkuuu. Ecnu QyHKIMS SBISETCS CIOXKHOW, TO BBEIUTE MPOMEKYTOU-
HBIN apryMeHT.

2. Ompenenute, KakuMu npaBwiamu auddepeHnnpoBanusi Hy>)KHO BOCIIOJIb30BaThes. [Ipume-

HUTE COOTBETCTBYIOIIEE IIPABUJIO.

Wcnonb3ys Tabnuily Npou3BOIHBIX, HAMIUTE MPOU3BOAHbBIE (QYHKIIU.

4. Packpoiite CKOOKH U MPUBEAUTE MOJOOHBIE, €CJIU ATO YIPOCTUT 3aMUCh (DYHKIIUH.

w

Xoa paGoThI:
Haiitu npousBoHbIe PyHKITHI:
1. glx) =(1-4x¥)®

QDyHKIHSA SBISAETCA CIOXKHOM CTENEHHON. BBeeM NMpomMeXyTOUHBIA apryMeHT u =1 —4x~. Jlia
nuddepeHIpoBaHUs HYXKHO BOCIONB30BaThCs (GopMyston (u™) = nu"t - u

)

¥y = 10(1 —4x%) (1 —4x%) =10 (1 — 4x*)%(—8x) = —80x(1 — 42%)
2. flx) = sinéx - cos 2x

OyHKIMS NpeacTaBiseT co00il MpousBeneHue ABYX CIIOXKHBIX TPUTOHOMETPUYECKHX (DYHKUIUH.
[TosTOMy cHauama Bocmoab3yeMcs nmpaBuiioM auddepeHupoBanus (U - l’j' =UV+Uuv

. 1 |
flx) = {sin;x ~cos 2x) = (sin ;x] cos2x + sin ;x{cus?x]

) o 1 o
BBeneM mpoMexyTOUHbII apryMeHT: JJ1s IepBOM PYHKIMH 4 = - x, JJIs BTOPOM PyHKUIUU u = 2x,

[Ipu muddepeHupoBaHuN HCIIOJIb3YEM cieayronme bopMyJIBI:
{sinu]' = cosu-u,(cosu) = — sinuu.

L 1 1 ) ,
flx) = {sin;x ~cos 2x) = (sin ;x] cos2x + sin ;x{cus?x]
1 1 1 i A | 1 1
=ros—x-|—-x| - c052x+sfn—x-{_—sfn2x] ' {_2_7:] = —ros—Xxcosdy — 25in — x - sindx.
2 2 2 2 2 2

AdX+5T"

3.v=

Ioga (3+10x)

OyHKIUSA OpeacTaBisieT co00i 4YacTHOE JABYX CIHOXHBIX (QyHKUuH. [loaToMy cHauana BOCIOJNb3Y-
L U V-1

ri

U
eMCst paBUIIOM b depeHIpOoBaHHIs (1_) -
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(2457 Y - log, (3 + 102) — 2545 - (log, (3 + 10x))’
(log, (3 + 10x))°

y =

BBenem mpoMeXyTOYHBIH apryMeHT: Jjsl MepBOM (QPYHKIUHM u = 3x + 5x%, JUI1 BTOPOH (YHKIHU
u =3 + 10x,

IIpn mudpepennrpoBanru UCTIONB3YEM ClIeayromue GOpMyIIbl: (a*) = a“Ina - o, (log, u)' =

Bl h 3 . 2 E L
, I:-f'f-il'fill.]h:i {3+ 1:_-,_-}_:-‘1'-1!1'3 -']=33'3+1:I”I 2AFI a | 3.‘!.'+5.'l.":|']=§,'._3+l:.1‘:'—2‘“ e m|3+l:xl'
:I - |]=gl,|.1+1:.'l.'||i - lo= |.1+].:.'l.'||i -

ez
110

L3+ M) in

el anyd
2T 234+ 10x) I, (34 10x) -2

|:|=_gl,|.'|+1:.'l.'||;I

4, f':x] = arcsin E.r + arccosdx

DyHKIWSI IPE/ICTABIISET CO00M CyMMY JIBYX CIIOHBIX OOpAaTHBIX TPUTOHOMETPUUECKUAX (DYHKIIHIA.
ITosToMy cHayaja BOCHOJIb3yeMcs npasuiioM auddepenuupopanus (U +V) =1 + V.

flx) = (nrcsfng.r) + (@recossx)’

) ) 3 )
BBeneM mpoMexyTOYHBIN apryMeHT: [Tl HEPBON QYHKIMH = %, JUIst BTOPOH DYHKIHH u = 5x.

[Ipn nncbcpepeHquOBaHHH HCITOJIB3yEM cienyromue bopMyIIBI:
'I::nrcs:'nu}'= ‘ {nrcc‘usu] =
v1-u? \.-'l—u-
f'[.r} = (nrcstn .r) + (arccosax)'= .ﬁ( ) '[5.::} |I1_ PR T
LgFd . TR

5. flx) = arccosy1 — ™

OyHKIUS SIBISETCA CI0XKHOM 00paTHON TPUTrOHOMETpUYECKO. BBe1eM mpoMeKyTOUHbIN apryMeHT

=

—
u =1 —e>. Jlna muepeHMpoBanus HYKHO BOCIIONB30BaThes GopMynoi  (arccosu) ' = -

7 (x) = (arccosv1 — & }I =_ ﬁ (1=F).

[IpoMexyTOUHBIN apryMeHT SIBJISIETCS TaK)Ke CII0KHOHN QyHKIMe. BBeneM u s Hero HOBBIN IPO-
MEXYTOYHBII apryMeHT u =1 —e~*.

Jia muddepeHnnpoBanus Hy>KHO BOCIIOIb30BaThCsl POPMYIIOit

£ @) = (arccosVT=) = -7 (VI &) = - i (1= ) =
y 1—(1—8=") =

v 1-1485% 2v1l-s
1 1

e {:_291.} =

g% Iyl —gr W 1l—ger
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®opma npeacTaBieHUs pe3yJabTaTa: BRIIOJHEHHAs padoTa.

Kpurtepuu onenku:

—  «OrnuyHO» - yMeHHus COPMHPOBAHBI, BCE 3aJaHUs BBIMOJIHEHBI MPAaBUIBHO, 0€3
apudmeTnyeckux omuboK, pereHne oPopMICHO aKKypaTHO, ¢ HEOOXOJUMBIMUA 000CHOBAHUSIMHU.

—  «Xopomio» - HEKOTOpblE YMEHHUsI c(hOPMUPOBAHBI HEAOCTATOYHO, BCE 3aJaHUS BbI-
MOJTHEHBI, HEKOTOPBIE BUBI 33/1aHUI BBIOJIHEHHI ¢ ommoOKkamu. besommnbouno BemonaeHo 80-89
% Bcex 3a/1aHui.

—  «YOBJIETBOPUTEIBHO» - HEOOXOAWMBIE YMEHHS B OCHOBHOM C(HOPMHUPOBAHEI,
OOJIBIIMHCTBO 3aJaHUI BBIIIOJHEHO, HEKOTOPHIE M3 BBIMOJHEHHBIX 33JaHUN COAEP)KAT OIIMOKH.
be3zommbouno BeImosHeHO 70-79 % Bcex 3aganHuii.

—  «HeynoBneTBOpUTEIHHO» - TEOPETHUECKOE CO/IEPKaHNE Kypca HE OCBOEHO, HE00XO-
JMMble YMEHHSI HE C()OPMUPOBAHBI, BHIIOJHEHHbIE YUeOHBIE 3a/1aHUsl COJIEPKAT IPyOble OLINOKU.
be3zommn6o4yHo BeinoaHeHo MeHee 70% Bcex 3aaHui.

Tema 7. uddepeHunajbHOe HCHHUCTICeHHE PYHKIMU OJHOI AeCTBUTEIbHOM NepeMeHHOM
I[IpakTnueckas padora Ne 10

HccaenoBanue pyHKIuii 1 mocTpoeHue rpapukos.

Heanb padorbl: Hayuntses uccnenoBath QyHKIMU U CTPOUTDH IpaUKKU QYHKIIHH.

Boinosinus padory, Bel Oynere:

ymemp:

- IPOBOJUTH MCCeoBaHNEe (QYHKIUI C TOMOLIBIO0 TPOU3BOTHOIM;

- CTpouTh TpaduKu HyHKIIHM.

MarepuajibHoe o0ecnieyeHue:

NnnuBuayanbHble 3aaHus, Ta0IMa TPOU3BOAHBIX, KOHCIEKTHI JEKIUH, Y4EOHUKH.
3aganue:

HccnenoBath QpyHKIMIO MO 00LIEH cXeMe U MOCTPOUTD €€ TpadukK:

1. filx) = 5% — 325,

2. flx) =

X
x4’
Kpatkue TeopeTuueckue cBeJeHH:
Oowan cxema uccineoosanusn QynKyuil.
1. Haiitu obnacts onpenenenust pynkiuum D (y).

2. Haiitu (eciu 9TO He BBI3BIBAET 3aTPYIHEHHUI) TOUKH MEpeceUeHus rpaduka ¢ OCIMU KOOP-
mauHat (pu X =0 u ipu y = 0).

3. HccnegoBathb (byHKI_II/IIO Ha NCPUOJUIHOCTD, YETHOCTDb U HCYCTHOCTD.

42



4. HaiiTu MHTEpPBAJIbI MOHOTOHHOCTH, TOYKH SKCTPEMYMOB U 3HaYCHUsI (PYHKIIUH B ITUX TOY-
Kax.

5. Haiitu mHTEpBaIBl BBITYKIOCTH (BOTHYTOCTH) U TOUKH Neperuda rpaduka GyHKIuu.
6. Haiftu acuMntoTsl rpaduka QyHKIUH.

7. HaliTu TOTIOTHUTENIBHBIC TOYKH U TTIOCTPOUTH I'pauK 10 pe3yIbTaTaM UCCIICIOBaHUS.
8. Haiitn 06macTb 3HaYCHUH.

Anzopumm HaxoHcOeHUA IKCMPEMYMOE PYHKUUU U UHMEPBATI0E ee MOHOMOHHOCHU C
HOMOULbIO NEPBOIL NPOU3BOOHOIL

1. HaiiTi o0Onactp onpeencHus: GyHKIMA ¥ HHTEPBAJIbI, HA KOTOPBIX (DYHKIIMS HEMPEPhIBHA.
2. Haiitu npousBoanyto dynkmuu f '(X).

3. Haiiti kputnyeckue Touku ¢pyHkimn Y = f (X), T.e. TOuKH, MpuHAIeKAIHE 00JIACTH OITpe-
neneHus: pyHKIMHU, B KOTOPBIX pou3BoaHas f'(X) oOpariaeTcs B HyJb M HE CYLIECTBYET.

4. UccnenoBath Xxapakrep nu3MeHenus: Gpyukiu f (X) u 3Hak npousBoaHoii f '(X) B mpoMexyT-
KaX, Ha KOTOpbIC HalICHHbIC KPUTUYECKHE TOYKH JCNAT 00JacTh onpeaeneHus Gpynkmuuu y = f ().

5. OTHOCUTENIBHO KaXKJI0M KPUTUUYECKOW TOYKH ONPENIETUTD, SBIISIETCS JI OHA TOYKOW MaKCH-
MyMa, MUHAMYMa WJIH HE SBIISIETCS TOYKOW SKCTpEMyMa.

[TomHM: KpUTHYECKash TOYKA Xo €CTh TOUKAa MMUHMMYyMa, €CJIM OHa OTJAEJSET MPOMEXKYTOK, B
koTopoM f '(X)<0, oT mpomexyTka, B kotopoMm f'(X)>0, u Touka MakCHMyMma - B IPOTHBHOM ClTydae.
Ecnu xe B coceqHUX MPOMEXKYTKAX, PA3ACICHHBIX KPUTUYECKOU TOYKOM Xo, 3HAK MPOU3BOAHON HE
MEHSETCS, TO B TOUKE Xo PYHKIMS SKCTpEMyMa HE UMEET.

6. BoruncnuTh 3HaueHus QyHKIUU B TOYKAX SKCTpEMyMa.

7. 3amucaTh pe3ysbTaT UCCeloBaHUS (PYHKIHU: MPOMEKYTKH MOHOTOHHOCTU M IKCTPEMY-
MBI.

Anzopumm Haxoxcoenusn 6blNyKiocmenl YPyHKyuu u mouex nepecuoa:

1. Haxoaum BTOpPYIO MPOU3BOIHYIO.
2. HaxomuM TOYKH, B KOTOPBIX f (x) = 0 MM He CYyLIECTBYET.

3. MHccrenyem 3Hak BTOpOW MPOM3BOJHOM CJIEBa U CIIpaBa OT HAWJCHHBIX TOYEK H Jie-
JlaeM BBIBOJ] 00 MHTEPBAJIAX BBIYKIOCTH M O HAJTMYMH TOYEK TIepernoa.
4. Haxoaum 3HaueHue QyHKIIMHU B TOUKaX Meperuoa.

Acumnmomaul.

Acumnmomou epaguxa ¢ynkyuuy = f(x)Ha3bIBaeTCs NpsAMas, 00JalaroIias TeM CBOMCTBOM,
YTO paccTosHUe OT TouKu(x; f(x)) 10 STOH TPAMOIi CTpEMHUTCS K HYJIO IPU HEOTPAHMYEHHOM yJIa-
JICHUU TOYKH rpaduka oT Hayaua KOOpIUHaT.

[Ipsimas x = a Ha3BIBAETCS 8epmuKalbHou acumnmomoti rpaduka QyHkuuu ¥ = fix), ecnu
XOTsl OBl OJTHO U3 MPEAENbHBIX 3HAYSHUH lim, g f(x) umu lim,_ .y f(x) paBHO —0tomnH +00.
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3ameuanue. [Ipsimass x = a HE MOXeT OBITh BEPTUKAIBHOM aCHUMITOTOH, ecian (yHK-
LIAs HETIPEpbIBHA B TOYKE ¥ = a. [I03TOMy BEpTHKaIbHBIE ACUMOTOTHI CIEAYET MCKAaTh B TOYKaX
paspbiBa QyHKIUH.

[Ipsimast ¥ = b Ha3BIBACTCS 20pU3OHMANLHOU acumnmomot Tpaduka QyHKIMH ¥ = fix), eciu

XOTs OBI OZTHO U3 MPEAEIbHBIX 3HAYCHUN limy_ o f(x) wm lim,.__. f(x) paBHO b.

3ameuanue. ['paduk QyHKIHMH MOXET MMETh TOJBKO MPABYIO TOPU3OHTAIBHYIO aCHMIITOTY
WM TOJBKO JIEBYIO.

[Ipsimast y = kx + b Ha3bIBaCTCS HAKIOHHOU acumnmomotl Tpaduka pynkuun y = f(x),
ey lim, | f(x) — kx —b| = 0

Ecrm mns QyHKIEM ¥ = f(x¥) CYIIECTBYIOT MPENENHI lim, ,— = k nlim_.(f(x) — kx) = b, TO
x

(GYHKLMS UMEET HAKJIIOHHYIO aCUMITOTY ¥ = kx + b TIpH x — @,

IHopsinok BbINOJIHEHHS PA0OTHI:

1. IlpoBectu ananu3 3a1aHHON (DYHKITHH TI0 OOIIIEH CXeMe.
2. IloctpouTts rpaduk GyHKIUH.
Xox pa0doThI:

HccnenoBath GyHKIIUIO M IOCTPOUTH €€ rpaduK.

¥

y¥=

-2
1. O6nacte onpenenenus Gyukun D(f) = (—co: 1)U (1; +0)
2. Ilpu nmoxacranoBke 3HaueHus x = 0 moayumm y(0) =0,

Takyro ke TOUKy MOJy4yuM, €cii MpupaBHaeM (YHKIHIO K Hym0. Touka ¥ = 0 - ¢ IMHCTBEH-
Hasl TOYKa MepeceyeHusl C OCIMHU KOOPAUHAT.

3. IIpoBepsieM (pyHKITHIO HA YETHOCTD

ylox) ==X

—Ix-2 2x+2

yl—x) = ylad: y(—x) = —v(x),
I/ITaK, (byHKHI/IH HHU 4YC€THAaA, HU HCUYCTHAA, HCIICPUOAUYICCKAs.

4.[[.]'[51 OTBICKAHUS MHTCPBAJIOB MOHOTOHHOCTHU BBIYHUCIISAAEM IIEPBYIO IIPOU3BOJHYIO (pYHKHHH

o 2x(2x —2) =2 4xt —4x — 20 2xt —4x

Y T T e —2f T @x-2F  (2x-2)

44



[TpupaBHHBas ee K HYJIIO, TOJyYUM KPUTHUECKUE TOUKU x = 0: x = 2. OHM pa30uBaIoT 00J1acTh
OIIpEACIECHHU Ha CIAEAYIOIINE UHTEPBAIIBI MOHOTOHHOCTH ((—o2: 0 U (0: 1)U (12} U (21 +00)

Hccnemyem nmoBeneHne MPOM3BOAHOM CI€Ba U CTIpaBa OT HANAEHHBIX TOUEK Pa3OUCHHUS.

I'padmyaeckn nHTEPBAIBI MOHOTOHHOCTH OYIyT NMETh BH/T

.
o NN

0 1 2

\ 4

Uccnenyemas GpyHKIHS Bo3pacTaeT Ha MHTepBaiax (—oe; 0} U (2; +e2) u yObIBaeT (0; 1) U (1; 2],
5.Touka x =0 TOYKa JOKAIBHOIO MAKCUMyMa, ¥ = 2 — JIOKAJIbHOrO MUHUMyMa. Haiinem 3Ha-

uenue GpyHkuuu v, =0y, . =2

6.. JInst OThICKaHUS! MHTEPBAJIOB BBIMYKJIOCTH HAlJIEM BTOPYIO MPOU3BOIHYIO

G-y -2-@F -4-2@-2p02 8 8 1
= (2x - 2)* T 2x-2°  8x-1) (x-1)3

Takux HHTCPBAJIOB HET, IIOCKOJIBKY BTOPAA IMMPOU3BOAHAA HE MPUHUMACT HYJICBBIX 3HAa4YeHU! B
00JacTu ompeeneHusI.

7. Ilpsimast x = 1 — BepTUKaNbHasE acUMOTOTa (YHKIUH. YpaBHEHHE HAKIOHHOM acHUMMTO-

Thl MMECT BUJ, v = kx + I,

k=1l fex) li i li = li ! .
Ta= _mex{E_r—2:|.r_x|'—-rr=»]=2x:—2.r_xl—-r£7_;_2
Tox
. x° 1 . —x(x—1) . —xtx . x . 1 1
bEiml 2 )T iR Tty R e _}ﬂm‘}ﬂ?_;‘i
Toox

8.Ha ocHoBe mpoBeIeHHOT'O aHalln3a BBIMOIHIEM MocTpoeHue rpaduka ¢yHkiuu. J{us sroro
CHayaja CTPOMM BEPTHKAJIbHbIC U HAKJIOHHBIE aCUMIITOTHI, 3aT€M HaXOJIUM 3HaueHHe (YHKINH B

HCCKOJIBKHUX TOYKaX W I10 HUX ITPOBOAHUM ITOCTPOCHUC.
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y=(x+1)/2

®opma npeacTaBiaeHUus: pe3yabTaTa: BbIIIOJHEHHAs padoTa.

Kputepuu onenku:

— «O1mu4HO» - yMeHHus c()OPMHUPOBAHBI, BCE 3aJIaHUS BBITOJHECHBI MPaBUIBHO, 03
apupMeTHYECKUX OMUOOK, pemieHne 0hOpMIICHO aKKypaTHO, C HEOOXOJUMBIMU 000CHOBAHUSMH.

— «Xopomio» - HEKOTOpble YMEHHsI c(hOpMUPOBAHBI HEJOCTATOYHO, BCE 3aaHUs BbI-
MTOJTHEHBI, HEKOTOPBIC BUBI 3aJIaHUH BBHIMOJTHEHBI ¢ OommMOKamMu. be3zommbouno BeimoiHeHO 80-89
% BCeX 3a/laHUM.

— «Y IOBJICTBOPHUTEIHLHO» - HEOOXOJMMBIE YMEHHS B OCHOBHOM C(OPMHPOBAHEI,
OOJIBIIMHCTBO 3aJIaHUH BBITMIOJTHEHO, HEKOTOPHIC M3 BBITOJHECHHBIX 3aJaHH COJEPIKAT OITHOKH.
bezommbouno BrImoHEHO 70-79 % BCex 3amaHui.

- «HeynoBneTBOpUTENBHOY» - TEOPETHUECKOE COJIEp’)KaHne Kypca HE OCBOEHO, HEOOXO-
JTUMBbIE YMEHUSI He C()OPMHUPOBAHBI, BHIMOJHEHHBIC YUEOHBIC 3aJJaHUs COJACPIKAT IpyOble OMMUOKH.
Be3ommbouno BeimonneHo menee 70% Bcex 3agaHui.

Tema 8. UuTerpasibHoe ucuucjieHue PyHKIMHU OJHOM AelCTBUTEIbLHOM MepeMeHH Ol
IIpakTnyeckas padora Ne 11

HNuTerpupoBanue pa3jiMyHbIMH MeTOJAMHU

Heab padorbl: Hayuntbes nnTerpupoBath (GyHKIMH, UCIIONb3YS pa3IMYHble METOAbI UHTE-
IPUPOBAHHUSL.

Beimosinue padory, Bl Oyaere:
ymemb:

- HaxXxOIUuTb HCOIIPCACICHHBIC HHTCTpPAJIbl MCTOAOM HCIIOCPCACTBCHHOI'O HHTCIPHUPOBAHMA,
MCTOJOM IIOACTAHOBKU,

- HAXOJJUTh HEOTIpEIeNICHHbIE UHTETPAJIbl METOJOM HWHTETPHUPOBAHUS IO YACTSIM.
MarepuajbHoe obecnedenne:

I/IH,[[I/IBI/I,[[yaJ'IBHBIe 3aJaHusd, Ta6n1/1ua HHTCI'paJIOB, KOHCIICKTBI nexunﬁ, yLIe6HI/IKI/I.
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3aganue:
Haiigute HeonpeeeHHbIe HHTETPAJIbI:

1)f(8x* — 65 + 2x — 3)dx
2) f 3.1"'+2.:.-;—3.1'+? dx
3)I cos(10x — 5) dx

4) [ 3 rdx

hdx

25+16x°

2.,
ITax

2
[1-2x4)

7) J- 2x* —-1.::_— dx-1 dix

e
IHopsinok BbINOJIHEHHS PA0OTHI:

3anucaTh 3a/IaHUE W ONPEACINUTh, KAKUM M3 METOJOB MHTETPHUPOBAHUS HEOOXOJIMMO BOCIIOJb-
30BaThCH.

Ecnau mHTErpam MOXHO HaWTH METOJOM HEMOCPEACTBEHHOI'O MHTETPUPOBAHMS, TO, UCIOJB3YS
CBOICTBa MHTETPAJIOB, MPUBEAUTE UHTETPpaI K TaOIU4YHBIM (popMmynam. [IpounTerpupyiire.
Ecnu nnTerpan Mo>xHO HaWTH METOJIOM MOJACTAaHOBKH, TO BBEUTE HOBYIO IEPEMEHHYI0, Hal U~
te ee quddepenian. [locne BBeACHNS HOBOM MEPEMEHHON 3aJaHHBIA MHTETpajl MPUBOAUTCS K
HOBOMY MHTETpay, KOTOPbIN sABIsSETCA TaOMUuHbIM. Haiinure mnoiydeHHbI nHTErpal. B ciy-
4yae HEONPEAEICHHOI0 UHTErpajga BEPHUTECh K CTAPOU MEPEMEHHOM.

Ecnu unTerpan Henmp3st HAWTH BbIIIEyKa3aHHBIMHU CIIOcO0aMU, TO MPUMEHUTE (OPMYJTy HHTeE-
I'PUPOBaHUSA II0 YACTAM f UdV = UV — f Vdll. DTOT METOJ 3aKJIF0YAaeTCs B TOM, YTO HOJILIHTE-

IpajbHOE BBIPAXKEHUE TMPEACTABISAETCS KaKUM-THMO0 00pa3oM B BHJIE NPOU3BEICHHUS JBYX
comuoxkuteneit Un dV. 3atem, nmocie naxoxaeaus dUu V, ucnons3yiite GopmMyily HHTETPHPO-
BaHUS I10 YaCTSIM.

-Unrerpanst Buna | P(x)edx, [ P(x)sinkxdx, [ P(x)eoskrdx, rne P(X)- MHOrowteH, k- umcio.
VY o6uo nonoxutbl = P(x),a Bce ocTalbHbIC MHOXUTEIH MPUHATH 3a AV,

-UHTerpansl BUIa _]"P{:x}nrcs:'nxdx. _]"P{:x}nrccusxdx. _]-P{:x}{nxdx. _]"P{:x}nrctg_rd_r

[ P(x)arcetgxdx.

VY 106H0 110110KUTh Plx)dx = dV, a ocTabHbIE MHOKUTEIH npuHATH 32 U.

- uTerpansl Buaa f e sinbxdx, f e cosbxdx, rie au buncna. 32 UMOXHO IPUHSTH GbyHKIUIO

U=g%
Xon padorel: Haiitu nHTErpasis:

f 6x*-5%%+3x+4
%2

1) dx
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YroObl HAITH 3TOT UHTETrpPa, HY’)KHO CHadaja MPUBECTU MOIBIHTErPATbHOE BhIpaKEHUE K Tal-
JIUYHOMY BUAy. JlJIg 3TOr0 IPUMEHSEM ITOYJICHHOE JIEJICHUE:!

J‘ﬁﬁ—Sx +3x+=1-

lfl.:r:'1 x4
:+ 7 dx
x
j(ﬁ-x:—5+ +=Lx-=)n’
J‘x:n’x—EJ‘

n’x G . . 4
— xidx = —Sx 4+ 3lnjx|+— 4+ C=2x" —B0x 4+ 3In|x|——+C
x 3 -1 x

+3
15x2dx
2) f(l-X3)4'
9T1oT HUHTCrpal MOXHO HaWlTH C IIOMOIIIBKO METOAA ITOACTAHOBKH. BBCI[CM HOBYIO IICPEMCH-
HYIO.
1-2=t¢
J‘ 152dx | —F)=dtl sy SJ‘ el S5 5 .
T LT “3xtdx=dt |5 | oz T tTdt = — +C=——=+C= — +
(1—x") dt -3t -3 3t 3(1 — %)
x°dx = ——
3
3) J (2 — 4x)inx - dx

OTOT MHTErpajg MOXKHO HAWTH ¢ OMOIIBIO METOJA MHTETPUPOBAHMS 110 YACTSAM, OH OTHOCUTCS
KO BTOPOMY BHJIY, TO3TOMY U = Inx, dV = (x? — 4x)dx.

1 . "
dlU = —dx, V:J‘{x!—‘lx]dx=——2x-
X 4

Hcnonb3ys hopmyity HHTETpUpOBaHUS 110 YACTAM, MOTy4aeM

- x* . x* 11
(¥ —4x)inx - dr=Inx| —= 2+ | - — — 2y |—dx =
4 4 x
x4 3 x4 x4
— 2 = — 2 = — 2yt - —
{m(i- __r) f(q_ __r)n’.r {M(‘l- _.r) Lﬁ-l—.r +C

4) [(x? — 2x)cos4xdx

OTOT UHTErpajl MOKHO HANTH C OMOLIbIO METOJIa MHTEIPUPOBAHUS 110 YACTAM, OH OTHOCUTCS K
NIEPBOMY BUJY, IO3TOMY U = x~ —2x, dV = rosdxdx.

1
U= (2x — 2)dx, V= J‘ cosdxdx = 3 sindx

. . 1 1 i
j{x‘ — 2x)cosdxdx = (x* — Ex} L—}s:’nﬂl-.r — J‘ ‘—1- sindx(2x — E}d.r =
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- 1 1 ) 1., 1 )
(«* — 2x) 2 sindx — Ej sindx(2x — 2)dx = 2 (x? — 2x) sindx — ;j sindx(x — 1)dx =

YtoObl HAWTH OCTABLIMIACS MHTErPaJl, CHOBA MIPUMEHsIEM (POPMYITYy HHTEIPUPOBAHUS IO YACTSIM.

UD=x—-1, dV = sindxdx.

1

dll = dx, V= J‘ sindxdx = — Ecusir

1. . 1 1 1
= E{I- — 2x) sindx — E{{x —1) (— Ecush’} - J‘ -3 cosdxdxy =
> (2 2x)sind ~ 13’(1 4) 1_" 4xdx =
4_:—_xstn.r—2{_x— —5 cosdx +4 cosdxdx =

1. . 1 1
= E{I' — 2x) sindx +§{{x — 1)cosdx) — gJ‘cusq-xrix =

1. . 1 ) 1
= (2 — 24)si ~((x -+ — —si
1 (xf — 2x)sindx + : ((x — 1)(costx) 22° ndx + C

dopma npeaocTaBaeHHus pe3yabTaTa: BBHIIIOJHEHHAs paboTa

Kpurtepun ouenku:

- «OTnu4HO» - yMeHusi cOPMUPOBAHBI, BCE 3aJaHMs BBIIIOJIHEHBI MPaBUIIbHO, 0€3
aprupMETHYECKUX OMHUOOK, pemeHne 0(hOpPMIICHO aKKypaTHO, C HEOOXOIUMBIMU 000OCHOBAHUSMH.

- «Xopomio» - HEKOTOpble YMEHHs c(POpMUPOBAHBI HEJOCTATOYHO, BCE 3aaHUS BbI-
TTOJTHEHBI, HEKOTOPBIC BUBI 3aJJaHUI BBITIOJIHEHBI ¢ omuOKkaMu. bezommbouno BemonHeno 80-89
% Bcex 3aJIaHui.

- «Y IOBIETBOPUTEIIBHO» - HEOOXOJMMBIE YMEHHUSA B OCHOBHOM C(OPMHPOBAHHI,
OOJBITMHCTBO 3aJaHUM BBHITIOJIHEHO, HEKOTOPBIC M3 BBITOJHEHHBIX 33JIaHUN COJEPXkAT OIIUOKH.
Besommbouno BermonaeHo 70-79 % Bcex 3amaHuii.

- «HeytoBIETBOPUTEIIBHO» - TEOPETHYECKOE COJIep)KaHue Kypca HE OCBOCHO, HEOOXO-
JTUMBbIE YMEHUSI He C(POPMHUPOBAHBI, BHIMOJHEHHBIC YUEOHBIC 3aJJaHUs COJCPIKAT IpyOble OMUOKH.
Be3ommbouno BeimonneHo menee 70% Bcex 3amaHui.
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Tema 8. UnTerpanbHoe ucuucjieHne pyHKIMHU OHOM AeliCTBUTEILHOM NepeMeHHOoM
IIpakTnueckas padora Ne 12

Boruncienue ONpeacjJeHHbIX MHTErpaJjioB

Heap padorei: HayunTbcs HAXOAUTH ONPE/IENIEHHBIE NHTErPAJIbl, UCIIONb3YS pPa3InyHbIE Me-
TOABI HHTETPUPOBAHMSL.

Boinosinus padorty, Bl Oyaere:

ymemp:

- BBIYUCJIATD OIMMPCACIICHHBIC MHTCTPAJIBI pa3JIMYHBIMU METOJaMU;
MarepuanbHoe o0ecrieyeHnne:

NunuBuayansHbIe 3aaHUs, TAOIUIIa HHTETPAJIOB, KOHCTICKTHI JICKITUH, YUeOHUKH.
3ananmue:

Brrauciure OIPEACIICHHBIC HHTCT PAJIBI:
1[04 + 327 + 2x 4 Dax

if 1
1 (w’x+—_)dx
W .

i
2

2. [+ —=—

“ Vi3

o~

L'
o e e™ cosxdx
.

iLax
JE' X
sy

o

g SR
IMopsinok BbINOJIHEHHSI PA0OTHI:

1. 3anwucarb 3aaHKe U ONPEAEIUTh, KAKUM U3 METOJOB HHTETPUPOBAHUS HEOOXOAUMO BOCIIOJb-
30BaThCA.

2. Ecnu uHTerpan Mo>KHO HallTU METOJOM HEMOCPEICTBEHHOI'0 MHTETPUPOBAHMUSI, TO, UCIIONIB3Ys
CBOICTBa MHTErpajioB, MPHUBECTH MHTErpan K TaOnuuHbIM ¢dopmynam. [IpouHTerpupoBath.
BoruncnuTh 3HaUeHHE OMpeeNIeHHOro HHTerpaia mno ¢popmyne Hetorona-Jleitbuuna.

3. Ecnu unTerpan MOKHO HaTH METOJOM MOJCTAHOBKH, TO BBECTH HOBYIO NIEPEMEHHYIO, HAUTH

ee quddepennnan. [Tocne BBeneHNs HOBOI MEPEMEHHON 3a/laHHBINA MHTErPajl MPUBOJUTCS K HOBO-
My HMHTErpaiy, KOTOPbIH siBisieTcs TabnuuHbiM. Eciu mHTErpan ompeneneHHbIH, TO HE0OX0IUMO
BBIYHMCIUTH HOBBIE MPEAeIbl MHTErpupoBanus. HailTu momy4eHHbIi HHTErpal.

Xox pabdoThI:

1) 7 (4x%—3x2 +2x + 5)dx
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f:l{:ﬂLxE — 3% + 2x + 5)dx = 4f:1x3dx—Sfjlx:dx+2f_llxdx+ 5f:1 dr=x* — 2% 4 oF £ 523, =
2) 3 -3 43" +5.3-(1+1+1-5)=81-27+9+15+2 =80

J-i-' 4 Sdr

0 a4250f

DTOT UHTErpaj MOKHO HAWTH C TIOMOIILI0 METO/Ia TI0JICTAaHOBKHU. BBe1eM HOBYIO MepeMEHHYIO.

r 5
—x =t
5
-dx = dt
J":'l' Sdx _EJI":'I' dx __1-]"-4 dx _ 2 _
Y ) dx = - dt
i 2 5
Xg = 0ty =10
LXg = 0.4 tE = 1

5 Zgptd _1 1 _ 1L 1 — L1 E_E
=L s :nr‘ctgﬂn = :{nrctgl arctgl) = P
: Eltcrdx
3) "r: cogtx
DTOT UHTErPAJI MOYKHO HAWTH C TOMOIIBIO METO/IA MOJICTAHOBKH. BBEe1eM HOBYIO MEPEMEHHYO.
r cosx =t 7
T deosx = dt -
: —sinxdx = dt ": 1
sinxdx ) —dt 7™ .0 1 . 1 1
_— = sinvdx = —dt = — = — |I:: qu:: ——=2—-05=15
3 a4 o .
n cos®x xg =0ty = cos0 = 1 J t 2 2t 2-025 2
T T 1
g =— itz =ecos—=—
SR B 3 2

dopMma npeacTaBiieHUs pe3yJbTaTa: BbIOJIHEHHas paboTa

Kpurepun oueHku:
- «O1nu4HO» - yMeHusi cOpPMUPOBAHBI, BCE 3aJaHMs BBIIIOJIHEHBI MPaBUIIbHO, 0€3

aprupMETHYECKUX OIMHUOOK, pemieHre 0(hOPMIICHO aKKypaTHO, C HEOOXOIUMBIMA 0OOCHOBAHHSIMHU.

- «Xopouio» - HEKOTOpble YMEHUs chopMHpPOBAHBI HEIOCTATOUYHO, BCE 3aJ[aHMsI BbI-
MIOJIHEHBI, HEKOTOPbIE BUbI 3aJlaHUI BBIMOJIHEHBbI ¢ omuOKkamMu. be3ommubouyno BeimoaHeHo §0-89
% BceXx 3aJaHui.

- «Y IOBJIETBOPUTETILHO» - HEOOXOAMMBIE YMEHHUS B OCHOBHOM C(HOpPMHPOBAHBI,
OOJBIIMHCTBO 3a/laHUi BBIMOJIHEHO, HEKOTOPbIE M3 BBIMOJHEHHBIX 3aJaHUM COJIEp:KaT OLIMOKH.
Be3ommobouno BemmonneHo 70-79 % Bcex 3amaHuii.

— «HeynoBneTBOpUTENBHO» - TEOPETHUECKOE COJIEp’KaHne Kypca HE OCBOEHO, HEOOXO-
IMMble YMEHHUSI He c(OPMUPOBAHBI, BBHIIOJIHEHHbIE Y4eOHbIE 3aaHusl cCOAepkKaT rpyOble OMIHMOKHU.

Be3ommbouno BeimonneHo menee 70% Bcex 3agaHui.

51



Tema 9. ludpepennuanbHoe ncyucieHue PyHKIUH HECKOJIbKHUX
AefiCTBUTEIbHBIX MepeMeHHbIX
IIpakTnueckas padora Ne 13

Beryuciienue 4aCTHBIX IPOU3BOJHBIX H AU PepeHunanoB PpyHKIUI
HECKOJIbKHUX IepeMeHHbIX.
Leas padoTbi: hopMHpOBaHNE YMEHHIA BEIUUCIIATH YACTHBIE TPOU3BOIHBIC U MU depeHIra-
761 QYHKIMNA HECKOIBKHUX TIEPEMEHHBIX.

Boinosinus padorty, Bel Oyaere:

ymemb:

- BBIYMCIIATH YaCTHbIE MPOU3BOIHBIE (PYHKIINI HECKOJIBKUX NIEPEMEHHBIX;

- BBIYUCIIATH JuddepeHnnanbl GyHKIUNA HECKOIbKUX MEePEMEHHBIX.
MarepuanbHoe obecrnieyeHue:

NuuBuayanbHble 3ajaHus], TaOIMa HHTETPalOB, KOHCIEKTHI JIEKIUH, YYEOHUKH.
3ajganue:

1. Haiitu 9acTHBIe TPOU3BOAHBIE PyHKIMI: a)z = e* ™Y - (2x — 1); 0)z = xe”¥ + x7;

B)z = In(vx +/y).

2. Haiitu yacTHbBIE MPOU3BOAHBIE BTOPOTO MOpsAIKa GYHKIUU ABYX MEPEMEHHBIX

z = sin (x + ﬁ).
3. Haiitu nudpepennuan Gynkuuu asyx nepemennsixz = In(1 + e* + y?2).
Kpartkne Teopernyeckue cBeIeHH:

[TycTh MMeeTcss N EPEMEHHBIX BEIMYUH, ¥ KaKIAOMY HAOOpY UX 3HAYCHHH (X, X,, ..., X,) U3

HEKOTOPOr0 MHOXKeCTBa X COOTBETCTBYET OJIHO BIIOJIHE ONpEEICHHOE 3HAYECHHE TIEPEMEHHOM Be-
bl Z. Tora roBopsT, YTO 3a/1aHa PYHKYUSL HECKOLbKUX NEPEMEHHBIX Z = T(X), Xy, ..., X, ) -

HepeMeHHHe X1, X9, ..., X, HA3BIBAKOTCS HE3ABUCUMBIMU NEPEMEHHbIMU WX ap2yMeHmamu, Z —

3a8ucumoll nepemenHoll, a cuMBoi f o3HavaeT saxon coomeemcmeusi. MHOXecTBO X Ha3bIBACTCS
001acmvio onpeoeieHust YyHKyuu.

Yacmmuou npouzeoonoti pynkyuu z = f(x, y) 10 X Ha3bIBAIOT MPOU3BOAHYI0 QYHKIMH z = (X, )
10 X 1p (PUKCUPOBAHHOMN MEPEMEHHOM ) ¥ 0003Ha4a0T f,(X, y).

Yacmuas npouseoonas Gynkyuuz = f(x, y) 1m0 y npu GUKCUPOBAHHON MEPEMEHHOM X 0003Ha-

’
qaercs f)(x, y).
of of
JIJ1s1 9acTHBIX TPOU3BOJIHBIX MCIIOJB3YIOT TAaKXKe 0003HAUCHHS > B R
X

Yacmuvie npouzeoonvie 6mopo20  NopsAOKa  ONPEAENSIOTCS — CIEAYIOUUM  00pa3oMm:
?ft ., oot o*f ., ofof) 8%t ., ofof
vl vl vl e il M Bl el A ME e Bl |
OX ox\ox) oy oyl oy ) oxoy ox | oy
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Juppepenyuanom Gynkumm z=f(x, y) Ha3pIBaeTCS CyMMa MPOHM3BEICHHN YAaCTHBIX MPOH3-
BOJHBIX OTOM (DYHKIMHM HAa IPUPAIICHHS HE3aBUCHMBIX IEPEMEHHBIX 0z = ZJAX+Z Ay MU

dz = zjdx + z,dy W dz :%dx+gdy.
X
IMopsiok BbINOJIHEHNS PA0OTHI:

1. [Tpoananu3upPOBaTh YCIOBHE 3aJIa4H.
2. BBINONHUTE penieHne, MPUMEHSISI HEOOX0IUMBIE (POPMYJIBI.
3. 3amucars OTBET.

Xoa paGoThI:

2
Bamanmwel. HaiiTn wacTHBIe mpowmsBomHble (yHKIMHA: a) z=xy°+5x*-3y+1; 6) z=x%" ; B)

z:XMy+1.
X

Pemenue. a) [Ipu nuddepeHurpoBaHuu Mo X CUYUTAEM MOCTOSHHOM BennunHoM y. Takum obpazom,

0z o o
Zy = = 3x%y° +10x. [Ipu nuddepeHpoBaHny MO y CYUTAEM ITOCTOSHHON BEIMYUHOMN X, CIIE0BA-
X

TENbHO, 7, = a2 _ 5x3y* - 3.
oy

6) [lpu nuddepennupoBaHnn 1O X CUYUTaeM IOCTOSAHHON BenmuuuHoW y. Takum oOpaszom,

0z 2 o o
z; = 2xe’" . Tlpn muddepeHIMpPOBaHNY TI0 ) CYMTAEM MMOCTOSIHHON BEIUYHHOM X, CJIEOBATEIb-

oz 2 2
HO, ), =—=x"’ -2y =2x*ye”

B) Ilpu muddepeHnupoBanny 1O X CUATAEM TIOCTOSHHOW BenWYWHOM y. Takum oOpazowm,
’

oX
CJIEIOBATEIILHO,

Z 1 o o
zy=—=Ihy+ y(;j =hhy- xlz [Ipu muddepeHupoBaHnun MO y CAUTAEM MOCTOSHHON BEJIMUMHOM X,

oz 1, x 1
=—=x(ny) +=-y'==+=.
oy X y X
3ajanue2. Halith uacTHBIE NPOM3BOAHBIE BTOPOTO IOPAAKA (YHKIMH JBYX II€PEMEHHBIX

z=In(l+x+2y).

’

Zy

1 2
Pemenne. YacTHbIC IPOU3BOJHBIC MEPBOrO MOPSAKA MMEIOT BHI: Zy=———, Zy=—"—.
1+x+2y 1+x+2y
Cumras UX HOBBIMH (YHKIMAMH JBYX [EPEMEHHBIX, Hali[leM X YacTHbIe pousBoaubie. [Toyya-
1 2 4
eM: Iy = I = I =
(1+x+2y) (1+x+2y) (L+x+2y)

Bayanue3. Haiitn quddepeniman GpyHKIME ABYX HEPEMEHHBIX Z = X2y — y°X .
Pemenne. YacTHble IPOM3BOJHBIC IIEPBOrO NOPSAJIKA HMEIOT BHI: Z, =2Xy—Y° n z, = x? -3y’

CnegnoBarenbHo, dz = (2xy - y3)dx + (x2 - 3y2x)dy .

®opma npeacTaBieHUs: pe3y/abTaTa: BBIIOJHEHHAs padoTa.

Kputepun onenkn:
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—  «OTrnuyHO» - yMeHHusi cOPMHPOBAHBI, BCE 3aJaHUs BBINOJHEHHI NMPaBWIbHO, 03
apudmeTnyeckux omuboK, pereHne oPopMICHO aKKypaTHO, ¢ HEOOXOJUMBIMUA 000CHOBAHUSIMH.

—  «Xopomo» - HEKOTOpbIE YMEHHUsI c(pOpMUPOBaHBI HEJOCTATOUYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUBI 33/1aHUIl BBIMOJIHEHHI ¢ ommbKkamu. besommnbouno Bemonneno 80-89
% Bcex 3a/1aHui.

—  «YOBJIETBOPUTEIEHO» - HEOOXOAWMBIE YMEHHS B OCHOBHOM C(HOPMHUPOBAHBI,
OOJIBIIMHCTBO 3aJ]aHU BBITIOJIHEHO, HEKOTOPHIE M3 BBHIOJHEHHBIX 3aJaHUH COJEepKaT OUIMOKH.
be3zommbouno BemosHeHO 70-79 % Bcex 3amaHuii.

- «HeynoBIeTBOPUTEIBHO» - TEOPETHUECKOE COJIEpPKaHNEe Kypca HE OCBOCHO, HEOOXO-
IMMbIe YMEHHsI He C()OPMHUPOBAHBI, BBHITIOJTHEHHBIE yUeOHBIC 3alaHMsI COEPIKAT rpyOble OMIMOKH.
Be3ommnbouHo BeInoHeHO MeHee 70% Bcex 3aaHui.

Tema 10. UnuTerpajbHoe ucuncienne GQyHKIUHM HECKOJIbKHX /IeICTBUTEIbHBIX IlepeMeHHbIX
IIpakTnueckas padora Nel4

BoluncieHnne IBOMHDBIX HHTErpajaoB

ean padoTsi: GopMHpOBaHWE YMEHUN BBIYUCIIATH JBOMHBIC HHTETPAIIBI B CiTydae obmactu 1
U 2 TuIma.

Boinosinus patdory, Bel Oynere:
ymemp:

- BBIUUCIISATH IBOMHBIC HHTETPAJIBI.
MarepuajnbHoe o0ecnieueHue: HIMBUTyanbHbIE 3a/laHNs], KOHCIIEKTHI JIEKIIUH.

3aganue:

1. BpucauTh 1BOWHOMN MHTETpAT:

”(12x2y2 +16y3x3)dxdy

a) D ,rmeD:x = 1;y = x%,y = —/x;
| j(sexzy2 —96y°x° Jixdy

6) P ,tmeD: x = 1;y = —x3;y = {x;.

Kparkue TeopeTnueckue cBeleHHS:

JIBoiiHBIM HHTETpasioM OT GyHKIMU z = f(x;y) no obnactu D Ha3pIBaeTCs KOHEUHBIH npeaen (ec-
JIM OH CYLIECTBYET) UHTETPABHBIX CyMM Y. i— f (x;; ¥;)AS; npumaxd; — 0, npuyeM 3TOT mpezaen
HE 3aBUCHT HH OT crioco0a pa30reHus 001acTH Ha 3JICMEHTapHBIC YaCTH, HU OT BHIOOPA TOUYCKB
HuX. MTak, TBOWHOW MHTETPaI ONPEIEIISIETCS PABEHCTBOM

n

|| resyaxay = Jim > reevons

maxd;—0 j=1

B stom ciiyuae ynkius f(x; y) Ha3biBaeTcs uHTErpupyemoit B obsactu D, D- oGnacts unTerpu-
POBaHUs; X U Yy — IEpeMEHHbIE MHTETpUPOBaHust; dxdy — 3JIEMEHT IUIOLIa/IH.
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JIBoliHO# MHTETpa 001aiaeT CiIeayoIUMHI CBOMCTBAMHU.

J' j do=5(G)
1. ©) , te S(G) — momaas obnactu G.

2. TlocTOSTHHBIN MHOXKUTEIh MOKHO BRIHOCUTh 32 3HAK JBOWHOTO MHTErpaja:

”Af (x,y)do = A” f(x, y)do
©) ©) _

3. JIBOiiHO# MHTETpall aJIMTUBEH OTHOCUTEIBHO MOABIHTETPATbHON (DYHKIIUH:

“(f1+ fz)da=”flda+” f,do
(©) (©) .

©)

4. JIBoiHOM MHTETPaJ aiTUTUBEH OTHOCUTEIHHO 00JIACTH MHTETPUPOBAHUS: €CIIU

”) fda:(g)fdm J.;[)fda.

G=G GNG =G [, (G

G2 | npuuem

JIBOMHOM MHTETpa UMEET MPOCTON Fr€OMETPUUECKHUM CMBICI: BEJIMYMHA JBOWHOIO MHTErpajia OT
HEOTPULATENIbHON (PYHKIIMH paBHA 00bEeMY IIMIIMHAPUIECKOTO Tea.

Brrunciienne 7BOMHOIO MHTErpaia
[Tyctb obnacte D onpenensieTcst HepaBeHCTBaMU:

a<x<b
o)<y <plo)
Y TIPH 3TOM, BCsKas Tipsimast, napayuienbHas ocu Oy mepecekaeT rpaHuily 00JacTu

D ne Gonee ueM B IByX Toukax (puc. 1), Tor/1a BEIUUCIEHNE TBOMHOTO HHTETpaja oT (GyHKIIMH
f(x,y) B o6mactu D cBOAMTCS K BBIYMCICHHIO, TAK Ha3bIBAEMOI'0, IIOBTOPHOI'O MHTErpaja 1mo ¢Gop-
MyJe:

b w(x)
I'[f(x,y)dxdyzjdx jf(x, y)dy
D a g% (1)
sz B ¢dopmyne (1) cHauana BeIYUCISIETCS BHYT-
Y \ PEHHUH MHTErpall o MEePEMEHHON Yy, cuuTas

IpU OTOM X BEJIMYUHON  IIOCTOSHHOM
y(x)

f(x,y)dy. 3aTeM BBIYMCIAETCS BHELIHMI
0 a b olx)

UHTETpaJl o MEePEMEHHOH X.

e e,
=\
\

-

Ecnu o0JacTb HHTETPUPOBAHUS ecThb

| c<y<d
D'{g(y)SXé f(y)

U TIPU TOM, BCSIKas MpsiMasi, napaiienbHas ocu Ox
nepecekaer rpanuily obmactu D He Oonee uem B
JBYX TOukax (puc. 2), Torga IBOWHOW HHTErpant
BBIYHCIISIETCS. 4epe3 TMOBTOPHBIM HMHTErpand IIo

bopmyie:

d fly)
” f(x, y)dxdy:J.dy J. f(x, y)dx

f
c aly)



x=f{y)

O X

Puc. 2

3ameuanue 1. Eciin 00:1acTh HHTErpUpOBaHUs 0OJIEe CI0XKHAs, YEM B OIMMCAHHBIX BBIIIE CITYYasX,
TO €€ MOKHO pa30uTh Ha HECKOJIHKO HEMEPECEKAIOIIMNXCS YACTEH, YIOBICTBOPSIIONINX YKa3aHHBIM
YCJIOBUSIM, TIPH TIOMOIIIH MPSIMBIX MapauIeIbHBIX KOOPAMHATHBIM OCSAM. 3aTEM MPUMEHUTH CBOM-
CTBO aJJINTUBHOCTH.

B Hampumep, o6mactb, u300paKEHHYIO Ha

N puc.3, MOXXHO pPa3OuWTh Ha TpPH 00JACTH.
/‘ Torna

I j fdxdy = g fdxdy + I I fxdy + ID I fdxdy

D D,

Puc. 3

3ameuanue 2. [Ipenensl HHTErprpOBaHUs BHEIIHETO UHTETPaJIa B IOBTOPHOM MHTETpaJie BCeraa
noctosiHHbL. [Ipenensl nHTerpupoBaHus BHYTPEHHETO UHTErpaia, B 001eM ciyyae, OyayT QyHKIIH-
SIMU TOH MTEPEMEHHOM, IO KOTOPOM BBIYUCIIAECTCS BHEIIHUN UHTErpall.

Iopsinok BbINOJIHEHHSI PA0OTHI:

1. [Ipoananu3upoBaTh YCIOBUE 3a1aUH.
2. BBIMOIHUTE penieHue, MpUMEHsIs HE0OX0IUMbIE ()OPMYJIBI.
3. 3anucaTs OTBET.

Xox padoThI:

3aganue. BerauciauTe J1BOMHOM MHTErpasl

I I (x—2yx)dxdy ,
D . TIe Dix+y=2, y=x"

Pemenne. O6nacts uuTerpuposanus D orpannuena npsmoii y+ x = 2 u mapabonoil y = x2, mpoxo-
Jd1iel yepes Hayajao KOOpAuHarT, ¢ ockto cummerpur Oy (puc. 4). Onpenenum TOYKH epecedeHus
rpadukoB QyHKUMH. [ TOro pemum cucremy:
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Puc. 4

Nwmeem nBe Touku nepeceueHus: A(—2, 4), B(1, 1). JIlrobas npsimasi, mpoxo/simast uepe3 BHyTPEHHHE

TOYKHM OTpe3ka [—2;1] mapainensHo ocu Oy nepecekaet rpaHuily odiactu D B AByX TOYKax: B TOU-

ke Bxoja "°", B KOTOpoil y = X° U B TOUKe BhIXoja "x", B KoTopoii y = 2—x. Takum 06pazom, 06-
-2<x<1

non

2
<y<L2-
JacTh UHTErpupoBanust D MoXHO 3a7aTh HEpaBEeHCTBaMHU: {X Sys2-x Toraa o gpopmyne (1)
HOJTy4aeM:

2-X

”(x —2yx)dxdy = j.dx I(x —2yx)dy

-2 x?

CHauana BbIYMCIIIEM BHYTPEHHUN HHTETPAJI IO Y, CYUTAS X MOCTOSSHHON BETUYMHOU

v
x

(x—2yx)dy = xzf(l—Zy)dy = x(y— yzlij = x(2— x—(2-x)* -x%+ x“):

XZ

= x(—2+3x—2x2 +x4):—2x+3x2 —2x3+ x5,

<
N

Jlanee BbIUMCIIIEM BHEIIIHUN UHTETPa

1 4 o\
-‘-(—2x+3x2—2x3+x5)dx=(—x2+x3—X—+X—J S S Y
2 6 3
-2 -2
”(X—Zyx)dxdy:Q

OtBeT: D

dopma npeacTaBiieHUs pe3yJbTaTa: BhIIOJIHEHHAs paboTa.

Kpurepum oueHku:

- «Otnu4HO» - yMeHusi cOPMUPOBAHBI, BCE 3aJaHMs BBIIIOJIHEHBI MPaBUIIbHO, 0€3
apudmernyeckux omubOK, perieHre opopMICHO aKKypaTHO, ¢ HEOOXOTUMBIMU 0OOCHOBAHUSIMH.

- «XopolIo» - HEKOTOpble YMEHUs chopMHpOBaHBI HEIOCTATOUYHO, BCE 3aJaHUS BbI-
MTOJTHEHBI, HEKOTOPBIC BUbI 3aJJaHUH BBITIOJIHEHBI ¢ omuOKaMu. bezommbouno BeimosHeHo 80-89
% Bcex 3aMaHuM.

- «YIOBIIETBOPUTETLHO» - HEOOXOAMMBIE YMEHHS B OCHOBHOM C(OPMHUPOBAHEI,
OOJNBIIMHCTBO 3a/laHUi BBHIMIOJTHEHO, HEKOTOPBIE M3 BBIMOIHEHHBIX 3aJaHUM COJEp:KaT OIIUOKH.
Be3ommbouno BeimonHeHo 70-79 % Bcex 3amaHMid.
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- «HeynoBneTBOPUTENBHO» - TEOPETHUECKOE COJIEPKaHNEe Kypca HE OCBOCHO, HEOOXO-
IMMbIe YMEHHsI He c(hOPMHUPOBAHBI, BHIIIOJHEHHBIC yUeOHBIC 3a/laHUs COAEPIKAT TpyObIle OUTMOKH.
Be3ommnbouHo BeIOHEHO MeHee 70% Bcex 3aJaHui.

Tema 11. Teopus psigoB
IIpakTnueckas padora Ne 15

Pasjio:kenue djiemeHTapHbIX GyHkuuii B psa Teitiiopa
Leasn: hopmMupoBaHre yMEHHI pacKiIaJbIBaTh dIeMeHTapHbIe GYHKIUH B psij Teiinopa.

Boinosinus padorty, Bel Oyaere:
ymembp:
packiapIBaTh dJIeMeHTapHble PyHKIUU B psija Teiiopa.

MaTepI/laJIbHOQ o0ecreueHue: WHJIUBUAYAJIBHBIC 3aaHH, KOHCIICKTBI JIeKHI/IfI.

3aganue:
Paznoxute cnenyronme ¢dyHkuuu B psia Tednopa npu 3aJaHHOM HAYaJbHOM 3HAYCHUH apryMEHTa
X0.

a) e*, a=-2;6) 3>, a=-1;8) In(3+2x), a=1.

Kparkue TeopeTuueckue cBeIeHH:

Ecimu ¢ynkmus f(x) B HEKOTOPOM HHTEpBaJC PACKIAIABIBACTCSA B CTEIICHHOW Psj MO CTEIe-
HIM X — a, TO 3TO pasioxeHne CTUHCTBCHHO u 3aj1aeTcs bopmyToii:

F :ﬂaﬂ@ x-a) +f2>i|a) (x—a)’ +_f”’3(|a;. (x—a) +...+_fm:iﬂ)
. ' : sl

(x—a)™ + ...

Psnpr Teitmopa HEKOTOPBIX 3JIEMEHTApHBIX (yHKIHH. IMEIOT MECTO ciemyrone pas3ioxe-

HUS:
e =1+—+ - + - +--+ o + (oo, o0
' TR pl T TETEE
- 21
sz =12 — =+ —— o+ (1) ——— | el w)
al " 5l v (2n —1)! ’
r2 1‘4 1\2.'3
s = ] — — 4+ — — ... (—1" = -
COs O 1 BT +—l' + 1_I |"2,r.l:|:+”“ xel:m,m:]
3 8 2n—1
X x X
arctg r =& — — 4+ — — - -~ 4 (—1)7"1 ~1:1
- T3 R rebul]

58



. . .1‘2 J\S ) 1 rn
In(l+x)=x— T+T_ + (=1 T+ xel-1;1]

Ot GOpMyJBl UCHONB3YIOTCS IS NPUOMMKEHHOTO BBIYMCICHUS 3HAYEHUH YKa3aHHBIX
(byHKIHH.

IMopsnok BbINOTHEHHUSI PA0OTHI:
1) Haiiti npousBoanbie GpyHkimu f(X) B Touke x =a: f (")(a), vneN.
SC
2) CoctaBuTtsb psg Teitnopa Z—'(X - a) .
o It

Xona pa0doThI.

Fix)=x 4+4x° 3242

3aganue 1. Pa3znoxuTs QyHKINIO B psp Teiutopa o creneHsm (x=1)

B ntanHoM ciyyae & = 1.

Flay=f)=1+4-3+2=4

FUx = H4x -3+ =32 4823
Jla)=fN=3+8-3=18

FUx) = +8x-3) =6x+8
FHa)=f"h=6+8=14

F" X =(6x+8) =6 =const
FMay=7"l=06

4 — r_
SR =(6)= D, BCE€ IPOU3BOIHBIC, HAUYMHAS C YETBEPTOIM MPOU3BOIHOM, OYIyT HYJIEBBHIMHU.

Teneps mojcTaBisgeM HalIeHHBIC 3HaUeHUs B popmyiny Telmopa:

Flx) =2 +4x° —3x+2=4+%(x—1)+12—d:(x—1)2+%(x—1)3+0+0+[] +..=
=44+ x-D+7x-D+(x-1°
y=l{l+2x) (x—2

3aganue 2. Pa3noxuTh QyHKINIO B psi Tewnopa o creneHsm

B oannom cnyvae: a =3
Jix) =73 =7

FUR) = (14220 = %

2
f'(xc.)=f'(3)=§
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f

T
f(‘ﬂ_[nzx] Tt 227

\ \ 22
Jim)=F (3):_?—3:_[§]

f

wen 201 ) 212 22

7 (‘ﬂ_[ (1+2xfj T+ 227tz
2*. 2

S xm) =3 = =

U G ) LR e )]

A e

R N o | e A (i 0]

S )= (3= =

Taxum obpazom:
2 _2? 22l (=17 2% (=1

(14 2x) =l 7L (x =3+ — e (1= P 4 — L (=3 4.+ ks (x=3"+. =
1l 2! 3| 7l

_ 2 ~ ~ 22 ~ 5 23 ~ 5 (_1):!+1 ] 2:! ~ .

=T+ S-S S e (-

®opMma npeacTaBiieHUs pe3yJbTaTa: BbIIOJIHEHHas paboTa.

Kpurepun oueHku:

- «O1nmuuHO» - yMmeHHus cOPMHUPOBAHBI, BCE 3a/laHUS BBITTOJTHEHBI MPABUILHO, 0€3
aprupMETHIECKUX OMHUOO0K, pemeHne 0hOpMIICHO aKKypaTHO, C HEOOXOIUMBIMU 000CHOBAHUSIMH.

- «Xopomio» - HEKOTOpble YMEHHs c(hOpMUPOBAHBI HEJOCTATOYHO, BCE 3aTaHUs BbI-
MTOJTHEHBI, HEKOTOPBIC BUbI 3aJJaHUI BBIIOJIHEHBI ¢ omuOKaMu. bezommbouno BeimonHeno 80-89
% BcCeX 3aJIaHuH.

- «Y IOBIETBOPUTEIIBHO» - HEOOXOJMMBIC YMEHHS B OCHOBHOM C(OPMHPOBAHHI,
OOJIBIITMHCTBO 3aJaHUM BBITIOJTHEHO, HEKOTOPHIC M3 BBITOJHCHHBIX 33JIaHUNA COAEPkKAT OIIUOKH.
Be3ommbouno BemmonneHo 70-79 % Bcex 3amaHuii.

- «HeynoBneTBOpUTENBHO» - TEOPETHUECKOE COJIEpP’KaHne Kypca HE OCBOEHO, HEOOXO-
IMMble YMEHHUS He c(OPMHUPOBAHBI, BBHITOJIHEHHBIC YUeOHbIEC 3a/laHUs CO/AEPKAT TPyOble OIIMOKH.
Be3ommbouno BeimonneHo menee 70% Bcex 3agaHui.

Tema 12. O0bikHOBeHHBIE (] pepeHIHAIbLHbIC YPABHEHUSA
IIpakTuyeckas padora Ne 16

Pemenue qudpepeHunaaIbLHBIX YPABHEHUH NIEPBOI0 MOPAIKA.

Hean: Hayuntbes pemars nuddepeHuanbHble ypaBHEHUs IEPBOro MopsIKa
Beinosnus patdory, Bel Oyaere:
ymemb:
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- onpeaenaTh BUJ MU depeHInaIbHOr0 YpaBHEHNUS;

- HaXO/AUTH o0IIee pemeHue TuQPepeHINaTIbHOI0 YPaBHEHHUS IIEPBOTO MOPSIKA;

- HAXOJUTh YacTHOE penieHrne Aud HepeHuaaIbHOr0 YPaBHEHUS, YAOBIETBOPSIOIEe HEKOTO-
PBIM HadaJIbHBIM YCJIOBMSIM (pewaTh 3aaauy Komm).

MarepuanbHoe obecniedeHHe: UHIUBUIyalbHbIE 3aJaHUsI, KOHCIIEKTHI JIEKLIUH.
3ananmue:
1. Haiiti obmee pemenne auddepeHnnanbHOr0 ypaBHEHHS

ay _ 3ax
a) v Ay

6) (y—1D2%dx+ (1 —x3)dy =0

2. Haiiti yactHoe pemenne audHepeHInaTsHOTO ypaBHEHUS
a) y*+x%y' =xy-y mpuyd) =1

b) y'sinx —ycosx =1 npux=g,y:1

Ilopsiaok BbINOJIHEHHS PA0OTHI:

1. Omnpenenute Bua quddepeHunaIbHOro ypaBHEHUS.
2. Ecnm ypaBHEHUE SBIISICTCS YPaBHEHUEM C pA30eaOUUMUCS NEPEMEHHBIMU, TO
1) TlpuBemute naHHOE ypaBHEHHE K YPABHEHHIO C pa3/ie/IiCHHBIMU MIEPEMEHHBIMH, T. €. PO-
W3BEIUTE Pa3/ielieHNue TIEPEMEHHBIX, ISl ATOTO:
-IIponsBoanbie pyHkuM 3aMmeHuTe e€ auddepeHImaiamu;
-CrpynmnupyiTe WieHbl C OJAWHAKOBBIMU TU(depeHInaIaMi U 3alUIIATe UX B Pa3HBIX Ya-
CTSIX paBEHCTBA, BhIHECS AU depeHITnabl 3a CKOOKH;
- I[lomenuTe MM yMHOKBTE 00€ YaCTH PAaBEHCTBA HAa TaKWE BHIPAKCHHUS, YTOOBI BCE PyHK-
MK CTOSJIM TIpH ,,cBoux” auddepennnanax, T. €. npusectu K suay: @(y)dy = @(x)dx

2) TlpounTterpupyiire 06¢ yacT paBEHCTBA U HalIUTE OOIIIee PEIICHHUE.

3) Jlyis BbICNICHHS YACTHOTO PEIICHHUS U3 00IIero 3amaeTcs Touka (Xo:Yo), 4epe3 KOTOPYIo
JOJDKHA TIPOXOJIUTh MHTETrpalibHas KpuBas. Haxomum 3Hadenue mocrossHHOM C ,a 3atem C mon-
CTaBIIsIeM B 00IIee PEIICHUE U 3aIMChIBAEM YaCTHOE PEIlICHUE.

3. Jlus pemeHus 00HopooHo2o oughgepernyuanvroo ypasnerusl mopsiika JTaHHOE ypaBHEHHUE Y-
TEM BBEJICHUS! HOBOM IIEPEMEHHOM HY>KHO MPUBECTH K YPABHEHUIO C pa3IeIsIOIIMMHUCS Iepe-
dy d

Z
MEHHBIMU. 3aMEHUM Y = Z - X, Pl + z, Tie Z-HoBasi Heu3BecTHas PYHKIHS OT X.

HOJ'Iy‘II/IJ'IOCL YPaBHCHUC C pasaCIdromuMU IIECPEMCHHBIMU OTHOCUTCIIBHO Z. Pemus €ro, Hago Z

3aMCHUTDH Ha Y " BBIPA3UTh ).
X

4. Jlunetinoe nuddepenimansuoe ypaBHenue | mopsiaka pemraercs myTeM MoAcTaHOBKU

dy dd du
b A e s Do
dx T dx

yZU'ﬁ; dx

JuddepennnanbHoe ypaBHEHHE CBOIUTCS K peIIeHHIO IBYX AU (epeHInalbHbIX YpaBHEHUH, ¢
pa3aeNAOIMMU IEPEMEHHBIMH, CHaYalla OTHOCUTEIBHO U , TOTOM-U, TZ1€ U U U HEU3BECTHBIE

(GyHKLIUU OT X.
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Xoxa padoTsl

1) Haiitu o6miee pemienne auddepeHInanbHOr0 ypaBHEHHS
(6xdx + 3xy?dx) — (6ydy + 2x2*ydy) = 0
Crpynmupyem uieHsi ¢ dX u dy
3x(2+ y®)dx — 2y(3 + x*)dy =0
-Paznienum nepemeHHbIe
3xdx 2ydy
3+x2 2+y?

xdx d
3f_=2f yay
3+ x2 2+ y?

-Pemraem mo OTACIBbHOCTHU Kﬂ)KI[I:IfI HHTCTpaJI METOAOM IMOACTAHOBKHU

-UnTerpupyem

3
Eln(3 +x%) =In(2+y?) +Inc

3
In3+x%)z=In(2+y?):c
-IToreHnmpyeM 310 ypaBHEHHE

JGB+x2)3=02+y%) ¢

B+x)V3+x2
2+ y? - c

-3anuceiBaeM o0IIee pelieHue:

2. Haiit yacTHOE pelnieHre OHOPOAHOTO AU epeHITnaIbHOT0 ypaBHeHnue | mopsika
’ 2x+y _ _
== ecm y=0 mpux=1

dy. d 2x+
-3ameHuMm Y’ Ha 2. 22

dx' dx  2x
. ay dz
-HpOI/ISBeI[eM IIOACTAHOBKY Y = ZX, E = x; +z
dz 2x+zx dz x(2+z
X—+z= ; x %y =X2E
dx 2x dx 2x
dz 2+z
X— = —Z
dx 2
dz 2-—z
X— =
dx 2

2 dx
-Pazpenum nepeMeHHbIe P dz = -

dz dx
-IIpounTerpupyem Bbipaxkenue: 2 [ pmill e

-Perraem nannoe ypaBuenne —21n|2 — z| = In|x| + Inc

lnm = In(xc)
-IIponoTEeHIUPYEM BhIPAKEHHE ﬁ = xc
-Beipazum z: (2 — z)? = x—lc
2—z= i
Vxc
z=2— i
Vxc
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2xVxc—x
Vxc
-IToxcraBum HavasbHble yenous =0, x=1

_wel s _ _1._1
O_ \/E 12\/E 1_O$2\/E_1!\/E_2!C_4

-IToncraBum CB oOmee pemenne y = 2(x — 4/X) 4aCTHOE pelIcHHE.

-3ameHuM z = % U BBIpa3uM Yy = oO1uiee pelieHne

3. Haiiti yactHOe pemenne IuHeHHOTO MuddepeHraIb-Horo ypapHenus | mopsaka
xy'+y =3, ecu y=0, npu x=1

-IIpuBenem ypaBHEHME K BULY 110 ONPEICICHUIO

b Y
+===
YTy T x
-Cnenaem 3aMeHy
y = ud, Z—z=u%+ﬁz—z
-Crpynmnupyem 4ieHbl ¢, MoTydyuM
du u _ d_u __u
19(;+;) =0,Tk.9 # O—>dx =
-Paznennm nepeMeHHbIe
du  dx
u x
-IIponHTerpupyem
du dx
u x
In|u| = —In|x|
-[Tponorenumpyem
1
u=-
x
-ITogcraBuM U B ocTaBIIeecs: ypaBHEHUE
1d9 3
xdx x
d9 = 3dx
-IIpounrerpupyem
Y9=3x+c

-IloncraBum y = ud

y = i(Bx + ¢)- oOuiee penieHue
-IToacTaBuM HaYaIbHBIC YCIOBHS
0=3+c=>c=3

3
y== (x — 1)- yacTHOE pelieHue

®opMma npeacTaBlieHUs pe3yJbTaTa: BhIOJIHEHHAs paboTa.

Kputepun onenkn:
—  «OTmnuyHO» - yMeHHus cOpPMHMPOBAHBI, BCE 3aJaHUs BBINOJIHEHBI MPaBWIbHO, 0e3
apu(pMeTHYECKHX OLINOO0K, pelieHre o(hopMIEHO aKKypaTHO, ¢ HEOOXOJUMBIMI 0OOCHOBAHUSIMH.
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- «XopoIIo» - HEKOTOpble yMeHUsI c(hOpMHUpPOBAaHBI HEIOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUBI 33/1aHUIl BBIMOJIHEHHI ¢ ommbKkamu. besommnbouno Bemonneno 80-89
% BCex 3aaHui.

- «Y IOBIIETBOPUTEILHO» - HEOOXOAMMBIE YMEHHUS B OCHOBHOM C(OPMHUPOBAHEI,
OOJBINIMHCTBO 33JIaHUI BBIMIOJTHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJ[aHUN COAEpKAT OIIHOKH.
Besommnbouno Beimonaeno 70-79 % Bcex 3aqaHu.

- «HeynoBIeTBOPUTEIBHO» - TEOPETHUECKOE COJIEPKaHNEe Kypca HE OCBOCHO, HEOOXO-
JTMMBbIe YMEHHS HE COPMHUPOBAHBI, BBHIOJHEHHBIC YUYeOHBIC 3a/IaHUs COJIEPIKAT I'PyObIe OMHOKH.
Be3ommnbouno BeinonHeHo mexee 70% Bcex 3a1aHMiA.

Tema 12. O0bikHOBeHHbIE TU((epeHINATbHbIE YPABHEHUSA
IIpakTnueckas padora Ne 17

Pemenne nudpepeHnabHbIX YPABHEHUH BbICIIMX IOPSAKOB.

Heawb padorbl: Hayuntscs pemats nuddepenuansupie ypasaenus |l nopsaka v muHeiHbIe 01
HOpoaHble nuddepeHranbubie ypaBHeHus || mopsiika ¢ mocTosHHBIMU KO3 UILIMEHTaMU.

Boinosinus padory, Bel Oynere:
YMETh:
- pemath auddepeHIMaIbHble YPaBHEHHsI BTOPOTO TOPSAIKA, TOMYCKAIONUEe TOHIKEHHUE MTOPSIKA;

- HaXOJUTh O0Ilee U YaCTHOE pelIeHne mpocTeimux nuddepeHanbHbIX YpaBHEHHH BTOPOTo Mo-
psisIKa;

- HaXO/IUTh O0IIee M YaCTHOE PEUICHHE IMHEHHOTO OTHOPOTHOTO Au(depeHIINATBHOTO YpaBHEHHS
BTOPOTO TOPSZIKA C MTOCTOSTHHBIMH KOY(PPUITIESHTAMH.

MarepuajibHoe o0ecnieyeHue:
NunuBuayanbHble 3aJaHUS , TAOTUII, CIPABOYHHUKH, YY€OHUKH, KOHCTIEKTHI JI€KIIHUH.
3aganue:

1. Pemute muddepenunansupie ypaBaenus |l mopsaka:
a) dy _ 5
dx?
b) y" = x,A(1;0); B(1;1)
2. Haiitu yactHOe pemieHue ogqHopoHoro nuddepennuansHoro ypapHenus |l mopsaxa.
d?y _dy dy

E—Za—3y=0npnx=0;y=0;a=0

Ilopsinok BbINOJHEHHS PadOTHI:

1) Muddepenunansupie ypaBaenus |l mopsiaka pemarTcs IBYKPaTHBIM HHTETPHPOBAHHUEM,

.. o o d
ITYyTEM BBEICHWA HOBOU IEPEMECHHOU P = d—y
X

HpI/IBOI[I/IM K YPAaBHCHHUIO C PA3JACIIAIOIMMHA IICPEMEHHBIMU U peIIacM OTHOCUTEIBHO P.
IloacraBmsem p 1 pemaeM ypaBHCHUE PaA3JCIICHUEM IICPEMECHHBIX OTHOCUTEIIBHO Y.
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Ecnu nanel HauanbHbIE yCIOBHSA, TO TOACTABIsIEM B 00IIee PEIIeHne, COCTABISIEM CUCTEMY JIMHEH-
HBIX ypaBHEHUH U pemaeM oTHocuTenbHO Cq; U C,. [Toncrasnss C; u C, B obiiee pernieHue, Haxo-
AWM YaCTHBIC PCHICHUA.
2) OnpnopoaHoe aupdepennuanbuoe ypasuenue |l mopska.

ytem 3amennl y = ek*

yr — kekx

y" — kzekx
CocTaBiisieM XapakTepucTHieckoe ypasHenue k% + pk + q = o u3 koroporo Haxoxum k;u k,.
O6mee pemenue npu D>0 Oyzner:

y = c,eX1¥ + ¢, ekeX

IIpu D=0 6yzet: y = eX*(c; + c,X)
[Tpu D<0 Gyner: y = e**(c, cos bx + ¢, sin bx)
HpI/I 3aaHHbIX HAaYaJIbHBIX YCIIOBUAX COCTABJISIEM CUCTEMY JIMHENHEBIX ypaBHCHI/Iﬁ " pcuiacm eé
oTHOCcUTENbHO C; U C,.

Xoa paGoThI:

Pemmte muddepennmansHoe ypaBHeHHE 2 TTOPSIKA

d%y
W =1-2x
dy
-3aMeHUM p = > Ty HHM:
d
dzy_ (y) dp_1 )
dx?~ dx 'dx x

-Paznenum nepeMeHHbIe
dp = (1 — 2x)dx

fdp f(l — 2x)dx

p=x—x%+c¢

-[TpounTerpupyem

dy
-3amMeHuM pHa E

dy
azx—x2+c1

-PazjieniuM nepeMeHHbIE
dy = (x —x% + ¢;)dx
-IIpouHTErpupyeM M MONYYHM 00IIee PelIeHIe
fdyzf(x—x2+c1)dx
x? x3

y=7—?+c1x+c2

Il. Pewmuts ogHOponHOE nuddepennnansHoe ypaBuenue Il mopsiaka
Q) y"'—=5y'"+6=0
-CocTaBUM XapaKTePUCTHUECKOE YpaBHEHHE

k? — 5k + 6 = 0, pelaeM KBaapaTHOE ypaBHEHHME, monyuuM  k; = 2,k, = 3

-O0miee penieHue OyaeT:
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y =ce?* + cye3*

b) y"+4y'+4y =0
-CocTaBUM XapaKTEPUCTHUCCKOE YPABHCHHUE

k?+4k+4=0, (k+2)* =0 k=-2
-3anumiem o6mee pemenue st D=0
y = e ?*(c1 + )

c)y"—6y' +13y =0
-CoCTaBUM XapaKTEPUCTHYECKOE YPaBHEHHUE

61V16i2 _ 614i
2 2

k2 —6k+12=0;D =36 —4-13 = —16D<0 =>x, , =

-3anuiieM obliee pereHne

y = e3*(c¢y cos 2x + ¢, sin 2x)

®opma npeacTaBiaeHus pe3y/abTaTa: BHIIOJHEHHAs paboTa.

Kpurtepun ouenku:

- «OTnu4HO» - yMeHusi cOPMUPOBAHBI, BCE 3aJaHMs BBIIIOJIHEHBI MPaBUIIbHO, 0€3
aprupMETHYECKUX OIMHUOOK, pemeHne o(hopMICHO aKKypaTHO, C HEOOXOIMMBIMUA 0OOCHOBAHHSIMHU.

- «Xopomio» - HEKOTOpble YMEHHs c(hOpMUPOBAHBI HEJOCTATOYHO, BCE 3aTaHUS BbI-
TTOJTHEHBI, HEKOTOPBIC BUIBI 3aJJaHUI BBITTOJIHEHBI ¢ omuOKkaMu. bezommbouno BemonHeno 80-89
% BceXx 3aJIaHui.

- «Y IOBIETBOPUTEIIBHO» - HEOOXOJMMBIE YMEHHS B OCHOBHOM C(HOPMHPOBAHHI,
OOJBITMHCTBO 3aJaHUM BBHITIOJIHEHO, HEKOTOPHIE M3 BBITIOJIHEHHBIX 3aJaHUN COJEp)KaT OIITHOKH.
Be3ommbouno BemmonneHo 70-79 % Bcex 3amaHuii.

- «HeytoBIETBOPUTEIIBHO» - TEOPETHYECKOE COJIep)KaHue Kypca He OCBOCHO, HEOOXO-
JTUMBIE YMEHUSI He C(OPMHUPOBAHBI, BHIMOJHEHHBIC YUSOHBIC 3aJJaHUs COJACPIKAT IPyObIe OMHUOKH.
Be3ommbouno BeimonneHo menee 70% Bcex 3aaHui.
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