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1 HOACHUTEJIBHASA 3AIIMCKA

CocraB 1 coJepkaHle MPAKTUYECKUX 3aHSATUN HaIpaBieHbl Ha peanuzaiuio denepaibHOrO
roCy/1apCTBEHHOI0 00pa30BaTeNIbHOTO CTaHIapPTa CPeIHEro NpohecCHOHaILHOr0 00pa30BaHusl.

Benymelt nuaakTH4ecKol IeNbI0 MPAKTHYECKUX 3aHITHHA SBIsSETCS (OPMUpPOBaHHE — Yy4eO-
HBIX MPAKTUYECKUX YMEHHH (YMEHUH pelaTh 3a/1ayil 110 MaTeMaTUKe)HEOOXOIMMBIX B MOCIEIYIO-
e yaeOHOM e TEIIbHOCTH.

B cooTBercTBHM ¢ pabouel mporpaMMoil yueOHOW NUCIMIUIMHBI «DJIEMEHThI BBICIICH MaTe-
MaTHUKU» MPEAyCMOTPEHO MPOBEICHNE MPAKTUYECKUX 3aHATHH. B paMmkax mpakTuuecKoro3aHsTHs
oOyu4arouiyecss MOTyT BBITIOJHSTH OJIHY MM HECKOJIBKO MPAKTUYECKUX PadoT.

B pe3ynbrare X BBINOJHEHUSI, 00Y4atOIUNACS JOKEH:
ymemp:
V1. BBINOJHATH ONlEpallMK HAJ MAaTPUIIAMU U PELIaTh CUCTEMBbI JIMHEHHBIX YPaBHEHMUI;

V2. pemiath 33724, UCOIB3Ys YPaBHEHHsI MIPSMBIX U KPUBBIX BTOPOTO MOPSAIKA HA TUIOCKOCTH;
VY3. npuMeHsTh MeTo bl U PepeHInalIbHOTO U HHTErPATbHOTO UCUUCTICHUS;

V4. pemwats nuddepeHnnanbHble ypaBHEHUS;

VY5. monb30BaThCs MOHITUAMH TEOPUU KOMILUIEKCHBIX YHCEIT;

VY01.2 ananu3upoBath 3aauy u/Win npoOaeMy U BbIICIATh €€ COCTaBHbIC YaCTH;

V01.3 onpenenars sTansl pelIeHus 3a1a4u;

V01.5 cocTtaBnaTh IJIaH JSHCTBUM;

VY01.9 peanuzoBath COCTaBICHHBIN TJIaH;

Y01.11 ouenuBath pe3yiabTaT U MOCIEACTBUS CBOMX JACHCTBUI (CAMOCTOSITENFHO UM C TOMOIIIBIO
HACTaBHUKA);

¥02.2 onpenensate HEOOXOUMbIE HCTOYHUKH HH(OpMALIUH;

VY02.4 cTpyKTypupOBaTh M0JIy4yaeMyto HHPOPMALIUIO;

VY02.5 BbaensaTh Haubosiee 3HaYMMOE B IIepeyHe UHPOpMaIUH;

VY04.2 B3auMo/eNHCTBOBATh C KOJUIEraMH, PYKOBOJICTBOM, KJIMEHTaMH B XOJie IpoQecCuOoHaIbHON
NeSITeNIbHOCTH;

VY05.3 uznaraTh CBOM MBICIH U 0OPMIIATH JOKYMEHTHI IO MPO(EeCCHOHAIBHOM TeMaTHKE Ha ToCy-
JApCTBEHHOM SI3BIKE;

VY09.1 npuMeHsATH CpeacTBa MH(POPMAITMOHHBIX TEXHOJIOTHH JUIsl peleHus Tpo(ecCHOHaNbHbIX 3a-
nad;

¥09.2 ucnonb30BaTh COBPEMEHHOE NMPOrPaMMHOE 00ecTIeYeHue;

V¥10.1 moHnmath oOLIMI CMBICT YETKO MPOU3HECEHHBIX BBICKA3bIBAHUN HA M3BECTHBIE TEMBI (IIPO-
(deccroHaIbHbIC U OBITOBBIE);

V¥10.2 yyacTBOBaTh B IMajorax Ha 3HaKOMbIe 001I1E U TPO(PECCHOHATBHBIE TEMBI;

ConepxaHue MpaKTUYECKUX paboT OPUEHTHPOBAHO HA MOATOTOBKY OO0YYAIOIIMXCS K OCBOCHHIO
npoeccHoHaTbHOTO MOYJIS TPOTPaMMBbI MOJTOTOBKU CHEUATMCTOB CPEIHETO 3BEHA MO CIelHaIbHO-
CTU U GOPMHUPOBAHUIO 0OUIUX KOMNEMEeHYUIL'

OK 1. Beibupats criocoOsl pemieHus 3aaa4d npodecCuOHaIbHOU AESITeTbHOCTH, TPUMEHUTEIb-
HO K pa3JIMYHbIM KOHTEKCTaM.

OK 2. OcymiecTBisiTh MOUCK, aHAJIU3 U UHTEpIpEeTaINio HHpOopMaluu, HEOOXOAUMOM ISl BBI-
MOJTHEHHUS 3a71a4 NMPo(ecCHOHANBHOM HAPaBICHHOCTH.

OK 4. PaboTtath B KOJIJIEKTUBE U KOMaHJe, 3P(PEKTUBHO B3aUMOJACHCTBOBATH C KOJIJIETaMH, Py-
KOBOJICTBOM, KJIMEHTAMHU.

OK 5. OcyniecTBasTh yCTHYIO M MUCBMEHHYI0 KOMMYHHUKAIIMIO HA TOCYJaPCTBEHHOM SI3bIKE C
Y4ETOM OCOOCHHOCTEH COLMAIBHOTO U KYJIbTYPHOTO KOHTEKCTA.
OK 9. HMcnonb3oBaTh MHPOPMAIIMOHHBIE TEXHOJIOTHH B MPO(ECCHOHAIBHOM 1€ TeIbHOCTH.
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OK 10. I[Tonp3oBatbest MpohecCHOHATBHON TOKYMEHTALMEH Ha rOCy1apcTBEHHOM U MHOCTpaH-
HOM SI3bIKE.

BrimonHenue 00ydaronMMuCS MPaKTHYECKUX PadOT MO y4yeOHOW MUCHUIUIMHE «DJIEMEHTHI
BbICILIIEH MaTEeMaTUKN» HAIPABJICHO Ha!

- 00o0mIeHne, CUCTeMaTH3aIHI0, YIITyOIeHue, 3aKperieHie, Pa3BUTHE U JICTAIH3ALHUIO TOJTY-
YEHHBIX TEOPETHUECKUX 3HAHUH 110 KOHKPETHBIM T€MaM y4eOHOW AUCLUIUINHBL;

- (hopMHUpOBAHNE YMEHHI MPUMEHSTH MOJTY4YCHHbIC 3HAHUS HA NMPAKTUKE, PeaTH3alHio eanH-
CTBA MHTEJUIEKTYaJIbHON M MPaKTHUECKON JesITeNbHOCTH;

- (hopmupoBanue W pa3BUTHE YMEHHWU: HaONIOJaTh, CPABHUBATH, COMOCTABIATH, AHAIN3UPO-
BaTh, JeJIaTh BEIBOJBI U 0000IIECHNS;

- BBIpaOOTKY MpH pelIeHHH MOCTaBICHHBIX 3a7a4 NMPo()ecCHOHAIbHO 3HAYMMBIX KayecTB, Ta-
KHX KaK CaMOCTOSITEIIbHOCTb, OTBETCTBEHHOCTb, TOYHOCTb, TBOPUECKAsI MHULUATHUBA.

[pakTiueckue 3aHATUS TIPOBOJITCS MOCIE COOTBETCTBYIOIIEH TEMBbI, KOTOpas 00ecreurBaeT Ha-
JIM4Me 3HAHUH, HEOOXOMMBIX /ISl €€ BBIIIOJIHEHMSI.



2[IEPEYEHDB IPAKTUYECKHUX 3AHATHI

Tembl Tembl IpaKTHYECKUX 3aHATHH KonnuyecrBo | TpebGoBanus
4acoB PI'oC CI1O
(ymetb)
Tema 1. Matpuus! u | [Ipaktuueckas padora 1. Onepauuu Haj 2 A
OIIpeAEIUTENN MaTpHUIaMU V01.2,¥01.3,
¥ 01.5, ¥ 01.9,
Y 0I1.11,¥ 02.2,
¥ 024,V 025
YV 04.2,¥ 053
¥ 10.1, ¥ 10.2
Tema 2. Cuctemsl | [Ipaktuueckas padota 2. Pemenue cuc- 2 Vi
JUHEHHBIX ypaBHE- | TEM JIMHEHHBIX YpPaBHEHUH METOAOM ¥ 01.2, ¥V 01.3,
1305078 Kpamepa u MmaTpu4HBIM METOAOM YV 01.5,¥Y01.9,
[Ipaktnueckas padota 3. Pemenue cuc- 2 Y O01.11, ¥ 02.2,
TE€M JIMHEWHBIX ypaBHEHUU MeroaoM [ 'a- ¥ 024,V 02.5
ycca Y 04.2,¥Y 053
¥ 09.1,¥ 09.2
¥ 10.1, ¥ 10.2
Tema 3.Onementsl | [Ipaktuueckas padora 4. Onepauuu Haj 2 YV 01.2,¥Y01.3,
BEKTOPHOM anredpbl | BEKTOpaMH. ¥ 01.5,¥01.9,
Y 01.11,¥ 02.2,
¥ 024,V 02.5,
¥ 05.3,V¥ 10.1,
¥ 10.2
Tema 4. Ananutu- | [Ipaktnueckas pabota 5. Pemenue 3anau 2 v2
Yeckas  TeOMETPHs | 10 aHATUTHYECKON reOMEeTpHH. V01.2,VY 01.3,
Ha TIOCKOCTH vV 01.5,Y 01.9,
Y 01.11,¥ 02.2,
vV 024,V 025,
¥ 05.3,¥ 09.1,
¥ 09.2,¥ 10.1,
¥ 10.2
Tema 5. OcHossl | [IpakTnueckast pabora 6. JlelicTBUs Haj 2 NN
TEOPUH  KOMIUIEKC- | KOMIUJIEKCHBIMU YHUCJIaMH B anreOpaunde- V01.2,VY 01.3,
HBIX YUCET cKoii (hopme. ¥ 01.5, ¥ 01.9,
[TpakTuueckas padora 7. JleiicTBus Hax 2 YV O01.11,Y¥ 02.2,
KOMIUIEKCHBIMA YHUCJIaMA B TPUTOHO- V024,V 025,
MeTpHuuecKoit hopme. Y 05.3,V¥ 10.1,
¥ 10.2
Tema 6. Teopus | [Ipaktuueckass paGora 8. Beruucnenue 2 ¥ 01.2, ¥V 01.3,
MIPEACIIOB IIPEAEIIOB C IOMOIIBI 3aMeyaTelbHBIX YV 01.5,¥Y01.9,
IIPEJIENIOB, PACKPHITHE HEONPEEIEHHO- Y 01.11,¥ 02.2,
CTEH. V024,V 025
[Ipaktuueckast pabora 9. Beruucnenue 2 ¥ 05.3,¥ 10.1,
OJIHOCTOPOHHHUX IMpeNesioB, Kiaccudpu- ¥ 10.2
Kallusi TOYEK pa3pbIBa.
Tema 7. uddepen- | [Ipaktuueckass padora 10. Beruncnenue 2 V3
IIHAJIbHOE HMCYHCIIe- | TPOU3BOHBIX CIOKHBIX (DYHKITHIA ¥ 01.2, V¥ 01.3,
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Hue ¢ynkiuu ogHoi | [Ipaktuyeckas pabora 11. Mccnemosa- 2 YV 01.5,¥ 01.9,

JeWCTBUTENFHON Te- | Hhe (GYHKUUI U TOCTPOSHHE TpadrKOB Y 01.11,¥ 02.2,

PEMEHHO vV 024,Y 025,
¥ 05.3,¥10.1,
¥ 10.2

Tema 8. Unterpans- | [Ipaktuueckass pabora 12. Hurterpupo- 2 v3

HOE HCUYHWCIICHUE | BAHUE PA3JIMYHBIMH METOIAMHU. VvV 01.2,VY 01.3,

byHKIIUU onHoi | Ilpakruueckas pabora 13. Berumcienue 2 VYV 01.5,Y 01.9,

JNEHCTBUTEIBHON II€- | ONPE/ICIICHHBIX HHTETPAIOB YV 01.11,¥ 02.2,

peMeHHOI vV 02.4,Y 02.5,
Y 04.2,V 05.3,
¥ 10.1, ¥ 10.2

Tema 9. [luddepen- | [Ipaktuueckass pabora 14. Boruncnenue 2 V3

[MATbHOE MCUYMCIIC- | YACTHBIX MPOU3BOIHBIX H AuddepeH- V012,V 01.3,

HUe GYHKIUM He- | HUajJoB (PYHKIHMH HECKOJIbKUX MEpPEeMEeH- YV 01.5,Y 01.9,

CKOJILKUX JICHCTBU- | HBIX. V01.11,¥ 02.2,

TEJNBHBIX TEPEMEH- V024,V 02.5,

HBIX YV 05.3,¥ 10.1,
Y 10.2

Tema 10. Unure- | [IpakTuueckass pabora 15. Beruncinenue 2 v3

rpajlbHOE HUCYMCIIE- | IBOWHBIX HHTETPAJIOB. V01.2,¥Y01.3,

Hue (QyHKOME He- ¥ 01.5,¥01.9,

CKOJIbKMX JI€HCTBH- VYV 01.11,¥ 02.2,

TENBHBIX TEPEMEH- vV 024,y 025,

HBIX vV 05.3,¥ 10.1,
¥ 10.2

Tema 11. Teopus | I[Ipaktuueckas pabGora 16. Paznoxxenue 2 ¥ 01.2,V01.3,

psaoOB aJIeMeHTapHbIX pyHKUKH B psin Teinopa. ¥ 01.5,¥01.9,
Y 01.11,¥ 02.2,
¥ 024,V 02.5,
¥ 05.3,Y 10.1,
¥ 10.2

Tema 12. OOGbikHO- | [IpakTHueckas pabGora 17. Pemenue 2 V4

BeHHble nuddepen- | nupdepeHanbHbIX ypaBHEHUN NEpBO- ¥ 01.2, ¥ 01.3,

LMAJIbHBIE  ypaBHE- | IO MOPSAJKA. ¥ 01.5,¥01.9,

HUS [Ipaktuueckass pabdora 18. Pemenue 2 Yy 01.11,Y 02.2,

mubdepeHIMaNbHBIX  ypaBHEHUI  BBIC- V024,V 02.5,
WX TOPSIAKOB. VY 05.3,¥ 10.1,

¥ 10.2

NTOI'O 36




SMETOANYECKHUE YKA3AHUSA

Tema 1. MaTpuubl u onpeeTuTe

IIpakTnyeckoe 3ansaTue Ne 1

Onepauml HaJl MaTpuluamMu. Borunciaenne onpeuennTeneifl

®opMupyeMasi KOMIIETEHIUA:

Heab padoThi: popMupoBaHUEe YMEHUIN BBIIOJHATH ONEpAaIMK HAJ MAaTPUIIAMH; BBIYUCISATE OIpe-

JEITUTEIH.
Brinosinus padorty, Bl Oynere:

ymemy:

- BBIIIOJHATD OIICpalli HAA MaTpULlaMU;

- BBIYUCIIATDH OIIPCACIIUTCIIN.

MaTtepuajbHoe o0ecneyeHue:

Pa3narounsblii Matepuain (KapTOUKH C 3aJlaHUSMU).

Texuudeckue cpeacTBa 06yqu1/m: KOMIIBIOTCP C JIMUCH3WMOHHBIM IPOIPaAMMHBIM obOecrieue-

HHUECM U MYJ'II)TI/IMCI[I/Ia HpOGKTOp.
3ananmue:

1. Haiitu matpuny € = 4% + 3AB, rae 4 =

2. BBbIACHUTS, ABISETCA MaTpula AL = (

-3
3. Jlanel MaTpuipl: A = -2
-1

4. BbBIYUCIHUTH ONPEICTUTEIIN:

073 2

8= 3)

) 00paTHOM K MaTpHuLe A = (? 3]

3 6
0 -5
—4 1 |. Haiigute: A+B; 2A; AB; BA.
-2 2
o 2 1 |57 0 1
AL 5 2Dy 5 3
3 -2 -1
1 -1 7 4

KpaTkue Teopernyeckue cBeieHUS:

1. Ymnooicenue mampuybl HA YUCH0. Up0u36edeuueM mampuybl A na yucno) Ha3bIBaeTCs

MaTpHLA B = A, JIEMEHTHI, KOTOPBIX bij

=ﬁaij msi=1,2, ...,

m;j=1,2,...,n



Cnencraus.
1) OOmMit MHOXKHUTEIb BCEX AJIEMEHTOB MAaTPUIIBl MOYKHO BBIHOCHTH 33 3HAK MATPHIIBI.
2) IIpousBenenne matpuiibl A Ha ynciio O eCcTh HyJIeBasi MaTpHUIla, TO €CTh 0- A=0O.

2. Cnoocernue mampuy. Cymmoi 08yx mampuy A u B oquHaKoOBOro pazMepa M X NHa3bIBaCTCS
matpuna C=A4+B, 31eMeHThbl KOTOpoi Cij=ajjt6ij 0 1=1,2,...,.m; J=1,2,...,n(T.e. MATPUIIbI CKJIaMbI-
BalOTCA MOBJIEMEHTHO).

B vactHom ciiyuae A+O=A4.

3. Buiuumanue mampuy. Paznocms 08yx mampuy 0OJJMHAKOBOTO pa3Mepa OnpeesseTcs yepes3
npenpiaymuye onepauun: A-B=A+(-1)B.

4. Ymnoowcenue mampuy. Onepanusi yMHOKEHUS MaTPUILL BBOJUTCS TOJIBKO JUIS Cydasi, Koraa
YHCIIO CTOJIOIOB MEPBOI MAaTPUIIBI PABHO YUCTY CTPOK BTOPOH.

YroObl HAUTH DIICMEHT MATPHIIbI, CTOSIIHIA B I-TOW CTPOKe B K-TOM cTOJIOLE, HY)KHO BHIYHC-
JUTh CYMMY [IPOU3BE/ICHHUIN JIEMEHTOB I-TOil CTPOKH [EPBOM MATPHIIBI HA COOTBETCTBYIOIHE 3JIe-
MEHTBI K-Toro ctosdma BTopoii.

k - -
¢y =ay by +a, by +...+a, by =Y a. by 1=12,..,m j=12..n.
=1

MHorune CBOﬁCTBa, MNpucymue oncpanusam Hald YUCJIaMU, CIIPaBCAJIUBLI U JJIA onepaunﬁ Hazq
MaTpuaMu:

) A+B=B+A. 6) A(AB)=(AA4)B = A(AB).
2) (A+B)+C=4+(B+C). 7) A(BC) = (4B)C.
3) ﬂ(A+B)=ﬂA+ﬂB. 8) A-E=E-A=A.

4) AB+C)=A4B+ AC.

9) A-B#B-A
5) (4+B)C=AC+BC.

5. Bozeeoenue 6 cmenensw. Llenoi nonosxcumenvnoti cmenenvio A" (m>1) kBajpaTHON MaTpH-

bl A Ha3BIBAETCS NPOU3BEJICHUE M MATPHUIL, PaBHBIX A, T.€. pn _ . a. A

Omepalsi BO3BeICHHE B CTETIEHb OMPEIEIAETCS TONBKO IS KBAJAPATHBIX MATPHIL.
CrnenctBus. 1) a° =E; 2) A=A 3) A" AK =A™ 4) (A™" = Amk,

6. Tpancnonuposanue mampuysl. Matpuiia, morydeHHasi U3 MaTpuibl A TIyTeM 3aMeHbI CTPOK
Ha COOTBETCTBYIOIIHME CTOJIOIBI, HA3BIBACTCS MPAHCHOHUPOBAHHOU OTHOCUTEIHHO MATPHUILI A U
o0o3HayaeTcs A, TO eCTh:

a a oo a
a, a4, ... a4 11 21 mi
a a a
A = 321 azz aZn AT 12 22 m2
mxn ' nxm
An Qe A a1n aZn amn



OmnpenenureneM KBaapaTHOW MaTPHUIIBI BTOPOTO MOPsAIKa (OMpEeAETUTENeM BTOPOTO MOPSIIKA)
Ha3bIBAETCS YUCIIO, PABHOE PA3HOCTH NPOU3BEIACHUN IEMEHTOB TJIaBHOW JUArOHAJIN U 3JIEMEHTOB
110OOYHOM AUaroHau.

a by
:ﬂl'b:—ﬂ:'bl

ﬂ: IJ:

OnpenenureneM KBaApaTHOW MaTPHIIbI TPETHETr0 MOPsAKa (OIpeaeIUTeIeM TPETHEro MopsiiKa) Ha-
3BIBAETCS UMCIIO, PABHOE

ay

[Pt

=]

303 + a3 833813 — G367 833 — G367 833 — G33838))

=]

g

3

OmnpenenureneM KBaApaTHOM MaTpHIlbl N-ro MOPsIKa HA3bIBAETCS YUCIIO, PABHOE CyMME IPOU3Be-
JICHUH JIEMEHTOB JII000H CTPOKH MIIM CTOJIOA HA UX alreOpandecKue JOMOTHEHHS.

a{1 Q1 13 Qg
A= dyq 0Oy Q23 024
31 dzz a3z 034
Qg1 A4y Q43 Gyq

= a11411 + a1241; + a13413 + a14474

Ay = (D" M

MUHOPOM HEKOTOPOTO JIEMEHTAA;; ONPENETUTENS N-I0 NOPsIKA HA3BIBAETCA ONpeaenurens — (N-
1)-ro nopsika, MOJIyYCHHBIH U3 HCXOHOTO ONPEICIUTENS IyTEeM BhIUCPKUBAHHS CTPOKU M CTOJIO-
112, Ha [IEPECEYEHUH KOTOPHIX HaXOIUTCS BBIOPAHHBIHN 3JIEMEHT.

HOpﬂ}IOK BbIITOJTHCHU A paﬁon:

=

3anuiuTe 3aaHue.

2. Ompenenute, Kakue ACHCTBHS, W IO KaKUM IIpaBHIaM HEOOXOIMMO BBIIOIHUTG. [IpounTaii-
T€ KOHCIIEKT.

3anumuTe oOnpeaesuTelb, ONPEAEIUTE KaKoro OH MOPsIKa.

Hcrnons3ys COOTBETCTBYIOLIEE ONPEACIICHUE, BBIYUCIUTE 3HAYCHUE ONPEAEITUTENI.
Beimonnute neiicreus. 1lpoBeppTe NpaBUIbHOCTH BBIYNACICHUM.

ok w

Xoa paGoTsI:

1 .Haiitn matpuny € = A* + 3AB, eciu
(-2 3y ,_(5 -1
a=(7 2= )
a) Haiinem A, YMHOXasi MaTpuUIly caMy Ha ceOs
=7 3G -0 7
i 1 -1 1 -1 -3 4
0) Haiinem matpuiy 34, yMHOKHB BCE DJIEMEHTBI MaTpuUIlbl A Ha 3.
_.f=2 3y _[—6 0
34 _3(1 —1) _( 3 —3)
B) Haiinem npoussenenue 3AB
_(-6 95 /i —I1y_/-21 33
348 _( 3 —3] (1 3 ) - ( 12 —12)
r) Haiinem marpunty C, ckiajapiBasi COOTBETCTBYIOIIME SII€MEHTHI

10



(s D B3
2.Haiinem npousBeneHue A - A~ u At.oa:

=G (=0 9=

was(F YE D=6 9=

B cooTtBeTcTBHU C OIMPCACIICHUCM JAHHBIC MAaTPUIIBIL ABJIAIOTCA B3aI/IM006paTHbIMI/I.

-3 2 -3 1 0 =5
3. daspr matpune: A= 1 5 -2|uB=|3 -4 1 |

2 4 -1 0o -2 2
Hatigure: A+B; 2A; AB; BA.

-3 2 -3 1 0 -5 -2 2 -8
A+B=(1 5 =-2])+(3 -4 1 |=4 1 -1}
2 4 -1 0 -2 2 2 2 1

-3 2 -3 1 0 -5 3 -2 11
C=A-B=(1 5 =23 -4 1 )=(16 —-16 -4
2 4 -1 0 -2 2 14 -14 -8

c;1=-3142-34(=3):0=3;
Cl=—3-0+2-(—4)+(-3)-(-2) = -2;
ci3=—3-(-5+2-1+(-3)-2=11;
;1 =1-1+5-3+(-2)-0=16;

€y =1-0+5-(—4) + (—=2)-(—2) = —16;
Ci3=1-(=5)+5-1+(-2)-2=—4;
c31=2"1+4-3+(-1)-0=14;
C3,=2-0+4-(—4)+ (-1)-(—2) = —14;
C33=2-(-5)+4-1+(-1)-2=-8.

1 0 =5 -3 2 -3 -13 —-18 2
B-A={3 -4 1 ]|1 5 =2|=(-11 -10 -=2|.
0 -2 2 2 4 -1 2 -2 2

Brrunciaurts OMpCACIIUTCIIN:

1) |§ _;|:2-5—3-{2—4}:12“2:24
5 -2 1

)13 1 -4/=5:1-(-3)+(-2)- (-4 -6+3.0-1-
& 0 -3

-6:1:1-3:(-2)-(-3)-0:(-4)-5=-15+48-6-18=

=48-39=9
4 0 5

3)[-6 2 -7=4-2-240-(-7)-1+(-6)-(-3):5-
1 -3 2

-5:2:1—-(-6)-0:2—-(=-3)-(-7) =16 +0+90—-10-0—84 =12
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3 5 7 8 7 0 1
4) _01 g g %=3A11+(—1)A21+0A31+1A41=3- 5 3 2|+1
1 -1 7 4 -1.7 4
5 7 8 5 7 8 5 7 8
5 3 2[+0-|7 0 1|-1-{7 o 1|=122
1 7 4 1 7 4 5 3 2

®opma npeacraBjieHus pe3yJabTara: [IpeacTaBUTh BBINOJIHEHHBIE 3a/laHUs B TETPAIU JUIS
IPaKTHYECKUX padoT MPerno1aBaTeto.

Kpurepun oneHku:

—  «OtnmnyHO» - yMeHus C(HOPMHUPOBAHBI, BCE 3a/IaHUs BBHITIOJHECHBI MPABHIBHO, 0O€3
apumeTnyecKkux ommOOK, pernreHne opopMIICHO aKKypaTHO, C HEOOXOJUMBIMUA 000CHOBAHHUSIMH.

—  «Xopomio» - HEKOTOpble YMEHHUS CHOPMHPOBAHBI HEJIOCTATOYHO, BCE 3a/IaHUS BbI-
MOJTHEHBI, HEKOTOPBIC BUJIbI 3a/IaHUI BBIMIOJHEHBI ¢ ommoOKamu. be3omubouno BeimonaeHo 80-89
% Bcex 3a/laHui.

—  «YOBJETBOPUTENHHO» - HEOOXOAMMBbIE yYMEHHS B OCHOBHOM C(OPMUPOBAHBI,
OOJIBIIMHCTBO 3aJ]aHUN BBIIIOJHEHO, HEKOTOPHIC M3 BBIMOJIHEHHBIX 3aJaHHi COJCPXKAT OUIHMOKH.
bezomm6ouno BemomHEHO 70-79 % BCcex 3amaHuii.

«HeynoBIeTBOPUTEIHHOY - TEOPETHUECKOE COJICPIKAHHUE Kypca He OCBOCHO, HEOOXOIMMBbIC
yMeHus He c()OPMHUPOBAHBI, BHITIOJHEHHBIE Y4eOHBIC 33JaHUs COAEPHKAT TPYObIE OIINOKH.
bezommbouno BeinonHeHo menee 70% Bcex 3aaHuit

Tema 2 CucreMbl JIMHEHHBIX YPABHEHHI
Ipakruyeckoe 3ansiTue Ne2u Ne3
Pemenne cucreM JnHeiiHbIX ypaBHeHni MeTogom Kpamepa u MaTpHYHBIM METOAOM.
Pemienue cucrem JIMHeHBIX ypaBHeHUH MeToaoM ["aycca

eas padorbr: HayunTses pemats CUCTEMBI JIMHENHBIX YPaBHEHHUI Pa3IMUHbIMU METOIAMH.
Bobimosinus padory, Bel Oyanere:

ymemp:

-pelaTh CUCTEMBI JJMHENHBIX YpaBHEHUI MeTo1oM Kpamepa;

- pelaTh CUCTEMBI YpaBHEHUI MeToI0M [ 'aycca;

- pelaTh CUCTEMBbI JJMHEWHBIX YPaBHEHUH MATPUUHBIM CIIOCOOOM.

MatepuanbHoe o0ecniedenue: VHIUBUyaTbHBIE 3a/1aHUS, YUCOHUKH, KOHCIIEKTHI JIEKIIUH.
3aganme:

Pemnts cucTeMbl JIMHEMHBIX YPAaBHEHU:

12



3X1—X2+X3=3 2x1—3x=+=1-x3=11
1) X1+2X2—3X3=0 2) x1+2x:—3x3='§|

—3.1'1 —_ ‘1'.1': +J.'3 = —25
SX + X, —TX, =-1

Kparkue TeopeTnueckue cBeIeHHA:

[TycTs JaHa cUCTEMa TPEX JMHEWHBIX YPABHEHHH C TPEMS HEM3BECTHLIMMU:
@ ¥+ 8 Tapry = by
ay Xy + apxy +ay3x3 = by

A3 %) + A3%p +a33%3 = by

Urto0s! pemuTh cucteMy MetofoM Kpamepa, coctaBuM onpeenuTenb u3 Kod)PHUIMeHToB npu He-
W3BECTHBIX.

Gy Byz Oy

9TO0T OIIPEACIINTCIIb HA3BIBACTCS OIIPCACIIUTCIICM CUCTCMBbI: A= |Gz; G2z 23

figp Ggz fOg

CocraBuM OnpeeIuTeNd K101 HensBecTHOM. Onpenenurens 41 moydaeTcs u3 onpeaenures 4
MyTE€M 3aMEHBI IEPBOT0 cTOI01a KOAP(HUIIUEHTOB CTOIOIIOM U3 CBOOOIHBIX YJICHOB.
by 12 ™13
A= by
b

=]

a3

=]

B3

033

(]

"
i

jx ]

b

3 33

Onpenenurtenb 4; moydaeTcs U3 onpeaeauTens 4 myTeM 3aMeHbl BTOPOTO ¢TOJIOA KO3 hHIreH-
TOB CTOJIOIIOM U3 CBOOO/HBIX YJICHOB.

=3
[
Il
=]
[
—
(=)
=]
[

3

=]
1]
—
3
=]

[N
£
ey

OHpC,Z[eJ'II/ITeJ'IB ﬂ; MOJIy4acTCsd U3 OIMPEACIIUTCIIA A ITYyTEM 3aMCHBI TPETHETO CTOJ'I6I_[a KO3(I)(I)I/II_II/IGH—
TOB CTOJ'I6LIOM n3 CBO60I[HBIX YJIICHOB.

o
Ag= gy 8 by
az; 03 by
A
YroOb! BBIYUCIUTD 3HAUEHHs HEU3BECTHBIX, BOcNonb3yeMcs popmynamu Kpamepa:  x; = ?‘ ;
ii';'- "I".{
Xy = Xy = —
LR L |

MCTOQ Faycca ABJIACTCA OOJHHUM U3 HanOoee YHUBCPCAJIBHBIX METOJOB PCHICHUA CUCTCM JIMHEH-
HBIX ypaBHeHHﬁ. OH cocTouT B MNOCICAOBATCIbHOM HUCKIIOUYCHNN HCU3BCCTHBIX.

[Tpornecc pemenus no meroay I'aycca coctout u3 AByx 3TanoB. Ha nmepBom stamne (nmpsmoit Xo)
cUCTeMa MIPUBOJUTCS K CTyneH4aToMy Buay. Ha Bropom 3tame (0OpaTHBINM X0/1) UIET MOCIe10Ba-
TEJIBHOE OIPEEIICHNE HEM3BECTHBIX U3 ATOW CTYNIEHYATON CUCTEMBI.

Ha npaxTuke ynoOHee paboTaTh HE ¢ CUCTEMON ypaBHEHUH, a ¢ paCIIMPEHHOM MaTpUIIEH, BBIIOJ-
HsIsl BCE DJIEMEHTApHbIE IPe0Opa3oBaHMs HaJl €€ CTPOKaMHU.
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1)
2)
3)

4)
5)
6)

DneMeHTapHBIMU MTPEOOPa30BAHUSIMHU MATPUILIBI SBIISIOTCS:
- IEPECTAHOBKA CTPOK MECTaMH;
-YMHOXEHHE HEKOTOPOW CTPOKH Ha JIF000e, He pPaBHOE HYJIIO YUCIIO;

-npubaBJIeHNE K AJIEMEHTaM OJJHOM CTPOKH COOTBETCTBYIOIIMX 3JIEMEHTOB JIPYrol CTPOKU, YMHO-
KEHHBIX Ha OJIHO U TO K€ YUCIIO

Jns pemenus cucteMbl METOIOM ['aycca UCTIONb3yUTE AITOPUTM:

3anuIIuTe CUCTEMY JIMHEWHBIX YPABHEHHUI.
CocraBbTe paCUIMPEHHYIO MaTPHUILY.
BrimonHuTe sreMeHTapHbIe TPeoOpa3oBaHus CTPOK MATPHIIbI, UCKIIIOYas MOCJIEI0BATEIBLHO TIepe-
MeHHbIE. B pe3ynbrare 10JpKHA MOTYYUTHCS CTyIIeHYaTas MaTpulia.
[To ctynenuyaToii MaTpHIle COCTaBbTE CUCTEMY.

[TocnenoBarenbHO HAMAUTE 3HAUEHUS BCEX HEU3BECTHBIX.
3anuIIuTe OTBET.

Marpuusbiii Metod ( ¢ TOMOILIBK 00pPaTHON MAaTPULILI)
a11x1 + a12x2 + + alnxn = bl
alel + a22x2 + e + aann = bz

HYCTB 3aJaHa CUCTEMaA JIMHEHHBIX ypaBHeHHﬁl

An1Xy + ApaXy + -+ AppXy = by

by
a11aq2 ... aln b
CocraBum matpuuHoe ypaBHeHue: AX = B, rne A = | A21 Q22 .- A2n |; B = 2|
An1Qn2.. Ann
by,
X1
X2
X =
le

YToObl HAWTH HEU3BECTHYIO MaTpHIly X, HyxHO A~1 - B
UTOoOBI BEIUMCIUTH OOPATHYIO MaTPHUILY, HYKHO:
a) BBIYMCITUTH OIpeeauTens MaTpullsl A (AA # 0);

0) HaiiTu anreGpanveckue JOMOTHEHUS IS KaK0r0 3JIEMEHTa MaTPULIbI A M COCTaBUTh U3
HUX COIO3HYIO MaTpuily A*.

B) TPaHCIIOHUPOBATH MaTpuily A* n3 anredpanyeckux AONOTHEHUI

All Azl e Anl
AT = A1pAz7 . Apa .
AinAoy o Apn
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N

A11 A21 ATll
1 A12A22 ...Anz

r) HaliTn 06paTHyto MaTpuiy: A~1 = m

A1nAon o A
UroObl HANTH HEU3BECTHYIO MATPUILY X, HY’KHO YMHOKHTH OOpaTHYIO MaTpHIly A™' Ha Mart-

puny B, cocrosinyro u3 cBOOOIHBIX UIECHOB.

I[J'ISI pEeIICHUA CUCTEMbI MATPUYHBIM METOJIOM:

1. 3anuuuTe cucTeMy JUHEHHBIX YPABHEHUH.

2. CocraBbTe MaTpUYHOE ypaBHEHUE.

3. Beruuciaure oOpaTHyIO MaTpHILy.

UT0oOBI BEIUMCIUTH OOPATHYIO MaTPHUILY, HYXKHO:

a) BBIYMCITUTH OINPEACTUTENh MAaTpULlbl A (44 = 0);

0) HaliTh anreOpamyecKue AOMOHEHUS I KaXKIO0TO JIEMEHTA MATPHUIIGI A

B) TPAHCTIOHUPOBATH MATPHUILY U3 AITreOpandecKux JTOMOJHCHHI;

A11 Azl '"Anl
r) HaiiTu 06paTHyI0 MaTpuiy: A~1 = i A1pA7; . Apy
AlnAZn ...Ann

4. Haiioure 3Ha4EHUS HEU3BECTHDIX.

. -1
YroObl HAalTH HEM3BECTHYIO MAaTpULly X, HY’)KHO YMHOXHUTb 00paTHyI0 MaTpully 4 = Ha Mat-
puny B, cocrosiyto u3 cBOOOIHBIX YJIEHOB.

5. 3amuInTe OTBET.
IHopsaok BbINOJIHEHUS PA0OTHI:

3anuumnTe CUCTEMY JIMHEHHBIX YPaBHEHUH.
Pemnre kaxxyro cucteMy BCeMHU TPEMs CITIOCOOaMH.
3anuIInTe OTBET.

Xopn padoThr:
PaccmoTrpum npumepst:

1) Pemmts CUCTCEMY ypaBHeHI/Iﬁ METOAOM KpaMepaI
X + 2.1': —3.1'3 =

2.1'1 — X5 +‘1‘I3 = 5:

3.1'1 +J.': - .1'3 = 5

1 2 -3 1 2 -3
A= (2 -1 4 );ﬁu:‘a =2 -1 4|=10=0
3 1 -1 3 1 -1

Brrancinum onpenenuTeny Kaxaou nepeMeHHoM:
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o2 -3

d=13 -1 4|=0-15+40-153+10-0=20
a1 -1
1 0 -3

bo=12 5 4|=-5-30+0+45-0-20=-10
3 53 -1
1 2 0

Az3=12 -1 5|=-53+0+30-0-20-5=10
3 .!‘ 3 ) )

Ortser: (2;-1;0).

2) Pemmthb cuCTEMy ypaBHEHHI MATPUYHBIM METOIOM
2.1'1 —_ 3.1': + ‘1'.1'3 = J.J.
.7.'1 +2.1':—3J.'3 :g
—EII —_ ‘1'.1': +J.'3 = —25

Haiinem

IV A o2 -3 2P Y= -10e
T2 AT sl s 1Tl Ll m
Bbraucum anreGpandeckue T0MONHEHHS:

P e T

‘431:|_32 _12 =4

weeB 3

ol T s 2o

CoctaBuUM 00paTHYIO MaTpUILy:
-12 -16 -4
A= - — (—31 27 )
TM13 26 13
Pemmm MatpudHOE ypaBHEHHE:

. -12 -1 -4 10 i —120 + 64 + 26 . 0 0
X=A'LC=—E(—31 2 7 )(_‘}):_E( —31[]—8—98)=—E(—‘1-16)=(‘1-).
13 26 —137 14 130 — 104 + 182 208 -2

Otger: (0;4;-2).
CrnenaeM IpoOBEpKY:
[ﬂ-l—'lE—E:'lEI

0-%+4=-4 .(BepHO)
0—4-10=-14
3) Pemuth cuctemy ypaBHeHHit MeTogoM [aycca
X + 2.1': —3.1'3 = U:
{2):1 — x5 + 43 = 5
3.1'1 +I: — x; = 5

CocraBuM paClIupCHHYIO0 MaTpuny mu3 KOB(I)(I)I/II_[I/IGHTOB IIpU HCU3BCCTHBIX U CBO6OI(HBIX YJICHOB!

1 2 =30
{41B) = (2 -1 4 5)
3 1 -1ls
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BrinmonHum sneMeHTapHble peoOpa3oBaHus HaJl CTPOKAMHU MAaTPUIIbL:

1 2 -=3|0 1 2 =30 1 2 =30
(2 -1 4 5) N(EI -3 10 5) N(EI 1 -2 —'L)~
3 1 -115 0 -5 815 0 -3 815

0
19)
=210

[Tony4yeHHOM MaTpULIE COOTBETCTBYET CUCTEMA YPABHEHMI:

?
.,
= o]
L B O
|1
L

I1+2I:—3I3:U
I:—z.r;:—l'

—2.173 = U

Hauunas CHHU3Y BBCPX, HAXOJAUM 3HAYCHUS HCU3BCCTHLBIX!

".r1+2x:—3x3=[] .1'1+2I:—3J:3=U x1+2-{—l]=[]
.1'"—2.1'3 =-1 ; X2 =-1 ; Xa =-1 ;

9 .1'3=|:| I3=U .1'3=[|

".rl—2

x =—1

kx;=[l

Ortgert: (2;-1,0).

®opma npeacraBiaeHus pe3yJbTaTa: BHIIOIHEHHAs padoTa.

Kpurtepun onenku:

- «OTan4HO» - yMeHHUs cOPMHUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIbHO, 03
apudmeTnyeckux ommoOoK, perieHrne opopMIEHO aKKypaTHO, C HEOOXOJUMBIMU 00OCHOBAHHUSMHU.

- «Xopo1Io» - HEKOTOpble YMEHUsS C(HOPMHUPOBAHBI HEAOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 3a/IaHUI BBITOJHEHHI ¢ ommOKkamu. be3ommbouno BeimonaeHo 80-89
% Bcex 3aIaHui.

- «Y IOBNETBOPUTEIILHO» - HEOOXOJAMMBIE YMEHHUS B OCHOBHOM C(OPMHPOBAHHI,
OOJBITMHCTBO 3aJaHUM BBHITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJHEHHBIX 3aJaHUN COJEpKAT OIIMOKH.
Bbe3ommb6ouno BeimonHeHO 70-79 % Bcex 3agaHuM.

- «HeynoBiIeTBOPUTENHEHO» - TEOPETUUECKOE COJIEpKaHUE Kypca He OCBOEHO, He00X0-
JTUMBbIE YMEHHS HEe CPOPMHUPOBAHBI, BHIMOJHEHHBIC YUEOHBIC 3aJJaHUsI COACPIKAT IPyObIe OMUOKH.
Be3omm6ouno BeimonHeHO MeHee 70% BcexX 3aJaHui.

Tema 3 JjieMeHTbI BEKTOPHOM aJIredpnl
IIpakTnueckoe 3ansaTne Ne 4
Omnepauuu HaX BEeKTOpaMH

HCJII): Hay‘-II/ITI)CSI BBITIOJIHATH HGfICTBI/IfI Haa BEKTOpaMHU, BBIYUCIIATE YIOJI MEXIY BEKTOpaMu,
IMPUMCHATH BCKTOPHOC U CMCUIAHHOC MPOU3BCACHUA IJIA PCIICHUA TCOMCTPUICCKUX 3a/1aq

Boinosinus padorty, Bl Oynere:
17



ymembo:

- HaXOJIUTh MPOEKIUIO BEKTOPA;

- BBIUUCJIIATD YIOJI MEKy BEKTOPaMU;

- BBIYMCIIATh BEKTOPHOE MPOU3BEACHUE U IIPUMEHATD €r0 K PEIICHUIO 33/1a4;

- BBIYMCIIATH CMEIIAHHOE NTPOU3BEACHNUE U IPUMEHSATD €r0 JJIs BBIYUCIEHUS 00beMa.

MaTepnaﬂbnoe odecmeyeHue: UHAUBUAYAJIBHBIC 3a1aHNA, KOHCIICKTBI HGKHHﬁ.

3aganue:
1. lano: a= (3;—6;—1), b= (1;4;—5), c= (3;—4;12). Haiitu nmpoekuuio BeKTopa (&_1 + 5) Ha BEKTOP c.
2. lansl Bepuunbl TpeyronbHuka A (1; -1; 2), B (5; -6; 2) u C (1; 3; -1). Halinure nauHy BBICOTHI,
ONyIleHHOH u3 BepmnHbl B Ha cropony AC.
3. Jlana nupamuna ¢ Bepummaamu Ag (7; 2; 4), Az (7; -1; -2), A3 (3; 3; 1), A4 (-4; 2; 1). Haiinure:
a) yroj Mexay peopamu A1Ar u A1Ay;
0) 00BeM MHpaMUJIBL;
B) JUNTUHY BBICOTHI, ONMYIIIEHHOH Ha TpaHb AjArAs3.
KpaTkue TeopeTnyeckue cBeeHHUs:

Bexmopom Ha3bIBaeTCsl HampaBJIeH HBIH OTPE30K AB C HAaudaJdbHOM TOYKOW A UM KOHEYHOM
TOuKO# B. BeKTOpBI MOryT 0003Ha4aThes: a= AB.

BeKTopsI, JeXkalue Ha OJHON IPAMOM MM HA MAPAUIENbHBIX NPSAMBIX, HA3BIBAIOTC KOJIU-
HeapublMu, 1 0003HAYAFOTCS QHB.

BeKTOpBI HAa3bIBAKOTCA KOMNIAHAPHbIMU, CCIIA OHU JICKAT B O,Z[HOI71 IIJIOCKOCTU HJIM B IIapali-
JICJIBHBIX IIJIOCKOCTAX.

Ecni Havao u KOHeI BEKTOpa COBIAIAIOT, HATIPUMED, AA, TO TAKOW BEKTOP HA3bIBAKOT H)Jle-
6blM 1 0003HAYAIOT 0= AA . J[JTHHA HYJIEBOrO BEKTOPA paBHA HYIIIO: ‘6‘ -0.

I[Ba BCKTOpPAa HA3BIBANOTCA paeHbiMu, CCIIM OHU KOJUIMHCAPHBI, OJWMHAKOBO HAIIPABJICHBI U
HUMCIOT OJUHAKOBYIO JJIMHY:

— _ def l)aTTB,
a=b o=
2)‘a‘=‘b‘.

IIpouseedenuem eexkmopa a Ha HUCIO A HA3BIBAETCS BEKTOP b= 1a, WMEIOIIHNA IIHHY

‘6‘ =4 ‘5 , HalpaBJIeHHE KOTOPOTO COBIMAIAET C HAIPaBJIECHHEM BEKTOpa a, ecii >0, 1 IpOTUBOIIO-

J0XKHO eMy, eci A<O0.
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TIpomueononodicuvlm 6eKmopom - aHa3bIBaeTCsA TMPOU3BEICHUE BEKTOpa aHa ducio (-1), T.e.
-a=(-Da.

HpSIMaSI lc 3aIaHHbIM HAIIPaBJICHUCM, IPUHUMACMBIM 3a ITOJIOKUTCIILEHOC, HA3BIBACTCA OCbHIO.

Ilpoexyueti eexmopa a Ha ochb |HaswiBaeTcs uwmcio, 0003HAYaeMOe #np,a W PaBHOE

‘a‘ s @, 20e ¢ €[0,7] — yrom Mexka1y BEKTODOM a U HOJOKUTEIBHBIM HAIpaBIeHHeM ocH |.

npya=MN, 0£(p<%

M N % np|;=—MN,%S(p§7z.
BekTop a = (x, y, z) MOKET OBITh IPEICTABIICH B BUJIE a=xi+ y]+ zk, e i, ] , k — enuHMYHBIC

BEKTOPHI (OPTHI), COBNAIAOIINE C HApaBIeHHeM oceil coorBercTBeHHo OX, Oy, Oz; M+‘j‘+‘k‘ =1

Jnuna éexmopa paBHa KOPHIO KBaIpaTHOMY U3 CYMMBI KBaIpaTOB €r0 KOOPAUHAT:

H:‘W‘:w/x%yz w ‘5‘:‘W‘:\/x2+yz+zz- (1)

JluneiHble onepauyuy HaJ BEKTOpaMu B KOOpauHaTHOU (opme. ITycTh BEKTOP a=(x,y,, z) ¥
b = (%, ¥,,2,) » TOTIA ¢=a+b=(%+% Y+ Y2 2 +2),

=a-b=(Xx X Y~ Yo - 2,),

Q|

a IPOM3BEIECHUE BEKTOPA a = (x,, y,, z) Ha YUCIIO A €CTb BEKTOP T = (Jix, Ay, Az)) -

Ecmu nmambl Toukn M(x;,Y;,2) B N(Xp,¥,,2,), To BekTop MN GyneT MMeTh KOODMHATHI:
MN = (X, =X, Y, = Y1.2, — 73).

JIBa BEKTOpa a W b KOJLIUHedpHbl TOTAA U TOJIBKO TOT/a, KOT/Ia HX KOOPAMHATHI IPOITOPIIHO-
- x z

HAIBHEL ajb < L=J1_%

X, Yo I

Jlenenue oTpe3ka B JAaHHOM OTHOIICHUU. [1yCTh HaHBI TOUKU A=(Xy,Y;,2;) U B=(X,,Y,,2,), &
Touka M ompenenena ycinoueM AM=AMB, 1>0.

AMIME=421
A M B

Torma KoopAUHATHI X, Y, Z TOUKH M ONIpEnesitoTCs paBeHCTBAMM

X_xl+/1x2 _y1+/1y2 Z_zl+/122
144 ' 144 1+ 1

B wyactHoM ciiyuae A=1 u Touka M Oyzner cepeanHoil oTpeska AB.
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Cxanapuwvim npouseedenuem (a,b) IBYX BEKTOPOB a UMb HA3BIBAETCS YMCIIO, PABHOE MPOU3BE-
JIEHUIO JUIMH 3TUX BEKTOPOB Ha KOCHHYC YIJIa () MEKLY HUMHM:

(a.b)=ab =[dfb|cos-
Beipaszum cramsipHOE MPOU3BEICHNE Yepe3 KOOPAUHATH BEKTOPOBa Ub .

Crkanspnoe npousseoenue (a,b) AByX BEKTOPOB a UMb PaBHO CyMME IIPOM3BEIECHHUN COOTBETCT-
BYIOIMX KOOPAMHAT 3THX BEKTOPOB:

(5, B): ab= ‘EHB‘ COSQ = XX, + VY, + 2,2, )
Ckanapuwiii kKéadpam BEKTOPA PaBEH KBaIpaTy €ro JJINHbI:

2\ T2 3P 2 2 2

@a)=a=fa =x’+y +2" (3)
Vron Mex 1y BEKTOpaMH a U b OMpeaessiercs mo Gopmyie

_ (5’ B) _ XX + VY, + 4%, . (4)
‘b‘ \/Xl2 + yl2 + 212 \/Xz2 + 3’22 + Zz2

J1s IBYX HEHYJEBBIX BEKTOPOB a = (x, Y, z) U b = (X,, Y,, ,) YC106UE OPMO20OHANLHOCHIY UIMEET

BU: 5J.5©x1x2 +Y1Y, +2,2, =0.

BekTopHOE Mpou3BeACHNE BEKTOPOB

Tpoiika BeKTOpOB a, b, ¢ ¢ 06mum HauasoMm B Touke O Ha3bIBaeTCs MMPaBOM, €CIIU KpaTyaii-

U TIOBOPOT OCH BEKTOpPa a K BEKTOPY b CO CTOPOHBI BEKTOpa C OCYIIECTBIISIETCS MPOTHB 4aco-
BOI1 cTpenku (puc. a). B mpoTuBHOM cityuae Tpoiika BEKTOPOB Ha3bIBaeTCs JieBoi (puc. 0).

Bexmopuvim npoussedenuem BEKTOPOB a U b Ha3bIBaeTCs BEKTOP €, 0003HAUYAaEeMbIil C=axb,
KOTOPBIN YIOBIETBOPSIET TPEM YCIOBHSIM:

1) | d=[alpsinfa.b);
)
3)

N

cla, clb;
a, b, ¢ —mpaBas TpoliKa BEKTOPOB.

Moayns BEKTOPHOTO TPOU3BEIACHUS JBYX BEKTOPOB PaBeH IUIOMIAIN apaljIeiorpaMma, IoCTPOCH-
HOT'O Ha 3TUX BEKTOpaX.
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¢ La ¢ Le DTOT BEKTOp NEPIEHAUKYISIPEH IEPEMHOKAEMbBIM BEKTOpaM (TIEpIIEHANKYIISPEH
IUIOCKOCTH MapajuiesorpamMmma), T.e 1

ol

i j k
RO a, a a a
¥ Z2 X z X V
axe =la, a, a, =i «.] +k
Sl r4 X 87 X 6&
8, 8, 8

HJ’II/IHa BCKTOPHOT'O ITPOU3BCACHU paBHA INIOMAAN ITapaJuICiorpaMMa - YABOCHHOI'O TPEYTr'OJIbHU-
Ka, a UMCHHO IIPOU3BCACHUIO CTOPOH B BUJAC BCKTOPOB aub , OTJIOKCHHBIC OT O,I[HOfI TOYKH, HA

CHHYC yriia MKy HUMU SinZ (&, b ).

CMenIaHHOe IPOU3BEJICHHE BEKTOPOB

CMellIaHHbIM MIPOM3BEIEHNEM BEKTOPOB @, b n C HasbIBaeTCs JEHCTBUTENBLHOE YHCIIO, PABHOE
CKaJISIPHOMY TIPOU3BEIEHUIO BEKTOPOB lé X bJ ucC,rae lé X bJ - BEKTOPHOE NPOU3BEICHUE BEKTOPOB
dwub.

CMelIaHHO€ TPOU3BEIEHUE BEKTOPOB PABHO OIPEAEIUTENIO MATPUIILI TPETHETO TOPSIKA, CTPOKA-
MM KOTOPO# ABJIAIOTCSA KOOPJMHATHI YMHOKAEMBIX BEKTOPOB, TO €CTh

a, a, a,
a-b-c=(axb|c)=|b, b, b,.
C C C

X y z

Yenosue Komnianaprocmu TpEX BEKTOPOB a , b, ¢ umeer BuA:

['eomeTpuyeckuii CMbICT CMEIIAHHOTO MPOM3BEACHUS COCTOMT B cieayromeM. CmenianHoe
MIPOM3BENICHNUE TPEX BEKTOPOB a, b, ¢ paBHO 00beMy V mapasienenurnena, MOCTPOCHHOTO Ha ITUX

BEKTOpax, eciu a, b, ¢ — mpaBas Tpoiika. Eciu jxe 3Ta Tpoiika jeBasi, To CMEIIaHHOE NPOU3Bee-
HUE OTPUIATEIBHO U PABHO 00bEMY Napaiesienunea ¢ IpOTUBOMOIOKHBIM 3HAKOM:
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— |V, 5., E, c— npaeas mpouka,
-V, 5, 6, — J1e6asi mpouKa.

a-b-c.

napannenenineda ‘ ‘
-~ O 1
O6bem TeTpasapa, IOCTPOCHHOI'O Ha BEKTOpax a, b mnc, paBHAETCA g obbema napannenenvnega.

Nonyvaem: V :1V = 1‘5-6-6‘.

mempasopa 6 napannenenineoa 6

HOpﬂ)IOK BbIIIOJTHCHHU A paﬁoTLl:

1. [Ipoananu3upoBaTh YCIOBHUE 3aa4H.
2. BBITIOMTHUTE pelieHne, MTPUMEHSISl HE0OX0AUMBbIC (POPMYITBL.
3. 3anucaTth OTBET.

Xoa padoTbI:
3aganme 1. Haiitu npoekiuro BekTopa a Ha Bektop D, ecim d=(-1;0;2)nu b =(3;-4; 1).

—

Pemenne. J{jis HaXOXKIEHMs IPOEKLUK BEKTOpa @ Ha BekTop b , Byaem ncnonbsosats dopmyny
IIp,a= (alb) _ a,b, eraybzy + a:bZ
bl JbZ +bZ +b?
HOHCTaBHﬂﬂ B HEC KOOPAHMHATBI BEKTOPOB, MOJTYUYUM:
(6) -13+0-(-4)+21 -1 26

Ilp.a =

oV eapsrr V8 26

3aganme 2./{anbl BepunHbl TpeyroabHuka A(1;-1;2), B(5;-6;2), C(1;3;-1). Haiftu nnuny ero Bbico-
ThI, ONYLIIEHHOH U3 BepiinHbl B Ha ctopony AC.
Pemenne .

AB=(4:-5: 0); AC =(0; 4:-3)

i k
ABx AC=|4 =5 0|=15+12+16k=(15 12 16)
0 4 -3

Supe = %|.-m' x ..ur"| = %Jiii +144 + 256 =

(o]
ta | 13

1
=—h-AC= 16+9-h

. 1
( dpveoit cmopous S . 5 >

25 3
:;*—:E;T:hlfi':j

Oneenm s 5
@®opma npeacTaBJieHus pe3yJbTaTa: BHIOTHEHHAs paboTa.

Kpurepum ouenku:
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- «OTaU4HO» - yMeHHUs COPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPABUIBHO, 03
aprupMETHYECKUX OMMOOK, pemeHrne 0hOpMIIEHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSIMH.

— «XO0pomIo» - HEKOTOphle yMEHHsI C(HOPMUPOBAHBI HEOCTATOYHO, BCE 3a/JaHUS BHI-
MIOJTHEHBI, HEKOTOPBIE BUJIbI 3a/IaHUil BBIOJHEHHI ¢ omuOkaMu. bezommbouno Beimoaneno 80-89
% BceX 3aIaHHH.

— «Y TOBIIETBOPUTEIHHO» - HEOOXOJMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHHI,
OOJBIIMHCTBO 3a/IaHU BBIIOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJaHHUN COJIEPIKAT OIIUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeymoBIeTBOPUTEIBHO» - TEOPETUUYECKOE COJIEpKaHUE Kypca HE OCBOEHO, HE00X 0-
JTUMbIC YMECHHSI HE C()OPMUPOBAHBI, BBHITOJIHEHHBIC YU€OHBIC 3a/IaHUs COACPIKAT IPyObIe OIIHNOKH.
Beszommbouno BeImoHeHo MeHee 70% Bcex 3aJaHui.

Tema 4. AHatuTH4YeCKAsi TeOMETPHSI HA MJIOCKOCTH
IIpakTHyeckoe 3ansaTHE Ne 5
Peienne 3a1a4 no aHAJIUTHYECKOI reOMeTPHU.

Heab: popMupoBaHue YMEHUH COCTABIIATh YPABHEHUS IPSMBIX,ypaBHEHHSI KPUBBIX 2-TO MOPSIIKA.
Beinmosinus padorty, Bl Oynere:

ymembp:

- peluaTh 3aJa4u, UCII0JIb3Yys YpaBHEHUS NPSIMBbIX;

- pelaTth 3a4a4u, UCII0JIb3YA YPABHCHUA KPUBLIX BTOPOIr0 MOpAAKa Ha IIJIOCKOCTH.

MaTepHaJIbHOC 06ecneqe}me: I/IHI[I/IBI/I[[yaJII)HI)IG 3aJaHus1, KOHCIICKTHI HGKHHﬁ.
3aganue:

1. Haiitu TOuKy mnepecedeHHs] NpPSIMbIX, 33JaHHBIX YpaBHEHUSIMH: a) 2X—y+3=0 U
4x+8y+17=0;0) 2x—y+3=0 u 4x—8y-11=0.

2. Jlanwl BepmuHbl A(4, 3), B(-3, -3), C(2, 7) tpeyronpauka ABC. Haiitu: a) ypaBHEeHHE CTO-
poHbl AB; 0) ypaBHeHue BbicoTel CH, B) ypaBHeHHe MenuaHbl AM; 1) Touky N mepecedeHus me-

muansl AM u BeicoTsl CH; 1) ypaBHEHHE NpSIMOM, MpoXosiiei yepe3 BepminHy C napajuieabHO
cTopoHe AB; e) paccrostaue oT Touku C 10 mpsiMoit AB.

3. CocraBUTh ypaBHEHHE OKPYXHOCTH, MPOXOJLIEN uepe3 TOUKY 4(6,—1) C LIEHTPOM B TOUKE
nepecedeHus NpsAMbIX 3X—-4y—-5=0 1 4x+3y-15=0.

Haiitu nonmyocu, koopauHaThl (OKYCOB M SKCLIEHTPUCHUTET IUIUIICA 4x? + 25y —100=0.

Onpenenutb BUJ U PaclookKeHHe KpUBOH (ITOJyocH, KOOPAWHATHI (POKYCOB U 3KCIIEHTPHU-
CHUTET) 5x? +16y? +10x—96y +69=0.

6. IlapaGona c BepuIMHON B Hadane KOOPAUHAT MPOXOJUT Yepe3 TOUKY 4(1,—3) U CHMMETPUYHA
oTHOcUTeNbHO ocu Ox. Haiitu ¢okyc u ypaBHEeHUS apaboIbl U €€ TUPEKTPUCHI.

KpaTkue TeopeTnyeckue cBeieHUS:

YpaBHeHMe npsAMON Ha IUIOCKOCTH

B I[CK&pTOBOfI HpﬂMoyFOHBHOﬁ CUCTCMC KOOPpAUHAT Oxy Ha IJIOCKOCTH JIF00ast npsamas MOXKET
OBITh 3a/laHa YpaBHCHUECM HepBOﬁ CTCIICHHU
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Ax+By+C=0, rae A, B, C — onpenenennsle yncna, A2 + B2 =0. 1 o6paTHO, BCsikoe ypaBHEHUE BU-

Ia Ax + By +C =0 OIpPEIEIAeT NPSIMYI0 Ha IIIOCKOCTH.

JlaHHO€ ypaBHEHUE HA3bIBACTCS 0OWUM YpAGHEHUEeM NPAMOL Ha MIOCKOCTH, KOG (UIMEHTHI
ypaBHeHUs A, B ompenensitoT KoopIuMHaThl BEKTOpA fi, MEPIEHAUKYISIPHOIO 3TOM MPSAMOM. DTOT
BEKTOP Ha3bIBACTCSI HOPMANbHbIM 6EKMOPOM TIPSIMOIL.

VKaxkeM OCHOBHBIE CITOCOOBI 3aJJaHusA HpHMOﬁ Ha IIJIOCKOCTH W COOTBCTCTBYIOIIUE YpaBHE-

HHA.

1. Ipsamas IPOXOAUT Yepe3 TOUKY M, (x,,y,) NEPHEHAUKYISAPHO BEKTOPY fi=(AB). B aTOM
cj1ydac mnpsiMasl OImuChbIBa€TCsA O6H_II/IM YpaBHCHHUEM
A(X_Xo)"' B(y—y0)=0-

2. IlpAmas IPOXOIUT YEPE3 TOUKY M, (X,,y,) MAPAIIIENLHO BEKTOPY S =(m,n). B aTOM ciyuae

Hp}IMaSI 3a4aC€TCA KAHOHUYEeCKUM ypa@HeHueM
X=X _ Y=Y,
m n

WA napamempudecKumu ypaeHeHuiAMuU

X = X, + M,
y =Yy, +nt,

rjae t — mapameTp, MPUHUMAIOIINN JTIOObIC YHCTOBBIC 3HAUCHHUS.

3. IIpAMas MPOXOIHUT YePE3 TOUKY M, (X,,Y,) € 3aJaHHBIM YIJIOM HAKIIOHA ¢, ONPEAETAEMBIM

yenosvim kodpguyuenmomk =tger (puc. 1). B sTOM ciydae ypaBHeHHME NpSAMON HMMeEET BUJ

Y—=Yo =k(X—X0).

A

M,

"y

Puc. 1. X Puc. 2.

4, HpHMaH OTCCKACT Ha KOOPAUWHATHBIX OCAX 3aJaHHBIC OTPE3KU (pI/IC 2) B >Tom cJIydac uc-

MTOJIB3YIOT ypasHeHue npamoi 6 ompeskax * [ Y _q.
a b

5. Ilpsimas 3amaHa yriaoM HaKJIOHA ¢, ONPEACIIEMBIM YIIIOBBIM K03 UIIeHTOM K =tger, U
otpe3koM b, orcekaeMbiM Ha ocu Oy. B 3TOM cityuae UCHIONB3YIOT ypagHeHue npsamoll ¢ Yer08biM
KO3 puyuenmom y =kx+b .

Paccmosnuedom mouxkuM,(x,,y,) A0 TPIMOH Ax+By+C=0 BBIUHCISACTCS 1O (opmyre
g |Ax, + By, +C|

JA? +B?

KDI/IBBIe BTOPOTO IMOpAAKA HA TTJIOCKOCTHU
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OO11iee ypaBHEHUE KPUBBIX BTOPOTO MOPSAIKA UMEET BH]T

Ax? +Bxy +Cy? +Dx+Ey+F =0, B KoTopoM A4, B m C He paBHBl HYJIO OIHOBPEMEHHO, T.C.

A?2+B?*+C?%0.
DIIunc u OKpys#CHOCHb
QﬂﬂunCOM Ha3bIBACTCA reOMeTpI/ILIeCKOC MECTO TOYCK IINIOCKOCTH, CyMMa paCCTOHHI/Iﬁ OT KO-
TOPBIX IO JIBYX JaHHBIX ToueKk F1 u Fj, Ha3piBaemMbIX (pokycamu, €CTh BETUYMHA TIOCTOSTHHASI, PaB-

Has 2a, MpUYeM dTa BeIMYUHA OOJIbIIE pacCTOSHUS 2¢ MEXKAY (hoKycamu.

Ecmu 3a ock Ox mpUHSTE NMPSIMYyI0, MPOXOIIyi0 uepe3 GokycbiF, uF,, a 3a oce Oy — nep-
MEeHIUKYISp K ocu Ox, MPOXOsIuil uepe3 cepeauny orpeska F1F; (puc. 1), To ypaBHenue smnunca

XZ 2
npumet Bug XY _q.
2 2
a® b
DTO ypaBHEHHE Ha3BIBAIOT KAHOHUYECKUM YpasHeHuem diaunca. IIpu 3ToM a — GoJbpIIas moixyoch
anmrnica, b— ero manas nomyocs, ¢ =+va’-b?, F(-c,0) 1 F,(c,0) — poKychl amumnca.

YA
b F
_»‘7‘—ha‘::._
St ___ | T
N Al
—
Puc. 1.

OrHonieHue = e <1 HAa3BbIBACTCA IKCYERMPUCUMEMOM JJIIUNCA.

[Tpu a<b ypaBHeHHe TakXke 3a[JaeT AIUIUIIC, HO Y TAKOTo 3JUIHIca POKYChI PACIIONOKEHBI Ha
ocu Oy, napametp b 3amaet OOJBIIYIO MOIYOCh, & @ — MAITy0 NOIyock. [lapamerp ¢, paBHbIil MO0~
BUHE PACCTOSHUS MEKITY (POKYCaMu, MOXKHO HAiTH 10 Gopmyie ¢ =+/b? —a® , a IKCIEHTPUCUTET —

o gopmyne . _C.
b

[Ipu a=b ypaBHeHHE 3a7aeT OKPYKHOCTD C [ICHTPOM B Hayaje KOOPAUHAT U PAIyCOM d.
3aJaeTcsi  ypaBHEHUEM

OxpyxHOCTh paguyca R ¢ 1eHTpoM B  TOuke C(Xo,yo)

2 2 2
(=%, )" +(y =y, ) =R*.
T'unepbona
T'unepbonoti Ha3bIBACTCSI TEOMETPHUUECKOE MECTO TOYEK IUIOCKOCTH, MOJIYJh Pa3HOCTH pac-
CTOSIHUW OT KOTOPBIX JIO ABYX JaHHBIX Touek Fi u F,, Ha3pIBaeMbIX ()OKycaMH, eCTh BEJUMIHHA T10-
CTOSIHHAsI, paBHAs 2a, IPHYEM 3Ta BEJTMYNHA MEHBIIIC PACCTOSHUSA 2¢ MKy (POKYCAMHU.
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Ecnm 3a ock Ox npuHATH NpsiMyr0, Mpoxoasityto depe3 dhokyceiF; uF,, a 3a ocs Oy — nep-
MEeHIUKYISp K ocu Ox, MPOXOoIAIIui yepe3 cepenuny otpeska FiF; (puc. 2), To ypaBHeHUE rumnep-

Ooubl mpuMert Buj X° _ Y’

a’ szl.

OTO0 ypaBHEHUE HA3bIBAIOT KAHOHUYECKUM YypasHeHuem 2unepoonsi. llpu 3ToM a — neiicTBUTENbHAS

10J1yoCh rumnepOobl, b— ero MEuMast monyocs, ¢ =+va” +b?, F(-c,0) u F,(c,0) — dhoxycs! mumca.

Puc. 2.

Ornomenue . _ C .1 HasbIBaeTCA oKCyenmpucumemom unepoonel. llpamele y = J_rgx, K KO-

a
TOPBIM FI/IHep6OJIa HCOI'paHUYCHHO HpI/I6JII/I)KaCTC$I Ha 6eCKOHe‘lHOCTI/I, npeaACTaBIAOT co0oii acuM-
IITOTHI FI/Il'Iep6OJ'ILI.

2 2

VpaBHeHue — X7 g
a

2 =1, onpezensier runepooy, HO y STOH rUIepOOIEL! (OKyCHI pacmonoxe-
b

HBI Ha OCH Oy, mapamMeTp b ectn JeUCTBUTEIIbLHAS IIOJIyOCh, IMapaMETp a — MHHUMaAA IOJIYyOCh, a4 5KC-

LEHTPUCUTET BhIUMCIIAETCS 10 hopmyne . _C.
b

Ilapabona
Ilapabonoii Ha3bIBAaeTCS F€OMETPUUECKOE MECTO TOYEK IJIOCKOCTH, PABHOYAAJIECHHBIX OT JIaH-

HOW TOYKH, Ha3bIBaeMOM (hoKycoMm, U TaHHOU NPsSAMOM, Ha3bIBAEMON AUPEKTPUCOM.

Ecnu 3a ocb Ox IpUHATE NPAMYIO, IPOXOJAIYIO Yepe3 POKyC NepHeHIUKYIAPHO AUPEKTPUCE,
a 3a ocb Oy — NpsAMYI0, MIPOXOSIIYIO0 Yepe3 CepeiuHy MEepIeHANKYIApa, OMyIEeHHOro U3 GoKyca
Ha aupekTpucy (puc. 3), TO ypaBHEHHE Mapalboibl MPUMET BUI Yy =2px, TJ€ p — PacCTOSHUE OT
¢dokyca 0 IUPEKTPUCHL. DTO ypaBHEHHME HA3BIBAIOT KAHOHUYECKUM ypaeneHnuem napabonvi. 1lpn

3TOM y _ _ P — ypaBHEHHE AUPEKTPUCHI, a (HOKYC F(p,Oj'
2 2

rA

n¥

Puc. 3.

VYpaBHeHue x* =2py 3aaaeT napadboiy, CHMMETPUYHYIO OTHOCUTENbHO ocu Oy. B aToMm citydae

jupekTpuca napabosst _ _ P, a pokyc F(O,p] .
2 2
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IMopsinok BbINOJIHEHHUSI PA0OThI:

1. [Ipoananu3upoBaTh YCIOBHUE 3aa4H.
2. BBITIOTHUTE pelieHne, TPUMEHSISI HEOOXOAUMBIE (POPMYIIBI.
3. 3anucaTth OTBET.

Xopn padoThl:

1. TMonmyuuTs y mpernojaBaTens 3a1aHusl.
2. OdopMuUTH penieHre B TETpaau Al MPaAKTHUECKUX PadoT.

dopma npeacTraBJieHUs pe3yJbTaTa: BHIIIOIHEHHAs paboTa.

Kputepuu ounenkmu:

- «OTINYHO» - yMEHUs CPOPMHUPOBAHBI, BCE 3aJaHHs BBIMOJHEHBI MPABUIBHO, 0€3
apu(MEeTHYECKUX OMKMOOK, penieHre 0hopMIICHO aKKypaTHO, C HEOOXOJUMBIMH 00OCHOBAHHSIMH.

- «XO0pomio» - HEKOTOphle yMEHHs C(HOPMUPOBAHBI HEOCTATOYHO, BCE 3a/JaHUS BHI-
IIOJIHEHBI, HEKOTOPBIC BHUJIBI 33JJaHUIl BBIMOJIHEHBI C omKMOKamMu. be3ormmbouno BeimonHeHo 80-89
% Bcex 3aIaHui.

- «Y IOBIIETBOPUTEIHHO» - HEOOXOAMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIIMHCTBO 3aJIaHUM BBIOJIHEHO, HEKOTOPHIC M3 BBIOJHEHHBIX 3aJaHHH COJIEPIKAT OLIHOKH.
Be3omnbouno BeinonHeHo 70-79 % Bcex 3agaHu.

- «HeynoBieTBOPUTEIBHO» - TEOPETHUECKOE COJIEPIKAHUE Kypca HE OCBOCHO, HEOOXO-
JMMBIC YMEHHS HE C(OPMHUPOBAHBI, BBHITIOJHCHHBIC YUEOHBIC 3aJlaHMs COACPIKAT TPYOble ONIMOKH.
Bbe3ommbouno BeimonHeHo Menee 70% Bcex 3amaHui.

Tema 5. OCHOBBI TEOPUHM KOMILJIEKCHBIX YHCeJ
IIpakTnuyeckoe 3ansitue Ne 6
JelicTBUSA HAl KOMILJIEKCHBIMHU YNCJIAMU B ajiredpandeckoii popme.

He.]'lb: Hay‘{I/ITI)CSI BBITIOJIHATH I[Cf/iCTBHS[ Haa KOMIIJIEKCHBIMU 4HCJIaMU, 3allMCAHHBIMU B anre6pa1/1-
yeckou opme.

Beimosnus patdory, Bel Oyaere:

ymemp:

- 3aMMCBIBaTh KOMITJIEKCHBIE YKcia B anredbpanyeckoi hopme;

- BBITIOJIHSATH JEHCTBUS HAJl KOMILJIEKCHBIMU YUCJIaMH B alre0pandeckoit gopme.

MatepuajibHOe o0ecnedeHue: NHINBUIyaIbHbIC 3aaHNsI, KOHCIIEKTHI JICKIIHH.
3aganme:
1. Jlausr komrutekcHbie uncna: z1= (7;1), 2,=(-1,5;1,5), zz=(4;-3).
3anucarh 3TH 4Kciia B anredpandeckon popme.
2. Bpruucnurs:
1) z; +zy;
2) z; — z3;
Z1,
3) o
4) z, - z3;
5) z3;
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4-5i .8
1+3i

3. Bbruuciaurs:

KpaTRne TECOPETHYCCKUEC CBCACHUSA .

Kommnnexcnvim wucnom Ha3pBaeTcsl BRIpaKeHHE BUAa a + bi, rae a u b — neiicTBUTEeNbHbBIC YUCTa,
a CHMBOI [ Y/IOBJIETBODSET yCIOBHIO (% = —1.

Kommnekcuele uncna z; = a + bi 1 z, = ¢ + di Ha3bIBAIOTCS PaBHBIMU, eciia = ¢ u b = d.

Kommnekcuele uncna z = a + bi u Z = a — bi Ha3pIBatoTCs conpsbkeHHbIMU. Ynicna a + bi u — a — bi Ha-
3BIBAIOTCS TIPOTHBOTIOIOKHBIMH.

Moz[yneM KOMITJICKCHOI'O 4YHMCJIa Ha3bIBACTCA AJIMHA paJuyC-BEKTOpPa COOTBCTCTBY}OHICﬁ TOYKHU KOMIIICKC-

Ho mockoctu. O6o3Havaerca |z| = Va2 + b? =r.

3anuch KOMIUIEKCHOTO 4YMcia Z B BUAe a + bi, rae a u b € R, Ha3pIBaercs anredpanyeckoi Gpopmoii KoM-
TUIEKCHOTO YHUCIIA.

1. Cymma nByx uncen z; = a+biv z, =c+dipasHaz; +z, =(a+bi)+(c+di)=(a+c)+ (b+
d)i.

2. PasHocTh ABYX umcen z; =a+bi u z, =c+di paBHa z; —z, = (a+ bi) —(c+di) =(a—c) +
(b — d)i.

3. IlpousBeneHneM KOMIUIEKCHBIX 4YHCeN Z; = a+ bi m Z; = ¢ + di Ha3pIBaeTCd KOMIUIEKCHOE YHCIIO
7.2, = (ac — bd) + (ad + bo)i.

4. YacTHBIM KOMIUIEKCHBIX 4HCeNl Z; = a+bi u 2z, =c + di # 0 Ha3zpBaeTcs KOMIUIEKCHOE YHCIIO

7 = zy _ ac+bd | bc—ad
Tz, c2+d? | c2+4d?

5. Bo3BegeHue KOMILIEKCHOIO YHCJIA B CTEHEHLnENpaCCManI/IBaeTCﬂ KaK 4YacTHBIN cnyqaﬁ YMHOXCHU
KOMIIJICKCHOI'O 4McCJia N pa3s.

Cremnenu uncia i.
Lecmn=4k+1
—l.ecun=4k+2

—lLecmn=4k+3
l.ecrmn=4k

ITopsinok BeINOJHEHHS PAa0dOThI:
1. 3anuimunTe KOMIUIEKCHBIE YHCIa B aireOpanyeckoi popme =z = a + bi

2. BeimonHUTE MEeHCTBHS HAJl KOMIIEKCHBIMU YHCIIaMU B ayireOpandeckoi popme, UCTIOIIb-
3ysl GOPMYIIBIL:

2+ 2 = {:ﬂl + ﬂg} + {IJJ_ + b:}f;

Zy — By = {:ﬂl - ﬂ:} + {IJ]_ - IJ:}:-;
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zy-z3 = (ayay — byby) + (ayby + az by )i;

Iy aqa +[:1|':3+53[:1—5153_
+B

1

[

2
ﬁE+F

2

Xox padoThI:

1. Jlausr komiutekcHble uncna: z1= (7;1), 2,=(-1,5;1,5), z3=(4;-3).
3amnucarth 5TH YKCIIa B ajaredbpandeckoi popme.

Pemenue:

T.k. anrebpanyeckas opMa KOMIIJIEKCHOTO YUCIIa UIMEET BUJL: = = & + bi, TO YyUclia B ajaredpaunye-
ckoi (hopme OyayT 3amucaHbl B BUJIC:

5y =748z, =154+ 154 z3 =4 - 36

2. Bpuuciaurs:
2+ 2, =(7-15) + {1 + L5)i = 55 + 2.5i;

7 — 23 =(-15-4) + (L5 + 3)i = 5.5 + 4.5;
5 T4 430 2B+ 4i+210 4307 __ 2B+351-3 254351 L ey
= 4-3 A-3dedn Le—%° 1g49 35 .

z 0z = (1,54 1,5(4 —3i) = -6+ 45i + 6i — 45 = -6+ 10,5 + 45 = —1,5 + 10,5i;
=T+ =(F+D0*T+) =49 +14i + #)2(7+1) = (48 + 14) (7 + 1) = (2304 + 1344 +
1962 )(7 + i) = (2304 + 1344: —196)(7 +i) = (2108 + 1344i)(7 + ) = 13412 + 11516i

143 4-51
3. BBIUUCIHTE: + 1+: -

=3 31
Pemenne:
1431 4-51 _ :-E = 21— 2.7i
1-3 1431
1) 430 _ (14308 _ -:-3—}36-3; _ i _:_
1=3 [1=31=1=37 - 10
2) 4-51 — (4-51311-31 — -}—12!—5!-}-15!3 — -11-171 = —11—17i
1431 (143137 1=313 1=-51" 10
3) f=(F)=(-1)*=1
4) —-i-11-17i-1=-21-27i

®opma npeacTaBiaeHus pe3yJabTaTa:BbIIOTHEHHAs paboTa.

Kpurtepun onenkmn:

- «OTan4HO» - yMeHHUS COPMUPOBAHBI, BCE 3aJaHUsS BBINOJHEHbI NMPaBUIbHO, 0€3
aprupMeTHYECKUX OMMOO0K, pemeHrne 0hOpMIICHO aKKypaTHO, C HEOOXOIMMBIMUA 00OCHOBAHUSIMH.

- «XO0po1I0» - HEKOTOpble yMEHUsI C(HOPMUPOBAHBI HEAOCTATOUHO, BCE 3aJaHUS BBI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 3a/IaHUI BBIITOJIHEHBI ¢ ommOKamMu. bezommbouno BeimoaHeHo 80-89
% Bcex 3alaHui.

— «Y IOBIIETBOPUTEIBHO» - HEOOXOJWMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/laHU BBINOJIHEHO, HEKOTOPbIE M3 BBIMOJHEHHBIX 3aJaHUI COJEp)KaT OLINOKH.
bezomm6ouno BeimonHeHo 70-79 % Bcex 3agaHuil.
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- «HeymoBIeTBOPUTENLHO» - TEOPETUUECKOE COJIEpKaHUE Kypca HE OCBOEHO, HE00X 0-
JTUMBbIE YMEHHSI HEe CPOPMUPOBAHBI, BHIMIOJHEHHBIC yUeOHBIC 3aaHUs COJEP)KAT IpyOble OIIMOKH.
bezommbo4yHo BEIMoaHEHO MeHee 70% Bcex 3aJaHuil.

Tema 5. OcHOBBI T€OPHU KOMIJIEKCHBIX YHCEJI
IIpakTuyeckoe 3ansaTue Ne 7
JelicTBUS HAT KOMIUIEKCHBIMH Y CJIAMH B TPUTOHOMETPUYECKOii (hopMme

Ieab: Haydutbcst BBINOIHATH AEHCTBUSA HAJl KOMIUIEKCHBIMU YUCJIAMHU B TPUTOHOMETPHUYE-
ckoit hopme.

Beinosinus patdory, Bel Oyaere:

ymemb:

- 3aMKCHIBATh KOMITJICKCHBIEC YKCIIa B TPUTOHOMETPHUYECKON (opMme;

- BBIIOJIHATH JACUCTBUS B TPUTOHOMETPUUYECKOH (popMme;

- IEPEXOJUTH OT OJTHON (POPMBI KOMIUIEKCHBIX YHCEI K APYror dopme.

MaTtepuajibHOe o0ecnedeHue: HHIUBUIyaIbHbIC 3a1aHuUs, KOHCIICKTHI JICKITHIA.
3apanmue:
1. Jlausl komiutekcHbie uncna: z1=(-3;-5), z,=(-7,2;7,2), z3=(2;6).
3anucaTth 3TH YUCIIa B TPUTOHOMETPUYECCKOM (hopme.

2. Boruuciure: z, - Z3, Zl, VZ;

3. BLIHOJ'IHI/ITe I[eI/ICTBI/Iﬂ u SaHI/IH_II/ITe peSy.]'ILTaT B aﬂre6paI/I"ICCKOI/I Q)opMe
24{cos TR +igin 7
a) (3- {cus— len— ) b) ;

3(cos 30° +'”F .'|..'||
KpaTKHe TECOPETHYECCKUEC CBCACHUSA:

Tpuronomerpuueckoit (HopMoil KOMIUIEKCHBIX YHCEI Ha3bIBACTCS 3alHCh X B BUJE:
z = r(cos@ + i- sing).

[Ipu BbIMOMHEHMU NEHUCTBUI HaJl KOMIUIEKCHBIMU YHCJIaMU B TPUTOHOMETpUUYECKOH (opme
UCTOJB3YIOTCS CleaytoIue GOopMyIbl:

Iyt =1 -r:{cus{cpl + qaz}+ :'s:'n{q:ll + qu:})
I N

; = ; {EDS{:(PL - ':P::} + I-SI-?’I{(PI - ‘PE}]

i

= v"(cosng + isin ng)

Jlnst u3BJI€YeHNS KOPHS N-i CTENEHH U3 KOMIUIEKCHOT'O YHCIIa B TPUTOHOMETPUYECKOi Gopme
z = r(cos@ + i sing) ucnons3yercs Gopmyna :

+2mic o @+lmk
+ isin

w, = ¥+ (cos 4 ), Tae NI - apudmMeTnueckuii kopeus, k=0, 1, 2, ..., n-1.

Anzopumm nepexooa om ancebpauieckoli opmel K MpU2OHOMEMPUUECKOTL:
[TycTh KOMITIEKCHOE YHCIIO 331aHO B anreOpanydeckoit popme z = a + bi.

1) Monynsl =|z| omHo3HAauYHO ompeaensercs mo popmyne r = va® + b=,
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a . b
2) AprymeHT ¢ omnpenensercs u3 GopMys1 Cosep =—, Sing=—.
r r

3HaueHUs ApryMEHTa KOMILICKCHOI'O YMUCJia MOKHO HaXOJAUTh U TaK:

e Onpenenutp, B KAKOW YETBEPTU HAXOAUTCS BEKTOP (MCIOJIB30BaTh F€OMETPUUECKYIO UH-
TEpIIPETALUIO Ynucia) = = a + bi
e PemuB ypaBHEHHE tgg = E, MOJIy4aeMm, 4To

i) 19
arg z = @ = arctg - JUJI1 BHYTPEHHUX To4eK | u 4 yerBeprei,
:
arg z = @ = arctg -+ 7 JIA BHYTPCHHUX TOYCK 2 YCTBECPTH,

L
argz = @ =arctg -—mw  JIA BHYTPCHHUX TOYCK 3 YCTBECPTH.

Ecau Touka z nexut Ha ﬂeﬁCTBHTCHBHOﬁ HJIM MHUMOM 0oCH, TO arg Z MOXHO HaWTH HETIOCPCACT-
BCHHO.

3) Haiinsg Mmonynb U apryMeHT KOMIUIEKCHOTO YHCIIa, €T0 MOYKHO 3aIlicaTh B TPUTOHOMETpUYE-
CKOH HJTM TIOKa3aTeNIbHOU popMe = = ricosg +ising) Wi z = re'?,

IMopsinok BbINoJIHEHUS PadOTHI:
1 .3anumure 3aJaHHbIE YKCIa B TPUTOHOMETPUYECKOM (opMe, HCHOb3Yys aJrOpUTM Iepexosa
K TPUTOHOMETPHUUECKOH (popMe.

2.BrinonnuTe HEOOXOAUMEBIE JIEHCTBUS.
Xox pabdoThI:
Janbl komiutekcHbie uncia: z1=(7;1), z,=(-1,5;1,5), z3=(4;-3).
1. 3anucath yncna z1, Zo U Z3 B TPUTOHOMETPHUECKOH opme.
Pemenne:
1) z;=7+i
|zl| =440+1 = \-"ﬁ= 5\-"5,
Uucno HaxoauTCs B IEPBOM YETBEPTH, 3HAUUT
@ = nratgi: = arctg0,1429,
2, =7 +i= 52(cos 8°8 + isin°8).
2) z=-15+15i

[ 1 C2 § 1 o2 A T = oF =
=15 +1.5 =225+ 235 = 35221

2

UHCIIO HAXO/MTCSA BO BTOPOH YETBEPTH, 3HAUNT ¢ = arctg -+ 7 =arctg(-1) 4+ m=—T+m ="

=-15+15i= 2.'l{cc'sj:'1+ isin :T]

3) 2'3 =‘1'—32-
|z;| =v9o+ 16 =25 = 5.

Uuciio HaxoIuTCs B 4ETBEPTOM YETBEPTH, 3HAUUT
P = nrc'tg_Tg = arctg (—0,73) = —36°°52",

z3 = 4 — 3i = 5(cos(—36°52 + isin(—36°52).
2. Beruncaure:
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1) z; - z3;

2) %

3) =i;

4) \z;
Pemienue:

Zy-z;=21-5 (.:us{135= — 36°52 ) + isin (135° — 3ﬁ=52'}) = 10.5(cos 98°8 + isin 98°8);

2

3o 5:"3(::.5 (88 - (-36°52) ) + isin (878 + 35=52'}) = V2(cos 457 + isind5°);

25 = (5v2) (cos5 - 8°8' + isin5 - 8°8') = 125004/2(cos40°40' + isind0°40');

Bocnonbsiyemcs popmyinoii:

- +27K . . @+27K
o= Yr (cosZE™ +isin 2T
n n
B namem mpumepe n=2.
32 135°+360° 135°+
WIz = g = |J: {cos = "J + isin — -
|'n,_’ 135°+360°0  135°+360°40
gy = \E (cus . + isin . )

3T 135°4360%-1
Wy = J ; (cus—+:sm

(]
[

135°4360°-1

)

[21(cos 67°30° + isin 67°30);

[21(cos 247730 + isin 247°30)

2. BrmonHMTE NEHCTBUS U 3aIMILUTE PE3YNbTaT B adredpanyueckoi popme:

W
— — i

b e 8 5 T bn s bn r )
2. — isin — =2 — isinn— - = — izin— | = — i— =
(2~ (cos :4+ sin :4]] (cus " 6+ is noy 6) &4 (cus T + isin _}) 64( )

5
7
&

—3242 — 324/2:

| ] |
24(coeTh +isim Th)
B o o
djoos 15" 4ismm 157

4 \-‘E:’

®opma npeacTaBiaeHus pe3yJbTaTa: BHIIOJHEHHAs paboTa.

Kpurepun onenkmn:

o] n
& &

24 . . . 1 )
= = (cos(75° = 15%) + isin (75° - 15°) = 8(cos60° + isin60°) =8 (- + 1 %) =4 +

.

- «OTAN4HO» - yMeHHUS COPMHUPOBAHBI, BCE 3aJaHUsS BBINOJHEHbI NMPaBUIbHO, 0€3
aprupMeTHYECKUX OMMOO0K, peneHrne 0hOpPMIIEHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSIMH.

- «XOopo1Io» - HEKOTOpble yMEHUsI c(hOPMUPOBAHBI HEJOCTATOUYHO, BCE 3aJaHUS BBI-
MIOJTHEHbI, HEKOTOPBIE BUJIbI 3a/1aHUIl BBIOJHEHHI ¢ omuOKkamu. be3ommbouno BemonHeno 80-89

% BCeX 3aIaHUH.

- «Y,Z[OBJ'ICTBOpI/ITCHBHO» - HeO6XO,Z[I/IMLIe YMCHHA

B OCHOBHOM C(OPMHPOBAHBI,

6OJ'H)H_II/IHCTBO SallaHI/IfI BI)IHOJ'IHeHO, HeKOTOpBIe M3 BBITIOJIHCHHBIX SallaHI/II\/’I coglepmaT OHH/I6KI/I.
Be3omubouyHo BeIntonHeHo 70-79 % Beex 3agaHuil.
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- «HeymoBIeTBOPUTENLHO» - TEOPETUUECKOE COJIEpKaHUE Kypca HE OCBOEHO, HE00X 0-
JTUMBIE YMEHHS HE C(POPMHUPOBaAHBI, BHIMOJHEHHBIC YUECOHBIC 3aaHUsI COACPIKAT IPyObIe ONMTHOKH.
bezommbo4yHo BEIMoaHeHO MeHee 70% Bcex 3aaHui.

Tema 6. Teopusi npenenos
IIpakTnyeckoe 3ansitue Ne 8
BbruncieHue npejesioB ¢ NOMOIIBIO 3aMedaTeIbHBIX IIPe/iesIoB, PACKPbITHE Heolpe/ie-
JICHHOCTEH.

Hean: HayduTbcst BRIYUCIATD MPEACIIbI G YHKITHAH.
Beinosinus patdory, Bel Oyaere:
ymembs:
-BBIYUCIIATH TIpeieibl (PYHKIUH, HCIIONB3YysI TEOPEMBI O TIPE/Ieliax;
- pacKpbIBaTh HEONPEAECIEHHOCTH;
- HaXOJIUTh TpeeITbl (PYHKIHIA, UCTIONB3Ys POPMYJIIbI 3aMeUaTEeIIbHBIX MTPEICIIOB.
MarepuanbHoe odecniedeHue: WHIUBUIYATbHbBIC 3aaHHs], KOHCIIEKTHI JICKIUH.
3aganue:
Boruncnuth npeaensl QyHKIHIA:

lim,_,(2x3® — 10x% — 4x + 5)

. 3x2-11x+6

limy s~ ey
11x3-5x%2-6x+10
_ x6x4—8x2 +2
smE

3. limy_ e

4. limx_,OT
5. lim,—., (1 i)sx

X

Kpartkne Teopernyeckne cBegeHNs:

Packpwimue neonpedenennocmeii pasnudnblx munos

Jlnst Toro 4ToObl HAlTH Tpeaes IeMeHTapHON (PYHKIMH, KOTJa apryMeHT CTPEMHUTCS K 3Ha-
YEeHMI0, MPUHAAJIeKAIEeMy 00JIacTU onpeaeNeHusl 3TOM (YHKIUHU, HY)KHO B BbIpakeHUE (QYHKIUU
BMECTO apryMEHTa MOACTABUTH €r0 MIPENEIbHOE 3HAYCHHUE.

Jlaneko He BcsKasl MMOJCTAHOBKA MPEENIbHOTO 3Hau€HUs B (DYHKIIMIO BMECTO HE3aBHCHMOU
IIEPEMEHHON MOJXKET cpa3y IPHUBECTH K HaxoXKAcHMIO Ipenena. Ciydau, B KOTOPBIX MOACTaHOBKA
IPEJeIbHOTO 3HaUeHUs B (DYHKLHUIO HE JaeT 3HAYeHUs Mpejesia, Ha3bIBalOT HEONPEIEICHHOCTIMHY;

0 0
K HUM OTHOCSITCS HEOIIPEIEIEHHOCTH BUI0B (—J, [6)’ (0-), (0-), (1°°), (ooo), (00). PaccmoTpum
o0
HECKOJIBKO THUITOB IPUMEPOB, KJIacCU(ULUPYS UX 110 BUIY HEONPEEIEHHOCTH U MPEeAEeIbHOMY 3Ha-
YEHMIO X.
. () %
1-i1 mun. PaccmoTpuM nipuMepsl BUia Ilmﬁ C HEOIpeIeJICHHOCThIO BUJA | — |, rAe f(x) U
X—=0 @ X 0
@(x) B 00ILEM cllyyae — CI0XKHbBIE CTENICHHbIE MU TI0Ka3aTenbHble PyHKIMHU. B ciydae creneHHbIx

GyHKIHI HE0OXOAMMO BEIHOCUTH 32 CKOOKY B YHCIIMTENE U B 3HAMEHATeNe APo0u X ¢ HAauOOIBIIUM
MOKa3aTeseM CTENEeHH CPe BCEX claraeMblX JpoOu; B cilydae MoKa3aTeNbHbIX (QYHKIUH 3a CKOO-
KY BBIHOCHTCS Hambosee OBICTPO BO3pacTaroliee ciaraeMoe cpelu Bcex ciaraembix poou. [locne
COKpalIeHHs IpoOU HEOIPEIeICHHOCTh YCTPaHIETCS.

[Tone3Ho 3aroMHUTH TPaBUIIO:
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0, eciu N<m,
n n-1
lim 20X Hax" "+ 43y gx+a, :(2]: ay
x> hox™ + by x™ ..+ by, X+,

—, eciu N=m,
by

oo, ecii N > M.

0

N . 0
2-t1 mun. PaccMOTpUM TIpEMEpHI BUIA hm% C HEOIPEACIICHHOCThIO BHJIA [aj B sTtom
x=% @(X

ciiydae HeoOXOMMO Pa3NIOKUTh HA MHOXHUTEIM U YHUCIUTENb, M 3HAMEHATEh APOOH WU JOMHO-
KHUTh U YUCIIUTENb, U 3HAMEHATENb IPOOH HA OJIHO M TO )K€ BBIpAKEHUE, MPUBOIAIIEE K (popMyam
CokpareHHoro ymMmHoxeHus. [locie cokpamieHus: 1poOu HEONPEAeTCHHOCTh YCTPAHSICTCA.

3-it mun. PaccMOTpuM TIpEMEpPBI ¢ HEOMPEIENeHHOCThIO BUaa (o—o0). Ecu GyHKIM, cTOS-
masi Moj 3HAKOM TIpeJiena, MPeACTaBIsieT co00 anredpandecKkyro cymMmy OpoOeid, To Heompee-
JICHHOCTh YCTPAHSETCS WM MPUBOJUTCSA KO 2-My THITY MOCJIe PUBEICHUS IpOo0ei K 00memMy 3Ha-
MeHareno. Ecnu ynmomsHyTas QyHKIHS MPENCcTaBiIseT coOOH anreOpandecKyro CyMMy Hppaiuo-
HAJIBHBIX BBIPAKXCHUH, TO HEONPEIACICHHOCTh YCTPAHSACTCS WM MPUBOIUTCI K 1-My THITy IyTeM
JOMHOXCHHS M JIeJICHUs] (YHKIIMM HA OJTHO M TO XK€ (CONMPSDKEHHOE) BBIPAKCHHE, MPUBOJSIICE K
(dbopMyIiaM COKpaIICHHOT'0 YMHOXCHHUS.

3ameuamenvhbie npeodenvl.

sin x
=1.

[IepBb1il 3aMeuaTenbHbIN Ipeaet: lim
x—0

y y : 1)" : 1
Bropoii 3ameuarenbHbii npeaen (uucio e): lim{1+=| =e i lim(1+y)y =e.
X y—0

X—>00

Jliig Toro uto Obl M30aBUTHCS OT HEONPEJCIEHHOCTH BHJIA (1°°). HEO0OXOIMMO BBIJICTUTH 1I€-
JYI0 4acTh JIpoOu (KOTOpas JOJKHA OBITH paBHA 1) B BBIpaXKCHHUH, CTOAIIEM 101 3HAKOM TIpejesna
,KOTOpOE TpeACTaBIseT cOO0N CTEMEeHHO-TIOKa3aTeNbHYI0 QyHKIHI0. HeonpeaeneHHoCTh yeTpaHsi-
€TCsl TP TIOMOIITU BBIICJIEHUS BTOPOTO 3aMeUaTeIbHOTO Tpeiena.

Hanpumep:
k%
. kN . 1
lim <1+—> =1lim(1+0)*=>0")=1lim|1+-— =
X—00 X X0 X0 f)
G
- 1 ky - 1\Y k y
=11m<1+—) = llm(1+—) ={;
y—00 y X—00 y
*in
1) lim (1 - i)n = (1®) = lim (1 - i)% tooam=
n—-oo n - - n—oo n - - ’
3 3n, 2
an—(Mn+2) . atn
. 3\ L 3\3 | | pun ez 0T
2)713?0(1—5) = (1) = lim (1-2) s = M e T
lim 32 3
fn—»oo 4 = f4
. x+3\* o
3) lim (ﬁ) ;JJaHHBII TpeieNT MOKHO BBIYHCIUTH ABYMS CIIOCOOAMH:
X—00 -
1 cioco6:
Pazgenum uncnuTens Ha 3HAMEHATENb BBIICITUB HETYI0 YacTh:
x + 3 |x-2 ] c
T 21 X+
x—2 1 => =1+ ;
5 X —2 x—2
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-z -2
. x+3\% . 5 \% .. 5\s | SX limy,, %
lim,, (55) = lime (145%) =time |(145%) = 2=z =
S_X
limx_mﬁ ) 5
¢ * 7w =1 Mx-s1 5= 5
2 cnoco0:
[ToenyB YMCIIUTENL U 3HAMEHATENDL APOOU Ha X, CBEIEM JAHHbIN IIPEAEI K YaCTHOMY IIPEIENIOB:
X X X
X 3 3 . 3
x4+ 3N~ =+-= 1+-= hm(1+;) /3 ;
lim( ) =lim|( +— | =lim > | == zs=—=0.
x—0o \X — x—-o\ 2 _ 2 xoo\ 1 -2 hm(l—z) £
X X X X—00 x

[Ipenensl OT HEKOTOPBIX TPUTOHOMETPUUECKUX (DYHKIMN HEOOXOJUMO peliaTh MPUMEHsS
MePBBIN 3aMeYaTeNbHBIN MPeIeN UM 3aKOH YKBUBAJICHTHBIX BEIMYMH MPH ycI0BUU X — 0.
DKBUBAJICHTHBIMH Ha3bIBAIOTCS OECKOHEUHO MaJible BETMYUHBI, IPEAET OT MOHATUS KOTOPBIX PaBEeH

EIMHHUILIE.

Ilopsinok BbINOJTHEHHS PadOTHI:

1. HaiiguTe npeaen GyHKINH, UCIIONB3YS TEOPEMBI O Mpeaeax.

2. Ecnu nony4niack HEOMPEAEIIEHHOCTh, OTIPEICIHNTE €€ BU U CIIOCO0 PACKPBITHSL.
3. TlpeoOpa3yiite GyHKIIUIO U PACKPOITE HEOTPEACICHHOCTD.

4. Boluucnure npeaen.

Xoa paGoTsI:
Haiitu npenen pyakuyu:

1) lim,,,(2x3 — 10x? — 4x + 5)
Hcnonb3yeM TEOPEMBI O MPeIeNax:
lirr%(2x3 —10x% —4x +5)
X—

=2(1imx)3—10(1imx)2—4}Ci£r%x+5=2-8—10-4—4-2+5=—27

xX—2 xX—2

3x%2-11x+6
2) lim —_—
) X3 x2_5x-3

OYHKIUA TPEACTABISIET COO0M OTHOIIEHUE IBYX MHOTOWICHOB, 0OpAaIIAIOIUXCS B HYJIb B
touke X = 3.[loaTomMy cHauana mpeodpazyeM JaHHYIO QYHKIIHIO.
JIro060ii kBaspaTHBIN TPEXUJICH MOKHO PA3JI0KHUTh HA MHOKHUTENN C TIOMOIIBIO POPMYITBI

ax®+ bx + ¢ = a(x — x,)(x — x,), [ ¥ ¥ ¥3KOPHU KBAIPATHOTO TPEXUICHA.
KopHsiMu KBaZpaTHOTO TpexwieHa 3x” — 11x + 6 SABJSIFOTCS YUCIA -H 3; 3HAYMT
o4

2
3x2 —11x+ 6 = 3(x — 3)(x—§)

1
A KOpHM KBaJIpaTHOTO TpexuJeHa 2xX% — 5X — 3 paBHBI - U 3, CIICJI0BATENBHO
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2x2—5x—3 = 2(x—3)(x+%)
Bo3Bpalasch K npeieiy, HIMEeM:

2
3x2 —11x+ 6 : 3(x—3)(x—-) C 3(x—=3)
1m 2 = 1m—
x=>3 2X% —5x —3 X"32(X—3)(X+—) Ce32(x+ )
3x—2 3lmx—2 3:3-2 7

1 _  x-3

x‘l22x+1_21ir2x+1 2.3+1 7
X—

11x3-5x%2—-6x+10
6x*—8x2+2

3) lim,, 0

Tak Kak MHOTOUYJICHEI B YUCIMTEIIC 1 3HAMEHATEIe CTPEMSTCA K 00, TO IMOJIYy4acM HCOIIPEAC-

JIEHHOCTh BUJA [ ] Jl1s1 ee pacKpbITUS pa3euM KaxI0€ CIaraéMoe YUCIUTENs U 3HaMEHaTeNs
Ha x*. Torja noayuum:

. ., Gx 10 11 3 a6 10
11x* — 53x° — 6x + 10 = T F F+F ?_F_F+F 0
lim Fl 5 = lim T T = lim =—=10
I=u Bx® — 8x~ + 2 R G Bx* N 2 s . __g'r R 2 6
R 2T
. X
sm;
4) lim
x>0 X

YroObl BEIYMCIUTE TIpeen (PyHKIIUH, HY)KHO BOCIIOJIB30BaThCs (hOPMYJIION TIEpBOTO 3aMeda-

sinx
TEJIBHOTO Mpeaena: llmx_)o = 1.

1
YMHOXHUM YHUCIUTENIb U 3HAMEHaTeIh ,[[pO6I/I Ha E

. X 1 . x . X
sm; ESlTL; 1 SlTLE 1
lim—2 = lim2—2 = - lim—2=~-1==
x>0 X x=0 Zy x-0 = 2
2 2

5) limy—en (1 - i)sx

X

IIpeoOpasyeM (QyHKIHMIO TaK, 4TOObI MOKHO OBUIO MPUMEHUTHh BTOPOW 3amMeuaTeNbHbIN Mpe-

X
e . limy_q (1 + i) = e. BBeneM HOBYIO ITEPEMEHHYIO: X = —3y; X = 00; y — 00,

lim, . (1 - ;)Sx = limy, ., (1 - _iw)s'(_gy) = limy o, (1 + %)_lsy _ -5 L

®opma npeacraBiaeHus pe3yJbTaTa: BHIIOIHEHHAs padoTa.

Kpurepum ounenku:

«OTnUYHO» - yMEHUs cPOpPMUPOBAHBI, BCE 3aJJaHUS BBINOJHEHBI MPABUWIBHO, 0€3
apu(pMeTHYeCKUX OIHMOO0K, penieHne ohopMICHO aKKypaTHO, C HEOOXOJUMBIMH 000CHOBAHHSIMH.

— «XopotIo» - HEKOTOphle YMEHUs C(HOPMUPOBAHBI HEJOCTATOYHO, BCE 3aJIaHUS BbI-

MIOJTHEHBI, HEKOTOPBIE BUJIBI 3a/IaHUI BBITOJIHEHHI ¢ ommOKamu. be3ommbouno BemonaeHo 80-89
% BCex 3aaHuM.
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- «Y IOBJIETBOPUTENILHO» - HEOOXOAWMBIE yYMEHHS B OCHOBHOM C(OPMHPOBAHBI,
OOJIBIIMHCTBO 3aJIaHUH BBITOJIHEHO, HEKOTOPHIC M3 BBIMOJHCHHBIX 33aJaHUI COACpkAT OIIMOKH.
Be3omnbouno BeinonHeHo 70-79 % Bcex 3agaHu.

- «HeymoBIeTBOPUTEIIBHO» - TEOPETHUYECKOE COJICpIKaHUEe Kypca HE OCBOEHO, HEO0X 0-
JUMbIC YMECHHsI HE C(POPMHUPOBAHBI, BBHIIOJIHEHHBIC YUCOHBIC 3a/IaHUs COACPIKAT IPyObIe OIINOKH.
Be3ommbouno BeimonHeno Menee 70% Bcex 3amaHui.

Tema 6. Teopusi npenenos
IIpakTnyeckoe 3ansitue Ne 9
HccnenoBanue pyHknmnii Ha HeMPepPbLIBHOCTH M TOYKH pa3pbiBa

Heab: Hayunthcst HAXOAUTHh TOYKU pa3pbiBa PYHKIIHIA, OMPEIEISITh UX POJI, HAXOIUTh ACUM-
NTOTHI IPapUKOB (PYHKITUH.

Brinosinus padorty, Bel Oynere:

ymembp:

- HCCIIeIOBAaTh (DYHKIIMHU HA HETIPEPHIBHOCTb;

- HAaXOJUTb TOYKH pas3pbiBa, OIPCACIATL UX PO,
- HaXOAUTh ACUMIITOTHI.

MaTtepuaiabHoe ofecriedeHHe: WHIAMBHIyalbHBIC 3a/IaHUS, KOHCIEKTHI JICKIIHM, TaOJIuIIa
HpOI/I3BOI[HI>IX.
3ananmue:

HccnenoBath GyHKIMHM HA HENPEpbIBHOCTh. HaiiTu ToukM pa3pbiBa U onpenesnuTh ux pox. Haiitu
ACHMIITOTHI () YHKIIHHA.

1) y=22
2) y= :r;:—ﬁ;m.

Kpartkne Teopernyeckne cBegeHNs:
Toukamu paspwviea (hyHKyuu HA3BIBAIOTCS TOYKU, B KOTOPBIX HAPYILIACTCS YCIOBHE HENPEPhIB-
HOCTU (PYHKLIUH.
Bce Touku pa3peiBa GYHKIUH pa3aesoTCsS Ha TOYKH Pa3pbiBa MEPBOTO U BTOPOTO PoOJa.
Touka pa3pbiBa X, Ha3bIBACTCS MOUKOU pa3pwiea nepso2o pooa GpyHkimu y = f(x), eciu B 3TOU
TOYKE CYHIECTBYIOT KOHEUHBIE MTPeesbl (QYHKIMU CIIeBa U CIIPaBa, T €
limy o f(x) = Aym limy_, 40 f(x) = A,. Ilpu oTOM: eciut A; = A,,TO TOUKA X HA3bIBAET-
Csl TOYKOM YCTPaHHUMOTO Pa3phiBa; ecinA; # A,, TO TOYKAa X, Ha3bIBACTCS TOYKOW KOHEYHOTO
paspsbiBa.
Touka pa3pbiBa X, HA3BIBACTCS MOUKOU pas3pviéa 6mopo2o poda QyHkumu y = f(x), ecnu mo
KpaiiHei Mepe OJIMH U3 OJJHOCTOPOHHHX TPEJIENIOB HE CYIIECTBYET WM PaBEeH OECKOHEYHOCTH.
Acumnmomon zpajuxa pynxkyuuy = f(x)Ha3pIBacTCs NpsAMas, 00JaIaroIIasi TEM CBOWCTBOM, YTO
paccrostHue ot Touku(x: £(x)) 10 9TON MPSAMOM CTPEMUTCS K HYJIIO TIPYU HEOTPAHMYEHHOM YIaleHUH

TOYKH rpa(bmca OT Ha4aJla KOOpAHUHAT.

[Ipsimast x = a Ha3BIBACTCS BepMUKAIbHOU acumnmomoti Tpaduka QyHKIHH ¥ = f(x]), €cIu
XO0TsI OBl OJTHO W3 TIPEACIbHBIX 3HAYCHUH lim, ;g fix) ww lim,_ . f(x) paBHO —00 MK +02 .
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3ameuanue. llpsimast x = o He MOXKET OBITh BEPTUKAIBHOW aCUMITOTOH, eciu (yHK-
ug HCHOPCPbIBHA B TOYKE X = . HOBTOMY BCPTUKAJIBHBIC ACHUMIITOTBHI CJIICAYCT HMCKAThb B TOYKax

pa3pbiBa QYHKIHUU.

[Ipsimast ¥ = b Ha3bIBACTCS 20pU30OHMANLHOU acumnmomotl Tpaduka QyHKUIUU ¥ = fix), eclu

XOTsI OBl OJTHO M3 MPEACIbHBIX 3HAYCHUH lim, s f(x) WK lim,_.__. f{x) paBHO b.

3ameuanue. ['padpuk QyHKIUU MOXKET UMETh TOJBKO MPaBYIO TOPHU30HTAIBHYIO ACUMITOTY
WJIH TOJIBKO JIEBYIO.

[Ipsimast y = kx + b Ha3bIBACTCA HAKIOHHOU acumnmomoii Tpapuka ¢byHK-
LUK ,eCTH lim, x| fx) — kx — b = 0
Ecnm mus QyHKIME ¥ = f(x) CYIIECTBYIOT HPEIENBI lim, o = k nlim,_u(f{x) — kx) = b, TO
x
(GyHKLMS UMEET HAKJIIOHHYIO aCUMIOTOTY ¥ = kx + b IIpHU x — @,
IMopsinok BbINoOJIHEHUS PadOTHI:
1. Haiitu o6nacTh onpeneneHust pyHKINUU U BbISIBUTh TOUKH pa3phiBa.
2. Haiitu acumMnToTsl QyHKLIUU.
Xox pabdoThI:

HccnenoBaTh QPyHKIMIO HA HEMPEPBIBHOCTH. HaiiTh acuMnTOTHI PyHKITUH.
I:

y=

O6umactp onpenencuus GyHkmu D(f) = (—eo: 1)U (1; +0)

Touka x = 1 gBnsETCS TOUKOU pa3pbiBa 2 poja, T.K.

i x 1 . x 1
lime .,y g——=|-| = —lim,,y g ——=|-| = +ow
X EX—i U

LX—i ul

[Ipsimast x = 1 — BepTUKalbHAsg acHUMNTOTa (PYHKIHMH. YpaBHEHHE HAKJIOHHOM aCHMIITOTHI
UMEET BUJ, v = kx + b,

L= x ’ x* ’ x” ’ 1 1
T = x _mex(E.r—2:|x_rl—-t?=2x:—2x_xl—-@=;._g_2
Tox
. x* 1 Coxt—x(x—1) o oxt—xt4x . x . 1 1
b=l 23T i Ty T e T _}LEM‘}LE7_3‘5
Toox

KoHeuHbIi1 BUI IpSIMON CIEAYIOIINAN

®opma npeacraBiaeHus pe3yJbTaTa: BHIIOJHEHHAs paboTa.

Kpurtepun onenkmn:
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- «OTIM4HO» - yMeHHUsS COPMUPOBAHBI, BCE 33aJaHUSI BBIMOJHEHBI MPaBUIHHO, 0€3
aprupMETHYECKUX OMMOOK, pemeHrne 0hOpMIIEHO aKKypaTHO, C HEOOXOIUMBIMU 00OCHOBAHHUSIMH.

— «XO0pomIo» - HEKOTOphle yMEHHsI C(HOPMUPOBAHBI HEOCTATOYHO, BCE 3a/JaHUS BHI-
MIOJTHEHBI, HEKOTOPBIE BUJIbI 3a/IaHUil BBIOJHEHHI ¢ ommOKkamu. be3ommbouno BemonHeno 80-89
% BceX 3aIaHHH.

— «Y TOBIIETBOPUTEIHHO» - HEOOXOJMMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHHI,
OOJBIIMHCTBO 3a/IaHU BBIIOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJaHHUN COJIEPIKAT OIIUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeynoBiaeTBOpUTENBEHO» - TEOPETUUECKOE COJIEpKaHUE Kypca He OCBOECHO, HE00XO0-
JTUMbIC YMECHHSI HE C()OPMUPOBAHBI, BBHITOJIHEHHBIC YU€OHBIC 3a/IaHUs COACPIKAT IPyObIe OIIHNOKH.
Beszommbouno BeImoHeHo MeHee 70% Bcex 3aJaHui.

Tema 7. JudpepenunanibHoe HCHUCTeHUE PYHKIMU OHOI JeCTBUTEIbHOM NepeMeHHOM
IIpakTuyeckoe 3ansaTue Ne 10
Brruucienne npou3BOAHBIX CI0KHBIX (PYHKIUH

Henab: HayunThcs HaXOAUTH IPOU3BOIHBIE CIOMKHBIX (DYHKIIHIA.

Boinosinus padorty, Bel Oynere:

ymemas:

- IPUMEHSTH NpaBwiia TuQGepeHITNPOBAHNS;

- HaXOJIUTh MPOU3BOIHBIE CIIOKHBIX (YHKIUH.

MaTtepuajbHoe ofecrieyeHHe: WHIWBHyalbHBIC 33/JaHUS, KOHCIEKTHI JEKIHA, TaOIuIa
MIPOU3BOTHBIX.

3aganme:

Haiiti npousBoanbie QPyHKIMIA

1. y=(5x% - 2x)*

2. flx) = 3sin(2x —3)

3. flx) = arcsindx + arccosx
4, flx) =logs(7x*—5x% +1)
5

f{.r] = In [L+eoax

W L-cosx

HOpﬂ}IOK BbIITOJTHCHU A paﬁon:

1. Ompenenute Bun Qynkuuu. Ecnu QyHKIMS SBIASETCS CIOXKHOW, TO BBEIAUTE MPOMEXKYTOU-
HBIN apTryMEHT.

2. OmpegenuTe, KaKuMU mpaBuiamMu AuddepeHIpOBaHNs HY)KHO BOCIONb30BaThes. [Ipume-

HUTE COOTBETCTBYIOLIEE MPABUIIO.

Hcnonb3ys TabauIly Mpou3BOIHBIX, HAUIUTE MPOU3BOJAHBIE (PYHKIIHA.

4. PackpoiiTe CKOOKH W PUBEIUTE MOAOOHBIE, €CITH ATO YIPOCTUT 3aMHUCh (QYHKIIUH.

w

Xon paborhr:
Haiiti nmpon3BoaHbIe PYHKIIHIA:
1. glx) =(1—4x5)t

DyHKIUSA ABISETCS CIIOXKHOW CTENEeHHOW. BBegem HpOMC)KYTOT-IHI)II/I apryMeHT u=1-—4x". Jlna

nu bepeHIMPOBaHUS HY)KHO BOCIIONB30BAThCS GopMyIoit (u"™) = nu™t - o
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-
7

y =10(1 —4x%) (1 —4x%) =10 (1 — 42%)°(—8x) = —80x(1 — 4x)
2. flx) = sinéx *cos 2x

OyHKIMS TPEACTaBiIseT cO00M MPOU3BENCHUE JBYX CIOKHBIX TPUTOHOMETPHUUECKUX (YHKIUH.
[TosTOMy cHavasia BOCIOIb3yeMcs IpaBuiioM auddepeHupoBanus (U - L’j' =UV+Uv
flx) = {sin;x ~cos 2x) = (sin ;x] cos2x + sin ;x{msEx]

o v L o
BBenem nmpoMeXyTOUHBIN apryMeHT: JUIsl TepBOM PYHKIUH u = - x, IJI BTOPOH (PYHKIUH u = 2x.

[Ipu nuddepeHIpoBaHUN HCIIOJIb3yeM [ (13% 1115 (S bopMyIIb:
{sinu]' = cosu - u, (cosu) = — sinuwu.

Ve 1 1 ' .
flx) = {sin;x ~cos 2x) = (sin ;x] cos2x + sin ;x{msEx]

1 1 1 ) ., 1 1 1
= ros ;x- ;.r - ros2xy + s:'n;.r- {_—s:’nEx} . {_2_1'} = ;cus ;x ~rosix — 2sin ;x- sinix.

adxT 451"

3.y=

Ioga (3+10x)

OyHKIMSA NpeAcTaBiIsieT co00i yacTHOE JBYX CIOXKHBIX (yHKui. [loaToMy cHayana BOCIoNb3y-
U r-om

7

emcs mpaBuiioM auddepeHInpoBaHUS G) =

(2545 Y log, (3 4 10x) — 2945 - (log, (3 + 10x))’
= (log, (3 + 10x))*

y

BBeneM mpoMexyTOUHBIM apryMeHT: Ajs HepBOM (QYHKIMHM u = 3x + 5x°, 17 BTOpOM (pyHKUUU
u =3 + 10x,

1

[Tpu muddepenmpoBanny ucoiab3lyeM ciaenyrome Gopmymsl: (a*) = a“lna - o', (log, u)' = —-u' .
a wlna
L @5 g, (3410802545 (log, (3+10m)) 23555 15 (304557) log, (3+410x) 235 ErerETmEe LY
y= |]:gi|3+1:.'l.'||£ - |]:gi|3+1:.'l.'||£ -
2'“':”3ir.Eu3+1:.1'|]=g£':3+1:.1':|—2'“':'Ti#:“m
|]:gi|3+1:.'l.'||i

4, flx) = nrcs:‘nix+ arccosdx

DyHKIUS MPeACTaBIAET COO0H CYMMY JIBYX CIIOKHBIX OOpPATHBIX TPUTOHOMETPUUYECKUX (YHKIIUH.
[TosToMy CHaudaja BOCIIOJIb3yeMCs paBuiIoM nudpepeHtupoBanus (U +V) = U +V.

Flx) = (nrcs:'ng.r)l + (arccosSx)’

BBeneM mpoMeKyTOUHBIN apryMeHT: Aj1sl HepBON QYHKIUH u = %.r, JUTsl BTOPOM (DYHKIUU u = 5x.
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IIpn ﬂn(bq)epeHquOBaHHH UCIIOJIb3YEM ClIelyIoIIHe dbopmynbL:

{:nrcs:'nu} = {nrccusu} —
vi1l-u? »'l—u-
f'[.r} = (nrcstn .r) + (arccosax)'= .—(J_r) '[5_::} = — .:_
l dn 5 'l f 1} Il—;’, v1-2hx°
\] 28"

5. f(x) = arccosV1 — &=

DyHKIMA ABIACTCS CIO0KHOM 00paTHON TPUTOHOMETpHUYECKOH. BBeieM mpomexyTouHbli apryMeHT
—
u =1 —e>. J[lnst mudHepeHMpoBaHUs HY)KHO BOCIIONB30BaThest popmyinoii  (arccosu)’ =

w-l—u-

7 (x) = (arccosv1 — & ) - ﬁ (1=&F).

[TpoMexyTOUHBII apryMeHT SIBJIsIETCS Tak)Ke CII0KHOM GyHKIMe. BBeneM u i Hero HOBBIN IPoO-
MEXYTOUYHBIN apryMeHT u =1 — e,

g nuddepeHnnpoBanus HY>KHO BOCTIONB30BaThCs (Popmyrnon

(Vi) ==

Wi

flx) = '[nrccus V1-—g* } = _% (Vi- e“}l = — . l— (1-6%)' =
y 1=[1—a<")

y 1-148=F 2v1l-g*
1

_ {71}_

g% 31 _g2x V-t

®opma npeacraBiaeHus pe3yJbTaTa: BHIIOIHEHHAs padoTa.

Kputepun onenkn:

- «O1nuuHO» - yMeHHs CHOPMHPOBAHBI, BCE 3aJaHUS BBIIIOJIHEHBI MPABWIBHO, 0€3
aprupMETUYECKUX OMMUOOK, pelreHrne 0hOpMIIEHO aKKypaTHO, C HEOOXOIUMBIMU 0O0OCHOBAHHUSIMH.

- «XO0pomIo» - HEKOTOpble yMEeHHsI C(HOPMUPOBAHBI HEOCTATOUHO, BCE 3a/1aHUS BbI-
MIOJIHEHBI, HEKOTOPBIE BUBI 3aJaHUIl BBHIMOIHEHHI ¢ omnOKkamMu. bezommbouno BeimonHeno 8§0-89
% Bcex 3aIaHui.

- «Y TOBIIETBOPUTEIHHO» - HEOOXOAUMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJBITMHCTBO 3aJaHUN BBHITIOJIHEHO, HEKOTOPHIE M3 BBITTOJIHEHHBIX 3aJaHUN COJEPKAT OIIUOKH.
Bbe3ommb6ouno BeimonHeHO 70-79 % BCex 3agaHuM.

- «HeynoBiIeTBOpUTENBEHO» - TEOPETUUECKOE COJIEp)KaHNEe Kypca HE OCBOCHO, HE00XO0-
JTUMBbIE YMEHHS HEe CPOPMHUPOBAHBI, BHIMOJHEHHBIC YU€OHBIC 3aJJaHUsI COACPIKAT IPyOBIe ONMUOKH.
Be3omm6ouyno BeimonHeHO MeHee 70% BceX 3aJaHui.

Tema 7. ludpepenunanbHoe HCHUCTeHUE PYHKIMU OAHOI JeCTBUTEJIbHOM NepeMeHHOM
IIpakTnyeckoe 3ansitue Ne 11
Hccaenopanue GQyHKUMNA U NOCTPOeHUE IPaUKOB.

Heas padorbi: HayunThes uccnenoBath GyHKUUU U CTPOUTH TpaduKu PYHKIUI.

Boinoinus padorty, Bl Oynere:
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ymemp:

- MPOBOJUTH HCCIIEOBaHNE (YHKITHI C TOMOIIBIO TTPOU3BOTHOM;

- CTPOUTD TpaduKu PYHKITHI.

MarepunanbHoe obecrnieyeHue:

WnnuBuayanbHble 3a0aHusl, TaOIUIA TPOU3BOAHBIX, KOHCIIEKTHI JIEKIUH, Y4eOHUKH.
3aganue:

HccnenoBath pyHKIMIO 11O O0IIEH CXeMe U TOCTPOUTH €€ Tpaduk:

1. flx) = 5% — 325,

2. flx) =

X
x4
Kparkue Teopernyeckue cBeIeHHs:
Oowana cxema uccnedosanusn QynKyuil.
1. Haiitu o6macts onpeaenenust Gpynkuuu D (y).

2. Haiiti (ecii 3TO He BBI3BIBAET 3aTPYAHCHHUI) TOUKH MEpeceUeHHs rpadrKa ¢ OCIMH KOOP-
muHat (mpu X = 0 u mpu Y = 0).

3. Hccnenosath (I)YHKI_II/IIO Ha MICpUOANYIHOCTh, YCTHOCTb H HCYCTHOCTD.

4. Haiftu uHTEpBaibl MOHOTOHHOCTH, TOUKH KCTPEMYMOB M 3HaY€HUS (PYHKIUHU B 3TUX TOY-
Kax.

5. HaiiTi uHTEpBajbl BHITYKJIOCTH (BOTHYTOCTH) M TOUKU Niepernba rpaduka GyHKINU.
6. Haiitn acuMnToThl rpadguka QyHKIUH.

7. HaiiTu 1OMOJMHUTENbHBIE TOYKH U TOCTPOUTH I'paduK MO pe3ysbTaTaM UCCIIeT0BaHUS.
8. HaiiTu o6nacTs 3Ha4eHUI.

Anzopumm nHaxoscoeHus IKCMPeMymos QynKyuu u UHmMepeaioe ee MOHOMOHHOCHU C
nOMOWBIO NEPEOIl NPOU3EOOHOIL

1. Haiiti oOnactp onpeseneHus: pyHKIMU 1 UHTEPBANIbI, Ha KOTOPBIX (DYHKIIMS HETIPEpHIBHA.
2. Haiiti npousBoanyro ¢yHkuuu f '(X).

3. Haiiti kputndeckue Touku ¢pyHkiun Y = f (X), T.e. TOUKy, mpuHauIeKaIMe 00JIaCTH OIpe-
neneHus: pyHKIKHU, B KOTOPBIX pon3BoAHas f'(X) oOpariaeTcs B Hyllb HIIH HE CYLIECTBYET.

4. UccnemoBath xapaktep nuaMeHenus ¢pyukiuu f (X) u 3Hak npousBoaHoii f '(X) B mpoMexyT-
Kax, Ha KOTOpBIC HalICHHbIC KPUTUUECKHE TOUKH JCIAT 00JacTh onpeaeneHus Gpynkuuu y = f (X).

5. OTHOCUTENBHO KaXKJI0M KPUTUUYECKON TOUKU ONPENEINTh, IBJISIETCS JIU OHA TOYKONW MaKCH-
MyMa, MUHUMYMa WJIK HE SIBJIAETCS TOYKOM IKCTPEMyMa.
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ITomHM: KpUTHYECKass TOYKA Xo €CTh TOYKA MMHMMYMa, €CIM OHAa OTAEISET NMPOMEKYTOK, B
kotopom f '(X)<0, ot mpomeskyTka, B koTopoMm f '(X)>0, 1 TOUKa MakCHMyMa - B IPOTHBHOM Clydae.
Ecnu ke B coceTHUX MPOMEXYTKaX, Pa3eICHHbIX KPUTHIECKON TOYKOM Xg, 3HAK IIPOU3BOAHON HE
MEHSIETCSl, TO B TOUKE Xo (QYHKIIHMS SKCTpEMyMa HE UMEeT.

6. Boruncnuth 3HaueHus QyHKIUU B TOYKAX 3KCTPEMyMa.

7. 3anmcaTh pe3yibTaT UCCIECAOBAHUS (DYHKIMU: MPOMEKYTKH MOHOTOHHOCTH U IKCTPEMY-
MBI

Anzopumm HAX0XHCOCHUA BLINYKIOCHEN (DYHKYUU U MOYEK nepecuda:

1. Haxoaum BTOPYIO MPOU3BOJIHYIO.

2. HaxomuM TOUKH, B KOTOPBIX f (x) = 0 MM He CyIIECTBYET.

3. MHccrnenyem 3Hak BTOpOW MPOW3BOIHON ClIeBa M CIIpaBa OT HaWJACHHBIX TOYEK U Jie-
JaeM BBIBOJ] 00 MHTEpBaJIaX BHITYKJIOCTH U O HAIWYHU TOYEK Ieperuoa.

4. Haxoaum 3Ha4eHne GYHKINUU B TOUKAX IEeperuoa.

Acumnmomeot.

Acumnmomotul epaguxa @yuxkyuuy = f(x)Ha3bIBa€TCS MpsMasi, 001aaaromas TeM CBOMCTBOM,
4TO PACCTOSHUE OT TOUKM(x: f(x)) 0 TOM IPAMON CTPEMUTCA K HYIIO IIPU HEOTPAaHUYEHHOM yjia-
JICHUU TOYKY rpaduka oT Havaia KOOpIUHAT.

[Ipsimast x = a Ha3bIBAaETCS 8epmuKaivHol acumnmomot rpaduka QyHKUUU ¥ = fix}, €cIu
XOTsI ObI OJTHO U3 MIPEACIbHBIX 3HAUCHUH lim, ., g f(x) wau lim, .. f(x) paBHO —commH +0o.

3ameuanme. [Ipsmas x = a He MoXeT OBbITb BEpTUKAIbHON acCHUMINTOTOM, eciau (¢yHK-
L[1s HENPEpBbIBHA B TOUKe x = a. [03TOMYy BepTHKajIbHBIE aCHMIITOTHI CIEIYyEeT MCKaThb B TOYKaX
pa3pbiBa QYHKIUU.

[Ipsimast y = b Ha3bIBACTCS 2OPUBOHMANLHOU acumnmomou Tpapuka QyHKIHH ¥ = f(x), eCclu

XOTsI ObI OJTHO U3 TIPEACIbHBIX 3HAUCHUH lim, . f(x) v lim,___. f{x) paBHO b.

3ameuanue. ['padpuk QyHKIUU MOXET UMETh TOJBKO MPaBYI0 TOPU30HTAIBHYIO ACUMITOTY
WIH TOJBKO JIEBYIO.

[Ipsimast ¥ = kx + b HAa3BIBACTCS HAKIOHHOU acumnmomot rpaduka GpyHkImu y = f(x),
eciu lim, | flx) —kx —B| = 0
Ecmu nns dyHKuM vy = f(x) CYIIECTBYIOT TpEACIbI lim_l._,n"% = k nlim,_x(f (x) - kx) =158, TO
GyHKIHS IMEET HAKJIOHHYIO aCUMITOTY ¥ = kx + b Tpu x — @,
IHopsiaok BbINIOJIHEHHS Pa0OTHI:

1. IIpoBecTn ananu3 3a1aHHON (DYHKIIMH 1O OOIIEH CXeMe.

2. [loctpouts rpaguk GyHKIUH.
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Xox pabdoThI:

HccnenoBaTh (PyHKIMIO U TOCTPOUTH €€ rpaduk.

¥

y=

-2
1. O6nacte onpenenenust GyHkuuu D(f) = (—eo: 1)U (1; +o0)
2. ITpu noacranoBke 3HaueHus x = 0 moayunm y(0) =0,

Takyto jxe TOUKy MOJy4yuM, €Cli MpUpaBHsIeM QYHKUUIO K Hyt0. Touka x = 0 - ¢IMHCTBEH-
Has TOYKa IIEPECEUEHHUs C OCAMU KOOPAHUHAT.

3. [IpoBepsieM HyHKIHIO HA YETHOCTD

yil—x) = ot ¥

—Ix-2 2x+2

yl—x) = yla); y(—x) = —y(x).
Wrak, GyHKIMs HU YETHAS, HU HEYETHAs, HENIEPUOANYECKAS.

4.I[J'I$I OTBICKaHHA UHTCPBAJIOB MOHOTOHHOCTH BBIYUCIIACM IIEPBYIO MIPONU3BOJHYIO (bYHKI_[I/II/I

" 1 1 n n
Co2x(2x—2) =2 4xt —4x — 220 2xt —ax
_‘.I‘ =

2x—-2)7 | @x-2° (2x-2)

[IpupaBHUBas ee K HYIIO, MOJTYYUM KPUTHUYECKHE TOUKH x = 0; x = 2. OHU pa30uBarOT 00J1aCTh
OIIpeAeIIeHUs Ha CIEAYIOIINE HHTEPBAIBI MOHOTOHHOCTH (—o2; 0 U (0; 1)U (1 2) U (2; +00)

Hccnenyem noseaeHue Npou3BOIHOM cieBa U ClipaBa OT HailIEHHBIX TOUEK pa30ueHMUs..

I'paduuecku nHTEpBATIBI MOHOTOHHOCTU OYTYT UMETH BU/T

\ 4

Uccnenyemast pyHkums Bo3pacTaeT Ha MHTepBaiax (—oe: 0} U (2: +e2) u yObIBaeT (0: 1) U (1: 2).

5.Touka x = 0 TOYKa JIOKAIBHOIO MAaKCUMyMa, x = 2 — JJOKaJIbHOr0 MMHUMyMa. Haiinem 3Ha-
yeHue QyHkuua v, . =0y . =2,
6.. JIJ1st OTBICKaHHSI HHTEPBAJIOB BBITYKJIOCTH HAWJIEM BTOPYIO IPOU3BOIHYIO

o Wr-y@x-2-@F --2@x-2p02 8 8 1
T (2x— 2)* T 2x-2° 8x-1)7% (x-1)3

Takux UHTEPBAIOB HET, MOCKOJILKY BTOPAsi IPOU3BO/IHAS HE IPHHUMACT HYJIEBBIX 3HAUCHHI B
00J1acTH OoNpeaeIeHHUS.

7. llpsimast x = 1 — BepTUKaIbHAs aCUMIITOTa (DYHKIUU. YpaBHEHHE HAKJIOHHOW aCHMITOTHI
UMEET BUJ, v = kx + b,
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P x | x° ’ x- | 1 1
= x _xi.mxpx_z]x xﬂ?xf—h xﬂ?_g_z
T ox
. x* 1 Coxt—x(x—1) o oxt—xt4x . x . 1 1
b=l 23T i Ty T e T _}LEM‘}LE7_3‘5
T ox

Koneunslil BUI IPAMOM CIIETYIOLIHI

8.Ha ocHOBe mpoBeZIeHHOT'O aHalu3a BBINOJIHIEM HocTpoeHue rpaduka Gpynkuuu. s storo
CHaydaja CTPOWM BEPTUKAIBHBIC M HAKIOHHBIC ACUMIITOTHI, 3aT€M HAXOJUM 3HAYCHHE (YHKIIHH B
HECKOJIbKMX TOYKAaX M IO HUX IMPOBOJUM MOCTPOCHUE.

y=(x+1)/2

x=1

®opma npeacraBiaeHus pe3yJabTaTa: BHIIOIHEHHAs padoTa.

Kpurtepun onenku:

- «OTaM4HO» - yMeHHUs cOPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIBHO, 03
apudmeTnyeckux ommoOOK, perieHrne opopMIEHO aKKypaTHO, C HEOOXOJUMBIMU 00OCHOBAHHUSMU.

- «Xopo1Io» - HEKOTOpble YMEHUS C(HOPMHUPOBAHBI HEAOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 3a/IaHUI BBIMTOJHEHHI ¢ ommoOKamu. be3ommbouno BemonaeHo 80-89
% Bcex 3aIaHui.

- «Y IOBNIETBOPUTEIILHO» - HEOOXOJAMMBIE YMEHHUS B OCHOBHOM C(OPMHPOBAHHI,
OOJBITMHCTBO 3aJ]aHUM BBHITIOJIHEHO, HEKOTOPHIE M3 BBIMTOJHEHHBIX 3aJaHUN COJEPkKAT OIIUOKH.
Bbe3ommb6ouno BeimonHeHO 70-79 % BCex 3agaHuM.

- «HeynoBiIeTBOpUTENBEHO» - TEOPETUUECKOE COJIEp)KaHNe Kypca He OCBOEHO, He00X0-
JTUMBbIE YMEHHS HEe CPOPMHUPOBAHBI, BHIMOJHEHHBIC YUEOHBIC 3aJJaHUsI COACPIKAT IPyObIe ONMTUOKH.
Be3ommbouno BeimonHeHO MeHee 70% BceX 3aJaHmid.

Tema 8. UnTerpanbHoe ucuucjeHne pyHKIMU OJHOM AeliCTBUTEJIbHOM NepeMeHHOM
IMpakTnyeckoe 3ansiTue Ne 12
HNurerpuposanue pasjM4YHbIME MeTOAAMHU

He.]'lb paﬁoTbIZ HayLII/ITLCSI HUHTCTPUPOBATH (I)YHKI_[I/II/I, HCIIOJIb3YA Ppa3JIMYHbIC METOJAbI UHTCT-
pUpPOBaHUA.

Beinosnus patdory, Bel Oyaere:
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ymembs:

- HaxXOJuTb HCOIPCACICHHBIC HHTErpajibl METOAOM HEIOCPEACTBECHHOI'O HMHTCIPHUPOBAHMA,

METOJO0M ITIOJACTaHOBKH,

- HAXOJUTh HECOIIPEACTICHHBIC HHTEI'PAJIBI METOAOM HMHTCTPHUPOBAHUS 110 YaCTAM.

MarepuajibHoe o0ecnieyeHue:
NunuBuayanbHble 3a1aHus], TAOIUIA HHTETPAJIOB, KOHCIIEKTHI JISKIIUN, YICOHUKH.

3ananme:

Haiigure HEOIIPEACJICHHbIC HHTEI'PaJIbI:

1)f(8x* — 6 4 2x — 3)dx

3)f

n:u:us'[:lﬂ.r — 5} ax

4) [ 3 rdx

5)J

6)J

hdx

254+16x°

2.
rax

-
(1-2x%

. .
lx"—4x°-3x-1

7)_]"3—_:1’.1:

8)
9)

W

10).

ITopsinok BbINOJHEHHS PadOTHI:

3anucaTh 3aJlaHUe U OINPENENINTh, KAKUM U3 METOJI0B MHTETPUPOBAHUS HEOOXOJMMO BOCIOJb-
30BaThCs.

Ecnn mHTErpanm MOXHO HaWTH METOAOM HENOCPEACTBEHHOIO MHTETPUPOBAHMS, TO, UCIIONb3Ys
CBOICTBA MHTErpajioB, IPUBEINUTE UHTETpall K TaOIUYHBIM popMmynaM. [Ipounrterpupyiite.
Ecnn naTerpan MoKHO HaTH METOJOM IOJICTAHOBKH, TO BBEAUTE HOBYIO IIEPEMEHHYIO, HANAU-
Te ee nuddepenman. [loce BBeaeHNsSI HOBOW NEPEMEHHOMN 3a/1aHHBIN UHTErpall MPUBOANUTCS K
HOBOMY MHTErpaiy, KOTOpbIi sBisieTcss TabauunbiM. Haiiaure mnomy4yeHHsl uHTerpan. B ciy-
4yae HEOIPEEICHHOT0 NHTETpaia BEpHUTECH K CTApOU IEPEMEHHOM.

Ecnu unTerpan Henb3sl HATH BBIIEYKAa3aHHBIMU CIIOCO0aMHU, TO PUMEHHUTE (HOPMYITY UHTET-
pHUpOBaHUs IO YaCTIM f udVv = uv — f VdlU. DTOT METOJ 3aKJII0YaeTCsl B TOM, UYTO MOJABIHTE-

I'paJIbHOC BBIPAXKCHUC MPCACTABIACTCA KaKHUM-JIN0O O6p330M B BUAC IMPOU3BCACHUA IBYX CO-
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muoxuteneir Un dV. 3atem, nocie Haxoxaenus dUu V, ucrons3yiite GopMyily UHTEIpPHPOBa-

HUS I10 YaCTSIM.

-Uurerpanst Buna | P(x)e™dx, [ P(x)sinkxdx, [ P(x)eoskxdx, rae P(X)- MHOrouneH, k- uncio.

V10610 nonoxkutbl = P(x),a Bce ocTalbHbIE MHOKHATEIU IPUHATH 32 dV,

-nTerpans! Buaa [ P(x)arcsinxdx. [ P(x)arccosxdx, [P(x)inxdx. [P(x)arctgxdx
_]"P{:x}nrcctgxd.r.

VY 100HO 110J10%KUTh Plxldx = dV, a ocTaJIbHbIE MHOMKUTEIH npuHATH 32 U.

- Murerpanst Buna [ e sinbxdx, [ e cosbxdx, Te au buncna. 3a UMOXKHO OPUHATH GYHKITHIO
U=e™

Xoxa padorwi: Haiitu nunTerpaisl:

6x*—5x%+3x+4
J—/—

1) dx

YroObl HAMTH 3TOT MHTErpall, HY’)KHO CHayaJla MPUBECTU MOABIHTETPATBHOE BBIPAKEHHE K Ta0-
JIMYHOMY BHY. [[7151 3TOr0 NpUMeHsIeM IOYIEHHOE JIEJICHUE:!

J‘ﬁﬁ-Sx +3x+4

ﬁ-.nr:'1 ir 4

3 -+ — |dx
X s ox
j(ﬁx=—5+ +=1-x':)n’
J‘x:n’x— Ej

n’x 6 4yt . 4
— xidx = —5.:c-|—31r1|.r|+—_-|—r.’.'=2.r’—5x-|—3[r1|.r|——+lf.'
x 3 -1 x

+3
15x2dx
2) f(l_x3)4-
3TOT HHTCIpajl MOXHO HaWTH C IIOMOIIIBO METOAA ITOACTAHOBKMU. BBG)ICM HOBYIO IICPEMCH-
HYIO.
_1 —x*=t
j tsax | jxj} - Ladt 5jt‘4dt sr3 +C > +C > +C
—.._j.': _and =ﬂ1f = _— = = — = 3 = —7
(1- 2% e -3¢ -3 3t 3(1 — x%)
wldy = — —
3
3) J (& — 4x)inx - dx

DTOT MHTErpaa MOKHO HANTH C MOMOIIBI0 METOd HHTETPHUPOBAHUS [0 YaCTSIM, OH OTHOCHTCSI
KO BTOPOMY BHUJY, TO3TOMY U = Inx, dV = (x* — 4x)dx.

1 ” "
gl = —dx, V=|({x*—4x)dxr=——2x°
x 4
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Hcnonb3ys hopMyily HHTETpUPOBAHUS 110 YACTAM, MOJTydaeM

. «* . «* 1l
{_.r’—*l-.r}{nx-d_r={nr —— 2x | - — —2x" |—dx =
4 4 x
G [ PR B S
nx ‘1_—__1' - q_—_.r xr =Inx ‘1_—_.1' —_Lﬁ+.r+

4) J(x?* — 2x)cos4xdx

OTO0T HHTErpaj MOKHO HalTH C IMOMOIIIBIO METOJda UHTCIPUPOBAHUA 110 HaCTAM, OH OTHOCHUTCH K
MEPBOMY BUIY, IOATOMY U = x* —2x, dV = cosdxdx.

1
dlU = (2x — 2)dx, V= J‘ cosdrdx = ?} sindx
. o, 1 1 i
(x® — 2x) cos4x dx = (x* — 2x) L—}s:’nﬂl-_r — ‘—l_s:'n=1-_r{_2x —2)dx=

. 1 1 ) 1. . 1 )
(xf — 2x) n sindx — EJ‘ sindx(2x — 2)dx = 2 (x% — 2x) sindx — ;J‘ sindx(x — )dx =

YroObl HANTH OCTABIIMIACS MHTErPaAl, CHOBA IPUMEHSIEM (OPMYITY HHTEIPUPOBAHHUS 110 YACTSIM.

UD=x—-1, dV = sindxdx.
1
all = dx, V= J‘ sindxdx = — Ecusi-x

1 1 1 1
= (%% —2%)sindx ——((x —1)[== | == =
4{x 2x) sindx 2{{.1' 1) ( 4505*1-.1’} J‘ ‘l_cusd-.m’x

> (a2 — 20)sintx — = (( 1}( 1 4) 1,[ 4xd

4_:—_.rstn.r—2{_.r— —4cusx +4 cosdxdx =
1 1 1

= E{I- — 2x) sindx +§{{x — {cos4x) — a[cus*l-xdx =

1., 1 . 3 1
‘—1_{.:‘ — 2.1']5:'?1‘1-_1' + g {{.r — 'J.}{_cus*l-x} — Es:'ml-x +C

®opma npegocTaBjieHUs pe3y/IbTaTa: BbINOJIHEHHas paboTa

Kpurepum ouenku:

- «OTnU4YHO» - yMEeHUus cPOpPMUPOBAHBI, BCE 3aJaHMs BBINOJHEHBI MPABUWIBHO, 0€3
apupMeTHYecKuX OoHMO0K, perieHrne ohopMIEHO aKKypaTHO, C HEOOXOJUMBIMH 0OOCHOBAaHUSIMH.

— «XO0pomio» - HEKOTOpble YMEHUsI cOPMUPOBAHBI HEJJOCTATOUHO, BCE 3a/1aHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BHUJIBI 3a/IaHUI BBIMTOJIHEHBI ¢ ommoOKamu. be3ommbouno BemonaeHo 80-89
% Bcex 3alaHui.

— «Y IOBIIETBOPUTEIBHO» - HEOOXOAWMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/laHui BBINOJIHEHO, HEKOTOPbIE M3 BBIMOJHEHHBIX 3aJaHUN COJEp)KaT OLIUOKH.
be3omm6ouno BeimonHeHo 70-79 % Bcex 3agaHuil.
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- «HeymoBIeTBOPUTENLHO» - TEOPETUUECKOE COJIEpKaHUE Kypca HE OCBOEHO, HE00X 0-
JTUMBbIE YMEHHSI HEe CPOPMUPOBAHBI, BHIMIOJHEHHBIC yUeOHBIC 3aaHUs COJEPKAT TPyObIe OMIMOKH.
bezommbo4yHo BEIMoaHEHO MeHee 70% Bcex 3aJaHuil.
Tema 8. UnTerpajibHOe HCHUCTIeHUE (PYHKIMH OHOI JeCTBUTEIbHOM NepeMeHHOM
IIpakTnueckoe 3ansaTue Ne 13
Bbiuncienue onpeaesieHHbIX WHTErpajioB

He.ﬂb paﬁoTbI: HayLII/ITBCH HaxXOIUThb OIPCACICHHBIC HHTCI'PAJIbI, UCIIO0JIb3Ys Pa3IUYHBIC ME-
TOABI UHTCTPHUPOBAHUS.

Bbinosinus padory, Bel Oyaere:

ymembs:

- BBIYUCIIATH ONPEACIICHHBIC HHTCIPAJIBI pa3JIMYHBIMU METOJAMMU,
MarepuanbHoe o0ecrieyeHnne:

I/IH[[I/IBI/IIIyaJIBHI)IG 3aJaHusd, Ta6JII/IIIa HHTCrpajIoB, KOHCIICKTLI HCKHHﬁ, y‘-Ie6HI/IKI/I
3ananue:

Brraucnure OIPCACIICHHBIC HHTCI'PAJIbI:
1. szf:‘l-xi 4 32t 4 2x 4+ 1)dx

4 — 1
1. (w’x + ﬁ] dx
3

—_

4 dx
3' j_" AT - i

5. Iz —=

HOpﬂ}IOK BbIIIOJTHCHU A paﬁon:

1. 3anwmcare 3a7aHKe U ONPENEIUTh, KAKUM U3 METOJOB MHTETPUPOBAHUS HEOOXOIUMO BOCIIONb-
30BaThCHl.

2. Ecaum uHTerpan MoXHO HalTH METOJAOM HEMOCPEICTBEHHOTO0 HHTETPUPOBAHMUS, TO, UCIIONIB3YS
CBOMCTBA WHTETrPajOB, TMPHUBECTH HHTErpal K TabmuuuaeiM (opmynam. IIpounTterpupo-
BaTh.BbIUMCINTH 3HAUEHUE OIpeIe]ICHHOTo nHTerpaa no gopmyne Herotona-JIeiOuuma.

3. Eciiu uHTEerpan MOXHO HalTH METOJIOM IMOJCTAaHOBKH, TO BBECTU HOBYIO NEPEMEHHYIO, HAUTH

ee nupdepennnan. [locne BBeAeHNsT HOBOW NMepeMEHHON 3a/laHHBIN MUHTETpall MPUBOJIUTCS K HOBO-
My HHTErpaiy, KOTOpbIil sBiserca TaOnuuHbIM. Ecnu uHTErpan ompeaeneHHbIH, TO HEOOXOIUMO
BBIUUCIIUTH HOBBIE TIPeEIIbl MHTErpupoBaHus. HailTu moiaydeHHbli HHTErpal.

Xon paborsr:

1) f_31(4 x3 —3x? + 2x + 5)dx
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f:l{:ﬂLxE — 3% + 2x + 5)dx = 4f:1x3dx—Sfjlx:dx+2f_llxdx+ 5f:1 de=x* -2 4o £ 523, =
2) 3 -3 43" +5.3-(1+1+41-5)=81-27+9+15+2 =80

J-i-' 4 Sdr

0 a4250f

DTOT UHTErpaj MOKHO HAlTH C MOMOIIBI0 METO/Ia MOJICTAHOBKH. BBe1eM HOBYIO IEPEMEHHYIO.

5
—x =t
5
-dx = dt
J-:-l- Sir EJ-:-I dr EJ-:-I i 2 —
Dossase a0 Ea T e dx == dt
¥ 2 =
Xg = 0 t.n' =0
LXg = 0.4 tE = 11

(arctgl — arctg0) =

5 7L odr 1 1
:—-—f —:=—nrctgt|$=:

4 570 141 z 4
: Elrrds
3) "r: costx
9TOT HHTCTpaJI MOXHO HAWTH C IIOMOIIIBIO METOdA ITOACTAHOBKH. BBC,Z[CM HOBYIO IICPEMCHHYIO.
r cosx = t :
T deosx = dt -
: —sinxdxy = dt . 1
sinxdx i —dt e .. 1 .. 1 1
_— = sinvdx = —dt = — = — |I:: qu:: ——=2—-05=1.5
h ¥ L
J cosx xg =0ty = cos0 = 1 J t 2 2t 2-025 2
T T 1
g =— itz =ecos—=—
SR T 3 2

®opma npeacTaBiaeHus pe3yJbTaTa: BHIIOJHEHHAs paboTa

Kputepun onenkn:

- «O1nuyHO» - yMeHHsS COPMHPOBAHBI, BCE 3aJaHUs BBIIIOJHEHBI MPaBUILHO, 0€3
apudmeTnyeckux ommoOOK, perieHrne opopMIEHO aKKypaTHO, C HEOOXOJUMBIMU 00OCHOBAHHUSMHU.

- «Xopo1Io» - HEKOTOpble YMEHUsS C(HOPMHUPOBAHBI HEAOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 3a/IaHUI BBITOJHEHHI ¢ ommOKamu. be3ommbouno BemonaeHo 80-89
% Bcex 3aIaHui.

- «Y IOBNETBOPUTEIILHO» - HEOOXOJAMMBIE YMEHHUS B OCHOBHOM C(OPMHPOBAHHI,
OOJBITMHCTBO 3aJaHUN BBHITIOJIHEHO, HEKOTOPHIE M3 BBITTOJIHEHHBIX 3aJaHUN COJEPKAT OIIUOKH.
Bbe3ommb6ouno BeimonHeHO 70-79 % BCex 3agaHu.

- «HeynoBiIeTBOpUTENBEHO» - TEOPETUUECKOE COJIEp)KaHNE Kypca He OCBOEGHO, HE00XO0-
JTUMBbIE YMEHHS HE CPOPMHUPOBAHBI, BHIMOJHEHHBIC YUEOHBIC 3aJjaHUsI COACPIKAT IPyOBIe ONMUOKH.
Be3ommb6ouyno BeinonHeHO MeHee 70% BceX 3aJaHui.
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Tema 9. luddepeHunanbHoe HCHUCIeHHE (PYHKINH HECKOJbKHX
AEHCTBUTEJIbHBIX MePeMEHHbIX
IIpakTyeckoe 3ansaTue Ne 14
BblrunciieHne 4acTHBIX NPOU3BOAHBIX U TU(pPepeHUNANIOB PYyHKIIUI
HECKOJILKHX IepeMeHHbIX

Llesas padoThl: GopMHPOBAHNE YMEHHUI BRIYUCIATH YACTHBIE TPOU3BOAHBIC U TU(depeHIa-
761 PYHKUIMN HECKOIBKHX MEPEMEHHBIX.

Bbinosinus padory, Bol Oynere:

ymembn:

- BBIYHCIIATH YaCTHBIE POU3BOIHBIC (PYHKIIMH HECKOJIBKUX ITIEPEMEHHBIX;

- BEIUUCIATH AuddepeHnnansl GyHKIMA HECKOIBKUX MEPEMEHHBIX.
MaTtepuajbHoe obecnieyeHue:

WupuBuayanbHbIe 3aJaHNs, TAOINIA HHTETPAJIOB, KOHCIIEKTHI JICKIHHA, y4eOHUKH.

3aganue:
— Xfy _ =
1. Haiitn yacTHbIe mpon3BoHbie QyHKIwiL: a) -~ ° (2x l); 0) 2= xel +x” . B) : In(\/; " ‘/y)

o z= sin(x + \/9 )
2. Haiiti yacTHBIE MPOU3BOAHBIE BTOPOTO MOPSIKA (HYHKIIMK JBYX TIEPEMEHHBIX

— X 2
3. Haiitu auddepennman GyHKUMU AByX EPEMEHHBIX In(1+ ety ) ,

KpaTKue TCOPETHYECCKUEC CBCACHUSA

[TycTh MMeeTCsl N TEPEMEHHBIX BEIMYUH, M KaKIOMY HA0OpY MX 3HAYEHHH (X, Xp, ..., X,) W3
HEKOTOpPOr0 MHOX€ECTBA X COOTBETCTBYET OJHO BIIOJIHE OIPEIEICHHOE 3HAUYECHUE TIEPEMEHHON Be-
bl Z. Tora TOBOPAT, YTO 3a/1aHa (YHKYUSL HECKONbKUX NePeMEeHHbIX Z = T (X, X, ..., Xy ).

[lepeMeHHBIE X, X, ..., X, HA3bIBAIOTCS HE3ABUCUMbBIMU NEPEMEHHbIMU WIIA ap2YMEeHMamu, 7 —

3aeucumoll nepemennot, a cuMBol f o3Havyaer zaxon coomeemcemeus. MuOXecTBO X Ha3bIBaeTCsA
obacmvio onpeoenenus QYHKYuu.
Yacmmuou npouzeoonot pynkyuu z = f(x, y) 1o x Ha3bIBAIOT MPOU3BOAHYIO GyHKIMH z = (X, y)

110 X pH PUKCUPOBAHHOM MIEPEMEHHOM Y M 0603HauaT f,(X, y).
Yacmnas npouzeoonas @ynkyuuz=f(x, y) mo y npu GUKCUPOBAHHOW MEPEMEHHOM X 0603Ha-
’
qaercst f)(x, y).

of of
I[JBI YaCTHBIX MMPONU3BOAHBIX UCIIOJb3YIOT TAKKC 0003HaYCHUS a— n —
X

oy
Yacmuvle npouzsooHvie  6mopo20  NopsAOKa — ONPENENSIOTCS  CIEAYIOIMM  00pasoM:

o’f ., ofof) 8%t ., ofof) o%f ,  ofof
_ngxx:__1_:fyy:__a_:fxy:__-
ox ax\ox)' oy? oyl oy |’ oxoy ox\ oy
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Juppepenyuanom Pysxuun z=f(x, y) Ha3plBaeTCS CyMMa IPOU3BEICHUI YACTHBIX IPOU3-
BOAHBIX OTOM (YHKIMH Ha NPUPAINCHHS HE3aBUCHMBIX TEPEMEHHBIX 0z = Z AX+Z\Ay WK
oz oz
dz = zjdx + z{,dy wam dz = —dx+—dy.
OX oy
IMopsinok BbINOJIHEHHSI PAa0OTHI:

1. IlpoaHanM3upoOBaTh YCIOBHE 33[a4H.
2. BBINIOJTHUTE pelieHUe, TPUMEHSSI HEOOX0IUMBbIC (POPMYITBL.
3. 3anucarh OTBET.

Xox padoThI:

2
3ajanuel. Haiitu wacTHble npousBoimble (ymkmuit: a) z=x°y°+5x*-3y+1; 6) z=x%"; B)
z:xmy+1.
X

Pemenue. a) [lpu nuddepeHupoBaHuy 1Mo X CYUTAEM MOCTOSHHON BETHMUUHON y. Takum oOpazom,

7 =% 3325 L10x. 11 7 i
X = & = y + . pI/I I[I/I(I)(I)epeHuI/IPOBaHI/II/I I10 y CUMTacM IIOCTOSAHHOM BCIIMYMHOM X, CIICOAOBA-

0 3.4
TeJAbHO, Z, =— =5x"y" -3,
y 8y

6) Ilpu nmuddepeHupoBaHMH IO X CUMTAEM MOCTOSHHOW BenWYuMHOM ). Takum oOpazom,

oz 2 o o
z =5 = 2xe”" . Tlpu quddepeHUpOBaHUY N0 Y CYATAEM MOCTOSHHON BEIMYUHOM X, Clel0BaTellb-
oz 2 2
HO, 7, =— =x%’ -2y =2x"ye”".
oy
B) Ilpu nuddepeHIMpOBAHMH [0 X CUYMTAEM MOCTOSHHOM BenMuuHOM y. Takum o6pasom,
’

A 1 . .
Z, = % =Ilny+ y(;j =Ilny- y [Tpu nuddepeHnnpoBaHuU 1O y CYUTAEM MOCTOSIHHON BETMYHHOM X,

X_2 .
CJIe/I0BaTEeNbHO,
z :Q:x(lny),+l-y':é+1.
Yooy X y X

3ajanne?. HaiiTy YacTHBIE TPOM3BOJHBIE BTOPOTrO TOPsAKa (DYHKIMH JBYX IIEPEMEHHBIX
z=In(l+x+2y).

1 2
Pemenune. YacTHble NPOM3BOJAHEIE IEPBOrO MOPSAKA MMEKT BUI: Zy=——7—, I, =———.
1+x+2y 1+x+2y
CunTtas uX HOBBIMU (YHKIMSIMH JIBYX NEPEMEHHBIX, HAlJIeM UX YacTHbIe pou3BoaHble. [lomyda-
1 2 4
eM: L=, Ly =, Iy =,
(L+x+2y) 1+ x+2y) 1+ x+2y)

3amanuel. Haiitu muddeperiman GpyHKIME ABYX HEpEMEHHBIX Z = X"y — y3X.

Pemienue. YacTHble MpPOW3BOJHBIE MEPBOrO MOPAJIKA UMEIOT BHUI: Z, =2xy-y* u 74 =x? —3y°x.

CrnetoBaTenbHO, dz = (2xy -y )dx + (x2 —3y2x)dy .

®opma npeacTraBiaeHus pe3yabTaTa: BHIIOJIHEHHAs paboTa.
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Kpurepun onenkn:

- «OTan4HO» - yMeHHUS c(OPMUPOBAHBI, BCE 3aJaHUsS BBINOJHEHBI NMPaBUIbHO, 0€3
apudmeTnyeckux ommOOK, pernieHrne opopMIICHO aKKypaTHO, C HEOOXOJUMBIMU 000CHOBAHHUSIMHU.

- «XOopouio» - HEKOTOpble yMEeHHsI cHOPMUPOBAHBI HEIOCTATOUYHO, BCE 3aJaHUSI BbI-
MOJIHEHBI, HEKOTOPbIE BUBI 33JJaHUIl BBIMOJIHEHHI ¢ omnOKkamMu. bezommbouno BeimonHeno 8§0-89
% Bcex 3a/laHui.

- «Y IOBIIETBOPUTEIBHO» - HEOOXOAHUMBIE YMEHUSI B OCHOBHOM C(OPMHUPOBAHBI,
OOJIBIIMHCTBO 3a/laHUi BBINOJHEHO, HEKOTOPbIE U3 BBIOJIHEHHBIX 3aJaHUM COJEpKaT OMIMOKH.
bezommbouno BeIMoaHEeHO 70-79 % BCex 3amaHuil.

- «HeynoBneTBOpUTENBHO» - TEOPETUUYECKOE COJEpKaHUE Kypca HE OCBOEHO, HE00X0-
IUMble YMEHHsI HE C(POPMUPOBAHBI, BBHIIOJIHEHHbIE YUeOHBIEC 3a/laHUs CO/EPKAT IPyOble OIINOKU.
bezommbo4yHO BEIMoOaHEHO MeHee 70% Bcex 3alaHui.

Tema 10. UuTerpanbHoe ncuucjieHue GyHKIUHN HECKOJIbKHX eCTBUTEIbHBIX NlepeMeHHbIX
IIpakTnyeckoe 3anaTue NelS
Bbiuncienue ABOHBIX MHTETPAJIOB

Heab padoTsl: popMupoBaHNE YMEHUHN BBIYUCISTH IBOMHBIC HHTETPAIBI B ciydae obiactu 1
u 2 tumna.

Boinosinus padorty, Bl Oynere:
ymembs:

- BBIYUCJISTh JIBOMHBIE HHTEIPAJIBI.
MartepuanbHoe obecnieuenue: VHauBuIyabHbIC 3a/1aHNs], KOHCTIEKTHI JIEKITHH.

3aganue:
H (12x2y2 +16y°x® )dxdy
1. BeuucauTh 1BOMHOM HHTETpaI: a) D , TII

H (36x2y2 —96y3x3)dxdy
D

2

iy —v2 y—_.f
e D:x=1 y=x°, y=— X;6)
v _ _3
e D:x=1 y=-x3, y_\/x_

Kparkne Teopernyeckne cBeeHN:

JIBOMHBIM HHTErPaoM OT (DYHKIHH -~ fx y) no o06actu G Ha3bIBaeTCsl KOHEYHBIH Mpeien (eciu
n

D &)y

OH CYILIECTBYET) MHTETPAJIbHBIX CyMM k-1 npu max dy —0

, IPUYEM OTOT IMPEACIT HE 3a-

BHUCHUT HH OT crioco0a pa3dueHus 00JacTy Ha JIeMEHTapHbIE YaCTH, HU OT BHIOOpA TOUEK R (ék'”k).
Hrak,

”f(x,y)dg: “dm Ozf(é:klnk)Aak'
©) A=

JIBoitHOM MHTETpa 001a1aeT CIeAYIOMUMHA CBOMCTBAMHU.
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”’ do=5(G)
1. © , rrie S(G) — momas obnactu G.

2. TlocToSIHHBIN MHOXUTEIIb MOKHO BBIHOCHTH 32 3HAK JIBOWHOTO MHTETpasa:

H Af(x, y)do = AJ-J‘ f(x y)do
©) ©) _

3. JIBOWHOM MHTETpal IUTUBEH OTHOCUTEILHO TOILIHTETPATbHON (QYHKITUHN:

[[ (1, to)o = [[ fudor+ [[ fdo
G) ©) 6) _

4. JIBOWHOW MHTErpal aJJIATUBCH OTHOCUTEIILHO 00JIACTH MHTETPUPOBAHUS: €CITU

J] fdo = H fdo + H fdo
©) (G1) G)

JIBOIHOM MHTETpall UMEET MPOCTON reOMETPUUECKUI CMBICI: HHTETpall (yHKIIUU fx ) o obnac-
i G BeIpakaeT 00beM IMIIUHIPUYECKON 00J1aCTH, HUYKHUM OCHOBaHHEM KOTOPOi CIy>KUT 00J1acTh

G, a BepxHUM — rpaduK QyHKITUU f(x Y)_
Brruuciienue qBOMHOTO HHTETpaia

a<x<b

' <y<

ITycth obnacts D onpenensiercs HepaBeHCTBaMHU: {¢(X)— y<y(x) U TIpY ITOM, BCsSIKas Ipsimasi, ra-
payutenbHas ocu Oy nepecekaet rpanuiy ooisactu D He Gonee yem B AByX Toukax (puc. 1), Toraa
BBIYKCJICHUE JBOMHOTO MHTErpaia ot ¢pynkiuu f(x,y) B oomactu D cBoAMTCS K BBIYMCICHUIO, TaK

b y(x)
H f(x,y)dxdy = Idx j f(x,y)dy

Ha3bIBAEMOT0, IOBTOPHOTO MHTerpaia no gopmymne: P 2 olx) (1)

B ¢opmyne (1) cHayana BeIYUCIAETCS BHYT-
¥ PEHHUI MHTErpaji Mo MepeMEeHHOH y, cuuTas
i 4 OpH  DTOM X BEJIMYMHOM  IOCTOSHHOU

N (%)
If(x, y)dy. 3aTeM BBIYMCIAETCS BHELIHHMA

0 b x olx)
WHTETPAJI 110 EPEMEHHOU X.

Ecimm o0acThb HUHTCTPUPOBAHUA €CTh

y _ c<y<d
‘ D'{gmsxsf(y)

U MpU 3TOM, BCsAKas NpsMas, napauieibHas ocu Ox
nepecekaer rpanuily obnactu D He Oonee yem B IBYX

ToYKax (puc. 2), Toraa IBOWHONW WHTETPaT BHIYHCIACTCS

o X yepe3 OBTOPHBIA UHTETPa No ¢opmyne:

d

f(y)
10 y)ady = [y [ (xy)ox 2)



Puc. 2

3ameuanue 1. Ecinu 001acTe MHTErpupoBaHUs 00JIee CII0KHAs!, YEM B ONMCAHHBIX BBIIIE CIyYasX,
TO €€ MO’KHO pa30HUTh Ha HECKOJIKO HETIEPECEKAIOIINXCS YaCTeH, YIOBIETBOPSIONINX YKa3aHHBIM
YCIIOBUSIM, IIPY TIOMOIIY MPSIMBIX MApaJIEIbHBIX KOOPJUHATHBIM OCSAM. 3aTeéM IPUMEHUTh CBOMCT-

BO aAJUTUBHOCTH.

R e Hanpumep, o6s1actb, n3obpaxeHHy Ha puc.3,
o IR MOYXHO pa3buTb Ha Tpu obnactu. Toraa

ﬂ fdxdy = ﬂ fdxdy + ” fdxdy + J fdxdy

— >

Puc. 3

3amecuanue 2. HpCI[eJH)I HHTCIPHUPOBAHUA BHCINHECTO MHTCTpaJia B IOBTOPHOM MHTCTPAJIC BCEraa
IIOCTOSAHHBI. Hpez[enbl HHTCIPUPOBAHUSA BHYTPCHHETO UHTCI'PAJIA, B 06I_HGM ciIydae, 6y,Z[YT (bYHK—
OHAMHA TOH HepeMeHHOﬁ, 10 KOTOpOﬁ BBIYMCIISICTCST BHEIITHHI HHTCTpall.

ITopsinok BbINOJIHEeHUs padoOThI:
1. Ilpoananu3upoBaTh YCIOBUE 3aJaUH.

2. BBINOIHUTS pelieHue, IpuMeHssi He00X0UMbIe (HOPMYJIBL.
3. 3anucars OTBET.

Xoa padoTbI:

ﬂ (x— 2y )dxdy

. _ _y2
3ajanue. BeruncauTe ABOIHOM uHTETpasl D , e Dix+y=2 y=x .

Pemenue. O6mnacte unTerpripoBanus D orpannyena npsmoit y+ x = 2 u napabosioil y = X2, IIPOXO-
JsIelt yepes Havano KoopauHar, ¢ ocbio cummerpun Oy (puc. 4). Onpeaenum TOUKU epeceyeHUs

rpadukoB GyHKIMHA. {71 TOrO pemum CUCTeMY:

{x+y:2
, =
y=X

I by
ﬁ\ [ £ X +x-2=0
\ \ / D=1-4.(-2)=9
:\ { ‘-'1.. ‘r', 11—
:\ > f Xlzgz_z

Puc. 4

Nmeem aBe Touku nepeceuenus: A(-2, 4), B(1, 1). JlroGas npsmast, mpoxosiias 4yepe3 BHYTPEHHUE
TOYKHU oTpe3ka [—2;1] mapamnensro ocu Oy nepecekaer rpanuily oosactu D B 1Byx Toukax: B TOY-

Ke Bxoza "°", B KOTOpoH y = x? ¥ B TOUKe BBIX0za "X", B KOTOpoill y = 2—x. Takum o6pazom, 00-
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-2<x<1

x2<y<2-x

JacTh UHTErprupoBaHus D MOKHO 3a1aTh HEpaBEHCTBAMMU: { . Torna mo ¢popmyne (1)

HOJy4daeM:

1 2-x
H (x—2yx )dxdy = Idx J-(x —2yx)dy
D -2 X2
CHavasia BbIYHCIISIEM BHYTPEHHUI HHTErPAI T10 Y, CYUTast X OCTOSHHOM BEIMYHHOM

2—X 2—X

[(x=2y0)ay =x [a-2y)y = ly-v?)

X2

2-X
| E :x(Z—x—(Z—x)z—x2+x4):
X

= x(—2+3x—2x2 +x4>=—2x+3x2 —2x3 + x5,

Jlajiee BBIYUCIISIEM BHEIIHUNA HHTErpall

1 4 o\
j(—2x+3x2—2x3+x5)dx: e X S B g
) 27%6), 33

H(x— 2yx Jdxdy =9

OtBeT: D

®opma npeacTaBJieHus pe3yJbTaTa: BHIOIHEHHAs paboTa.

Kputepuu onenkmu:

- «OTan4HO» - yMeHHUs COPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIbHO, 03
apudmeTnyeckux ommoOoK, pemieHrne opopMIEHO aKKypaTHO, C HEOOXOJUMBIMU 00OCHOBAHHUSIMHU.

- «Xopo1Io» - HEKOTOpble YMEHUsS C(HOPMHUPOBAHBI HEAOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 3a/IaHUI BBITOJIHEHBI ¢ ommOKkaMu. bezommbouno BemonaHeno 80-89
% Bcex 3aIaHui.

- «Y IOBNETBOPUTEIILHO» - HEOOXOJAMMBbIE YMEHHUS B OCHOBHOM C(OPMHPOBAHHI,
OOJBITMHCTBO 3aJaHUN BBHITIOJIHEHO, HEKOTOPHIE M3 BBITTOJIHEHHBIX 3aJaHUN COJEPKAT OIIUOKH.
Bbe3ommb6ouno BeimonHeHO 70-79 % Bcex 3agaHu.

- «HeynoBiIeTBOPUTENHEHO» - TEOPETUUECKOE COJIep)KaHNe Kypca He OCBOEHO, He00X0-
JTUMBbIE YMEHHSI HEe CPOPMHUPOBAHBI, BHIMOJHEHHBIE YUYEOHBIC 3aJaHUsI COACPKAT IPyObIe OLMIUOKH.
Be3omm6ouyno BeimoHEHO MeHee 70% BceX 3aJaHui.

Tema 11. Teopus psigoB
IIpakTnueckoe 3ansaTue Ne 16
Passioskenue asiemenTapHbix GyHkuuii B psig Teilsiopa

Heab: popmupoBanue ymeHHU packiaabiBaTh dJieMeHTapHble pyHKuuu B psia Teitnopa.
Borinosinus padorty, Bul Oynere:

ymembo:
packiaapIBaTh 3JeMeHTapHble pyHKUIMU B psia Teitnopa.
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MarepunanbHoe o0ecniedeHHe: NHIUBUIYaIbHbIE 3aJaHHsI, KOHCIIEKTHI JICKLIUH.

3ananmue:
Paznoxute crnemyromue Gyakuuu B psag Teinopa npu 3aJaHHOM HadalbHOM 3HAYCHUU apryMEHTa
X0-
a) e*, a=-2;6) 3™, a=-1;8) In(3+2x), a=1.
Kpartkne TeopeTtudeckne cBeleHUs:
Ecmu pynkuus S (x) B HEKOTOPOM MHTEpBAJE PACKIA/JbIBACTCS B CTENEHHOM psij MO CTere-
HAM (x—a) , TO 3TO pazioXeHue €JIMHCTBEHHO u 3a/aercs dbopMyIoii:
i &3]
&
Fixi= f(c;:t]|+fr::I )+f;|)x a) + f()(x a) + . +f ()(x al’ +
Psaner Teitiopa HEKOTOPBIX AMEMEHTApPHBIX (DYyHKIMHA. VIMEIOT MECTO CIISAYIOIUEe pasiokKe-
HUSL:
. 2 3 n
X x i I
wr=1+T+E+T+-- +?+ ¥ € [~o0; 00)
3 5 2n—1
I I
SNz =1 ——+—— -+ (=1)"" - @
al 1] \ ) (2n — 1) re I: )
2 2n
{uaa—l———i-?— S (=1 2n)! + 7 & (oo, oa)
38 p2n—1
i I
arctEr = — — f — — .- il . —1;1
T3 eV refii]
.2 3 .1
( Ve T (mn .
In(1+2) =2 2+3 +(—1) - + . xel-11]

Ot GOpMyNbl HCIONB3YIOTCS A NPUOIMKEHHOTO BBIYMCICHUS 3HAYEHUH YKa3aHHBIX
byHKIHi.
ITopsinok BbINOJIHEHUS PadoOThI:

1) Haiitu npousBoaubie pynkiuu f(X) u Touke X =a: f (”)(a), vneN.

o0

. f (n) (a) n
2) CocrtaBuTb psin Teitnopa E T(X - a) .
n=0 .

Xox padoThI.

— i _ —
3aganue 1. Paznoxuts QyHKIIUIO Jlay=x +4x —3x+2 4 pan Teinopa no creneHsm (x=1)
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B nannom ciydae & = 1,

Flay= ) =1+4-34+2=4

FUx = 4 -3+ =32 4823
Jla)=fN=3+8-3=18

FMx)= (3% +8x—3) = 6x+8
FHa)=f"h=6+8=14

F" X =(6x+8) =6 =const
SMa)=7"D=56

i+ — 5y =
S =(er=0 , BCE MIPOM3BO/IHBIE, HAYMHASI C YETBEPTOM MPOU3BOIHOM, OYAyT HYJICBBIMH.

Teneps nojicTaBisieM HaIeHHbIC 3HaUYeHUS B opMyity Teimopa:

Flx) =2 +4x° —3x+2=4+%(x—1)+12—d:(x—1)2+%(x—1)3+0+0+[] +..=
=44+ x-D+7x-D+(x-1°

y=l{l+2x)

3aganue 2. Pa3znoxuts QyHKIUIO B psip Telsopa 1o cTeneHsm (x=3 .

B oannom cnyuae: a=3
Filx) =753 =7
J1) = (14 2x)) = ——

1+2x
‘ . 2
f(xu:':f@':?
N r__ 2%
f(x)_[nzx] BT

] 2
Pl = £1(3) = —i—g - —[%]

f

won |281 ) 212 2

J ':x:'_[ (1+2x}2J Ttz d+zx)
3

Sy =770 =2

o1 T L L PR Y

7= (1+ 27"
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. . o VR L T B
7y = fge) - L2
Taxum obpaszom:
2 o2 2% 2l (=17 2% (= 1)
2 E] »
]n(l+2xj:]n?+%(x—3}+2—j:(x—3]2+%(x—3j3+...+ 7| (=3 +. . =
! ! ! Ml
2 22 23 I:—l:lm-l ] 2:!
=In7+=(x—-3)— -3+ e T S S S L S
?(x ) zl?gix ) 3.?3{x ) T (x=3)

®opma npeacrabiieHus pe3yJbTaTa: BbIIIOJIHEHHAs padoTa.

Kpurtepun onenku:

- «OTan4HO» - yMeHHUs cOPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPaBUIbHO, 03
apudmeTnyeckux ommOOK, perieHre opopMICHO aKKypaTHO, ¢ HEOOXOUMBIMU 0OOCHOBAHUSIMH.

- «Xopo1Io» - HEKOTOpble YMEHUsS C(HOPMUPOBAHBI HEAOCTATOYHO, BCE 3aJaHUS BbI-
MIOJTHEHBI, HEKOTOPBIE BUJIBI 33/IaHUI BBIITOJHEHHI ¢ ommOKkamu. besommbouno Bemonaeno 80-89
% BceX 3aIaHHU.

- «Y IOBNIETBOPUTEIILHO» - HEOOXOJAMMBbIE YMEHHUS B OCHOBHOM C(OPMHPOBAHHI,
OOJIBIIMHCTBO 3aJIaHWH BBITOJIHEHO, HEKOTOPHIC M3 BBIMIOJHEHHBIX 3aJaHUN COJIEPIKAT OIIUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

- «HeynoBiaeTBOPUTENHEHO» - TEOPETUUECKOE COJIEp)KaHUE Kypca He OCBOEHO, HE00X0-
TUMBbIE YMEHHSI HEe CPOPMUPOBAHBI, BHIMIOJHEHHBIC yU4eOHBIC 3aJJaHUs COJEPKAT rpyOble OIIUOKH.
Beszommbouno BeimonHeHo meHee 70% Bcex 3aJaHui.

Tema 12. O0bikHOBeHHbIE AU PepeHInAIbHbIE YPABHEHHSA
IIpakTnyeckoe 3ansaTe Ne 17
Pemienue nudpepeHnaIbLHBIX YPABHEHUI N1EPBOro MOpPsAKA.

Hean: Hayuuthes pemats quddepeHianbible ypaBHEHUs IEPBOro MOpsIIKa

Boinoinus padorty, Bel Oynere:

ymemb:

- onpeAenaTh BUA 1 epeHIInanbHOr0 ypaBHEHNUS,

- HaXOAUTH O0Iee pereHne JudPepeHIINaIbHOr0 YpaBHEHUS IEPBOro MOPSIIKa;

- HaXOJUTh YaCTHOE penieHre Au¢pGepeHnaIbHOro ypaBHEHUs, YOBIETBOPSIOIIEE HEKOTO-
PBIM Ha4aJIbHBIM YCJIOBUSM (pemath 3aaavy Komm).

MaTtepuajabHoe o0ecniedeHue: MHIUBUIYaJIbHBIE 3a/1aHUS, KOHCIIEKTHI JICKIIH.
3aganue:
1. Haiitu obmiee pemenue auddepeHnnanbHOro ypaBHeHUS

dy _ 3dx
a) Vx
6) (y — D2dx+ (1 —x3)dy =0
2. Haiitu yacTHOE pemenye auddepeHnanbsHOr0 ypaBHeH s
a) y2+x%y' =xy'y mpuy(l)=1
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b) y'sinx—ycosx=1 npux=7=,y=1

g fem|

HOpHI[OK BbIIIOJTHCHHU A paﬁoTLl:

1. Omnpenenute Bun auddepeHInaIbHOTO YPaBHEHHUS.
2. Ecnu ypaBHEHUE SIBIISICTCS] YPABHEHHEM C PA30eNAIOUWUMUCS NePEMEHHBIMIU, TO
1) TlpuBenuTte NaHHOEC YpaBHEHHE K YPABHEHHUIO C Pa3/C/ICHHBIMHU IEPEMEHHBIMH, T. €. IIPO-
U3BEIUTE Pa3/IeIeHUE IEPEMEHHBIX, ISl 3TOTO:
-IIponsBoanble pyHKIMH 3aMeHuTe e€ auddepeHnuanamu;
-CrpynnupyiTe 4ieHbl ¢ OJMHAKOBBIMU TU(depeHaTaMyi 1 3aIUIIuTe UX B Pa3HbIX yac-
TSX paBEHCTBA, BhIHECS AU PepeHIIrabl 32 CKOOKH;
- IlogenuTe WM yMHOXKBTE 00€ YaCTH PAaBEHCTBA HAa TaKWE BBIPAXKEHHUSI, YTOOBI Bce (PyHK-
MU CTOSUTA TIPH ,,cBOMX” auddepeHimanax, T. e. npusectd K suay: @(y)dy = @(x)dx

2) Ipounrerpyiite 00e 4acTH paBEHCTBA U HAWIHUTE OOIIEe pEelICHHE.

3) Jlnst BBIIEIEHUS YaCTHOTO PEIICHHUS U3 O0IIEro 3aaaeTcs Touka (Xg: Vo), Yepe3 KOTOpyro
JIOJDKHA TPOXOJUTh MHTETpasibHas KpuBas. Haxomum 3Hadenue mocrosiHHoM C ,a 3arem C mon-
CTaBIIsIEM B 00IIICe PELICHHUE U 3aIIMChIBAEM YaCTHOE PEIICHUE.

3. Jns pemieHust 00HopooHo2o oughghepenyuanvrozo ypasnenusil mopsika TaHHOE ypaBHEHHUE TTY-

TEM BBCACHUA HOBOH HepeMeHHOﬁ HYXHO IIPUBCCTH K YPABHCHUIO C PA3ACTIAIOIIUMUCS IICPC-

dy dz
=x-——-+2zr1ne Z-HOBas HeusBecTHas (PyHKIUS OT X.

MEHHBIMU. 3aMEHUM Y = Z * X, o

HOJ'Iy‘H/IJ'IOCB YpaBHCHHE C pasaCIArOmuMA IICPEMEHHBIMHA OTHOCHUTCIIBHO Z. Pemus €ro, Hajgo Z

3aMCHHTDb Ha § " BbBIPA3UTH ).

4. Jluneunoe nuddepennuanbHoe ypaBHeHue | mopska pemiaercsi myTeM Mo ICTaHOBKHI

dy _ dd du
_udx+8dx

y=ud; dx

JuddepeHnnanbHOe ypaBHEHUE CBOJIUTCS K PEILICHUIO IBYX AP PepeHInanbHbIX YpaBHEHUH, C
pa3aeNAIOIUMI IEPEMEHHBIMH, CHaYalla OTHOCUTEBHO U , TOTOM-U, T€ U U O HEU3BECTHHIE
(GyHKLINU OT X.

Xox padoTsl

1) Haiitu obuiee pemenne nudpGepeHInanT-HOro ypaBHEHUS:
(6xdx + 3xy?dx) — (6ydy + 2x%ydy) =0
Crpynmnupyem wwieHsl ¢ dX u dy
3x(2 + y?)dx — 2y(3+ x*)dy = 0
-PaznienuM nepemeHHbIe
3xdx 2ydy

3+x2 2+y2

xdx d
3f_:2f&
3+x2 2+ y?

-Pemaem 1o OTACIBHOCTHU K&)K}IBIﬁ HUHTErpal MCTOAO0M IMOJACTAaHOBKHU

-UnTerpupyem
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3
Eln(3 +x)=In(2+y?) +Inc

3
In(3+x?)z=In(2+y?) -c
-IIoreHuMpyem 3TO ypaBHEHUE

JB+x2)3=0Q2+y?)-c

(3 + x?)V3 + x2 B
2 +y2 -

-3anuceiBaeM 001Iee penieHue:

2. Haiiti yacTHOE perieHrne OJHOPOAHOTO ITuddepeHInaIbHOro ypaBaenue | mopsaka
; __ 2x+y
T o2x

-3amenum Yy’ Ha

ecnu y=0 mpux=1
dy, dy _ 2x+y

dx' dx  2x
. dy dz
-IIponsBenem NOACTaHOBKY Y = ZX; Xtz
XE+Z=2x+zx; xz+z=x(2+z)
dx 2x dx 2x
dz 2+z
X— = -z
dx 2
dz 2-z
X— =
dx 2
2 dx
-PaznenuM nepemeHHbIC ;dz =
dz dx
-IIpounTerpupyem Boipaskenue: 2 [ —= f;
-Perraem nannoe ypaBuenne —21In|2 —z| = In|x| +Inc
In = In(xc
1
-IIponioTeHIupyeM BeIpakeHHE ek xc
1
-Boipasum z: (2 — z)? = o
1
2—7=—
Vxc
1
z=2—-——
Vxc
-3aMeHUM Z = 2 ¥ BBIPa3uM Yy = o T oO1Iee perreHne
- x p yy - Vxc it p

-IToncraBum HavanbHble yenoBus Y=0 , x=1

et N W _ _1._1
0= VE,zx/E 1_0,2\/5_1,\/2_2,(:_4

-IToncraBum CB ob1ee pemeHne y = 2(x — 4/X) 4aCTHOE peIICHHE.

3. Haiiti yacTHOE perieHne TMHEHHOTO TuddepeHImaIpHOro ypaBaeHus | mopsiaka
xy' +y = 3, ecnu y=0, npu x=1

-IIpuBenem ypaBHEHHE K BUY 10 ONPEICICHUIO
y
!
+===
YT Tx
-Cnenaem 3aMeHy
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d ad du
2oy 9=
dx dx dx

-Crpynnupyem 4wieHsl ¢, HOJIy4uM
u

du u _du _
19(;+;)—0,T.K.19¢0—>dx— *

-Pa3genum nepeMeHHblie

y = ud,

du  dx
u  x
-IIponnTerpupyem
du dx
u x
In|u| = —In|x]|
-IIponorenuupyem
1
u=-
x
-IloacraBum U B ocTaBlIeecs] ypaBHEHHE
1d9 3
xdx x
dy = 3dx
-IIponHTerpupyem
9=3x+c

-IloncraBum y = ud

1
y=: (3x + ¢)- obuee perienue
-IToncTaBuM HavalbHbIC YCIOBHS
0=3+4c=>c=-3

3
y = = (x — 1)- vactHoe pemenue

®opma npeacraBiaeHus pe3yJbTaTa: BHIIOIHEHHAs padoTa.

Kputepun onenkn:

- «O1nuyHO» - yMeHHsS COPMHPOBAHBI, BCE 3aJaHUs BBIIIOJHEHBI MPaBUILHO, 0€3
aprupMETHYECKUX OMMUOOK, pelreHrne 0hOpMIIEHO aKKypaTHO, C HEOOXOIUMBIMU 000CHOBAHUSIMH.

- «XO0pomIo» - HEKOTOpble yMEeHHsI CHOPMUPOBAHBI HEOCTATOUHO, BCE 3a/1aHUS BHI-
MIOJIHEHBI, HEKOTOPBIE BUBI 3aJaHUIl BBIMOIHEHHI ¢ omuOKkamMu. bezommbouno BeimonHeno 80-89
% BceX 3aIaHUH.

- «Y TOBIIETBOPUTEIHHO» - HEOOXOAMMBIE YMEHUS B OCHOBHOM C(OPMHUPOBAHBI,
OOJBIIMHCTBO 3a/IaHUi BBINOJHEHO, HEKOTOPbIE W3 BBIMOJHEHHBIX 3aJaHUN COJEp)KaT OLINOKH.
be3zomm6ouno BemonHeHo 70-79 % Bcex 3agaHuii.

- «HeynoBIeTBOPUTENBLHO» - TEOPETUUYECKOE COJEp)KaHUE Kypca HE OCBOEHO, HE00X0-
JTUMBbIE YMEHHSI HEe CPOPMUPOBAHBI, BHIMIOJHEHHBIC yUeOHBIC 3aaHUs COJEPKAT TPyObIe OMIMOKH.
Be3omm6ouyno BeimonHeHO MeHee 70% Bcex 3aJaHui.

Tema 12. O0bikHOBeHHbIE U] PepeHnATIbHbIC YPABHEHHUS
IIpakTuyeckoe 3ansaTue Ne 18

Pemienue nudpepeHunaIbHBIX YPABHEHUH BBICIINUX OPAIKOB.

Leas padorbi: HayunThes pemats quddepennuanbabie ypaBaenus |l mopsaka u muHelHble oJ1-
HopoHbIe MU depeHmanbable ypaBHeHus |l mopsaka ¢ mocToSHHBIME KO GHUIIMEHTaMH.
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Boinosinus padory, Bel Oyaere:

YMETb:

- pemiath quQepeHIraIbHbIe YpaBHEHH BTOPOTO MOPSIKA, JOMYCKAIONUE MOHKEHUE TIOPSI/IKa;

- HaXOJIUTh OO0IIee U YaCTHOE pellieHne npocTeimux nuddepeHanbHbIX ypaBHEHHH BTOPOTO M0~
psaKa;

- HaXOJIUTh OOIIee U YaCTHOE PEIIeHHE JIMHEUHOTO OJHOPOIHOTO MU hepeHIINaIbHOTO YPaBHEHHS
BTOPOT'O MOPSKA C IOCTOSHHBIMH KO3 puiienramu.

MarepuasibHoe o0ecnieyeHue:
WuauBuayanbHble 3aAaHus , TAOIUIIBI, CIPABOYHUKH, YI€OHUKH, KOHCIICKTHI JEKIUH.
3ananue:

1. Pemute quddepennnansabie ypaBHeHus |l mopsaka:

d%y
Q) 5z =5

b) y" =x,A(1;0); B(1;1)
2. Haiitu yacTHOe peuieHre ogHopogHoro nuddepeHnuansHoro ypasaenus |l mopsaxa.

d*y _dy dy
——2—=-3y=0 =0;y=0,—=0
dx? dx Y fipu X Y dx

Ilopsinok BbINOJHEHUS PadOThHI:

1) Muddepennmanphsie ypaBaenus |l mopsiika perraTest AByKpaTHBIM HHTETPUPOBAHUEM,

.. o o d
ITYyTEM BBCIACHHNA HOBOU IEPEMEHHOU P = d_z(,

[TpuBOAMM K YPaBHEHHUIO C Pa3CIAIONIMMU IEPEMCHHBIMH U PEIIaeM OTHOCHUTEIBHO .
[ToncraBnsieM p 1 pemiacM ypaBHEHHE pa3JIelieCHUEM MEPEMEHHBIX OTHOCHUTEIIBHO Y.
Ecnu naHel HavambHbBIC YCIOBUS, TO MOJICTABIISIEM B 00IIEe PEIlICHHEe, COCTABIISIEM CUCTEMY JINHEH-
HBIX ypaBHEHUH U pemaem oTHocuTenbHO C; U Cy. [ToactaBnsis C; u C, B o01iee perieHue, Haxo-
JIMM YaCTHBIC PEIICHUSI.
2) OnHoponHoe auddepenimansHoe ypasHenue |l mopsika.

IIyTeM 3aMenbl y = eXX

yl — kekx

y" = k2 ekx
Cocrapisem xapakTepuctudeckoe ypasHenue k? + pk+ q = o u3 koroporo Haxoaum k,u k.
O6mee pemenue npu D>0 Oyzaer:

y = c,ek1¥ 4 c ekeX

IIpu D=0 6ynet: y = eX*(c; + c,%)
[Tpu D<0 6yzer: y = e®*(cq cos bx + ¢, sin bx)
[Tpu 3a7aHHBIX HAYAIBHBIX YCIIOBHSX COCTABIIIEM CHCTEMY JIMHEHHBIX YPaBHEHUN U peIacM eé
oTHOcuTenbHO C; U C,.

Xox pa0doThI:

Pemmtes muddepennmansHoe ypaBHeHHE 2 TOPSAKA
d?y
W =1-2x
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dy
-3aMeHuM p = —> ToTTyduM:

-Pasienum nepeMeHHbIe
dp = (1 — 2x)dx

fdp = f(l—Zx)dx
p

=x—x*+¢

-IIponnTerpupyem

d
-3amMeHUM pPHA ﬁ

dy 5

—=x—-x*+c

dx !
-Pa3genum nepeMeHHbie

dy = (x — x% + ¢;)dx
-IIpouHTErpUpyeM U MOIYYHM OOILEE PeLICHIE
fdy=j(x—x2+c1)dx
x? x3

y=7—?+c1x+c2

[l.  Peuruts ogHOponHoe nuddepenunansHoe ypaBuenue |l mopsaka

a)y"'—=5y'+6=0
-COCTaBUM XapaKTEPUCTHUECKOE YPaBHEHHUE

k? — 5k + 6 = 0, pemraeM KBaJpaTHOE ypaBHEHUe, onydum k; = 2,k, = 3

-Ob61mee pemenue OyaeT:
y = cre®* + cye3*

b) y" +4y'+4y =0
-CoCTaBMM XapakTEPUCTHUECKOE YPaBHEHHE

k2+4k+4=0, (k+2)?=0 k=
-3anumiem obmiee permenne s D=0
y =e ¥ (cy + c2x)

c)y"—6y' +13y =0
-CocTaBUM XapaKTEPUCTHUECKOE YPaBHEHHUE

6+V16i%
— =

k? —6k+12=0;D =36 —4-13 = —16D<0 =>x, , =
-3anuiem oblee pereHue

y = e3*(c, cos 2x + ¢, sin 2x)

®dopMa npeacTaBiIeHUs pe3yIbTaTa: BBINOIHEHHAs paboTa.

Kpurtepun onenkmn:
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- «OTaU4HO» - yMeHHUs COPMUPOBAHBI, BCE 3aJaHUS BBINOJHEHBI MPABUIBHO, 03
aprupMeTHYECKUX OMMOOK, pemeHne 0hOpMIICHO aKKypaTHO, C HEOOXOIMMBIMUA 00OCHOBAaHUSIMH.

- «XO0pomIo» - HEKOTOphle yMEHHsI C(HOPMUPOBAHBI HEOCTATOYHO, BCE 3a/JaHUS BHI-
MIOJTHEHBI, HEKOTOPBIE BUJIbI 33/IaHUil BBIOJHEHHI ¢ ommOKkamu. be3ommbouno Bemonneno 80-89
% BceX 3aIaHHH.

- «Y IOBJIETBOPUTEIHHO» - HEOOXOJMMBIE YMEHHS B OCHOBHOM C(OPMHPOBAHBI,
OOJBIIMHCTBO 3a/IaHU BBIIOJIHEHO, HEKOTOPHIC M3 BBIMOJHEHHBIX 3aJaHHUN COJIEPIKAT OIIUOKH.
Beszommbouno BeimonaeHo 70-79 % Bcex 3amaHuil.

—«HeynoBIeTBOPUTEIEHOY - TEOPETUYECKOE CO/IEpIKaHUe Kypca HE OCBOSHO, HEOOXOTUMbIE
yMeHus He c()OpMHUPOBAHBI, BHINIOIHEHHBIEC Y4eOHbIC 3aJaHUs COJiepKaT Ipyobie ommbku. bes-
omrO0YHO BEIIOIHEHO MeHee 70% Bcex 3aJaHui.
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	У1. выполнять операции над матрицами и решать системы линейных уравнений;
	У2. решать задачи, используя уравнения прямых и кривых второго порядка на плоскости;
	У3. применять методы дифференциального и интегрального исчисления;
	У4. решать дифференциальные уравнения;
	У5. пользоваться понятиями теории комплексных чисел;

